Published by :
http://lwww.ijert.org

International Journal of Engineering Research & Technology (IJERT)

I SSN: 2278-0181
Vol. 5 Issue 08, August-2016

An Effect of Total Domination upon Edge-Vertex
Removal of Graphs

Dr.(Mrs). B. Tamilselvi
Head of the Department of Mathematics
P.S.G.R.Krishnammal College for Women,
Coimbatore, India,
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INTRODUCTION

Total Domination is undefined for graphs with
isolated vertices. The graph G is a total domination edge
critical or y, - critical for short, if the removal of any edge
in the graph changes the total domination number, that is
y:(G —e) # y.(G) for every edge e € E(G). Note that
removing an edge from a graph cannot decrease the total
domination number. Hence if G is y,- critical, then
v:(G —e) > y.(G) for every edge e € E(G). Thus, every
edge in a y, - critical graph is a critical edge.

Let G be a graph. A vertex v of G is said to be a
pendant vertex (or leaf) if and only if it has degree 1. An
edge of a graph is said to be pendant if one of its vertices is
a pendant vertex.

Atree T € T if T is a nontrivial star, or a double
star, or if T can be obtained from a subdivided star K7,
where K > 2, by adding zero or more pendant edges to the
non-leaf vertices of K;,. A tree containing exactly one
vertex that is not a pendant vertex is called a star. The
double star DS(m, n) is a tree of diameter three such that
there are m pendant edges on one end of path P, and n
pendant edges on the other end.

1. EDGE CRITICAL GRAPHS
This Section computes a characterization of y,-critical
graph.

Proposition 1.1 If S is a minimal total dominating set of
connected graph G, then for each vertex vES,
lepn(v,S)| = 1 or G[S\{v}] contains an isolated vertex.

Lemma 1.1 If G is a y,-critical graph, then for every y,.(G)-
set S, G[S] is a galaxy of nontrivial stars.

Proof Let S be any y,.(G) -set in the y,-critical graph G, and
let G;=G[S]. Let e be an arbitrary edge in Gg. If both ends
of e have degree at least 2in Gg, then S is a total
dominating set in G — e, and S0 y.(G — e) < |S| = y:(G),
contradicting the fact that G is y,-critical. Hence at least
one end of the edge e is a leaf in Gg, implying that G is a
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galaxy of nontrivial stars.

Theorem 1.2 A connected graph G is y,-critical if and only
ifGeT.

Proof Assume that G = (V,E) is y,-critical. Let S be
any y.(G)-set. By Lemma 1.1, G[S] is a galaxy of
nontrivial stars. If v is a leaf in G[S] and v is adjacent to a
vertex of degree at least two in G[S], then by Proposition
1.1,]epn(v,S)| > 1. Thus, v has an external private
neighbor and is therefore adjacent to at least one vertex in
V\S. For every edge e of G, if S is a total dominating set in
G — e,then y,.(G — e) < |S| = y.(G),contradicting the fact
that G is y,-critical. Hence for every edge e of G, the set S
is not a total dominating set in G —e. This implies that
V\S is an independent set and that each vertex in V\S is
adjacent to exactly one vertex of S and is therefore a leaf
in G. Thus since G is connected, the subgraph G[S] is
connected. Hence, G[S] is a star. If G[S] = K,, then G is
either a star or a double star, and so G € T. Hence assume
that G[S] is a star K, , where k > 2. As observed earlier,
each leaf in the star G[S] is adjacent to at least one vertex
inV\S. Let L denote a set of k vertices in V\S that
dominate the set of k leaves in G[S]. Then, G[SUL] =
K{, and G can be obtained from this subdivided star by
adding zero or more pendant edges to each vertex of S.
Thus, G € T.

Now, assume that G € T. Let ¢ = (V,E)and let
e € E. If e is incident with a leaf in G, then y,.(G —e) =
oo, and so e is a critical edge. Hence, assume that e is not
incident with a leaf in G. In particular, G is not a star. If G
is a double star, then e joins the two central vertices of G.
Thus, y.(G — e) = 4 while y,(G) = 2, and so e is a critical
edge. Hence assume that G is not a double star. Thus, G is
obtained from a star T = K, for some k > 2, by adding
at least one pendant edge to each leaf of T and adding zero
or more pendant edges to the center v of the star T. Every
edge in the set E\E(T) is incident with a leaf in G. Hence,
by earlier assumptions,e € E(T). But then y.(G —e) =
k + 2 while y,(G) = k + 1 (irrespective of whether v is a
support vertex of G). Hence, once again, the edge e is a
critical edge. Therefore, G is  y-critical.
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2. VERTEX CRITICAL GRAPHS

When a vertex is removed from a graph, the total
domination number may increase, decrease or remains
unchanged. Here three sets namely V7, Vi and V2 in a
graph are defined. All graphs are simple and a total
dominating set contains at least two vertices. Also graphs
considered have no isolated vertices.

If G is a graph then V(G) will denote the vertex
set of G. If v is a vertex of G, then G — v will denote the
subgraph obtained by removing the vertex v from the
graph. Let G be a graph. A subset S of V(G) is said to be a
total dominating set in the graph G if any vertex v of the
graph G is adjacent to at least one vertex of the set S. A
total dominating set S in the graph G is said to be a minimal
total dominating set in the graph G if for any vertex v of S,
S - v is not a total dominating set in the graph G.
Definition: Let G be any graph. Then,

Vi ={v€V(G) /G - vhasanisolated vertex}.
Vit ={w€V(G) /yr(G - v)>yr(G)}
Vi = eV (G)/yr(G - v) <yr(6)}
Vi ={v€V(G) /yr(G - v) =yr(G)}
Theorem 2.1 Let G be any graph and v €V(G) such that
v & VL. Then v € V; if and only if the following conditions
are satisfied:
(a) Every yr-set of the graph G contains v.
(b) If S is a subset of V(G)- N[v] such that |S| = y+(G),
then S isnota total dominating set in G- v.

Proof The proof is standard and hence it is
omitted.

Theorem 2.2 Let G be any graph and let v € V(G) with v ¢
VE If for any w € N(v), the subgraph induced by N(w)
is complete, thenv & V.
Proof Let G be any graph and v € V(G) such that v & V;.
Let the subgraph induced by N(w) be complete for every
wEN®).To prove vevVr.
Suppose v € V5. Therefore, there is a minimum total
dominating set S in the graph G not containing v and a
vertex z in S such that TPr{z,S] = {v}. Therefore, v € S is
adjacent to only one vertex z in S. Therefore, z € N(v).
Also, z € S and S is a total dominating set in the graph G.
Then, z is adjacent to some vertex x in S. Therefore both x
and v are in N(z). But, the subgraph induced by N(z) is
complete. Therefore, v is adjacent to a vertex x. Therefore,
v is adjacent to two distinct vertices x, z of S. Therefore,
v & TPr[z,S], a contradiction to the fact that TPr[z,S] =
{v}. Therefore, the assumption is wrong. Therefore, v ¢
Vi
Theorem 2.3 Suppose v € V7 and S is a minimum total
dominating set in the graph G containing v with v & V.
Then the following statements are true:
(i) If TPr{v,S] ={w},thenw ¢ S.
(if) TPr[v,S] contains at least two vertices different from
V.
(iii) IfTPr[v,S]contains more than one vertex
and w,, w,, are such adjacent vertices, then at least
onew; € S.

Proof (i) Let G be any graph and v € V(G) such that v ¢
VE. Let v €V, and S be a minimum total dominating set in
the graph G containing v. Suppose TPr [v,S] = {w}. To
show that w & S. Suppose w € S. Therefore, w is adjacent
to only v in S. But v €V, imply v ¢ V. Therefore, the
graph G- v does not contain any isolated vertex. Therefore,
find some vertex z ¢ S such that w is adjacent to z(because
if z€Sthenw & TPr [v,S]). LetS; = S-{v} U {z}.

Case 1. If x = w, then x is adjacent to a vertex z € S;.

Case 2. If x # w EV (G — v), then x is adjacent to some
vertex y €S different from v (because S is a total
dominating set in the graph G and therefore if x is
adjacent to only v€S, then TPr[v,S]containsx
different from w, a contradiction to the fact that
TPr [v,S] = {w}). Thatis if x # w EV(G-v), then x is
adjacent to some vertex y € S;.

Case 3. If x = v, then x is adjacent to a vertex w € S;.
Thus, from all cases can say that S; is a total dominating
set in the graph G not containing v with |S;| = y(G). That
is, S; is a yr-set in the graph G not containing v, a
contradiction to the fact that v € V. Therefore, w ¢ S.

(ii) Suppose v€VF and S is a minimum total
dominating set in G containing v. Therefore, Let G be a
graph and S be a subset of V(G). A total dominating set S
in the graph G is a minimal total dominating set in G if and
only if for every vertex v € S, TPr[v,S] # @. Suppose,
TPr[v,S] = {w}. Therefore, w & S(by Theorem 2.3(i)).
Also v & VL. Therefore, the graph G — v does not contain
any isolated vertex. Therefore, there is a vertex z # v in
v(G) such that w is adjacent to z.(because if w is adjacent
to only vin G, then G — v contains an isolated vertex w
and therefore v € V1, a contradiction to the fact that v & V).
Also z ¢ S (because if z€ S, then w is adjacent to two
distinct vertices z, v of Sand therefore w & TPr [v,S], a
contradiction to the fact that TPr [v,S] = {w}).ButSisa
total dominating set in G. Therefore, z is adjacent to some
vertex x € S different from v (because if z is adjacent to
only v in S, then TPr[v,S] contains one element
z different from w, a contradiction to the fact that

TPr [v,S] = {w}). Let §;=S-{v}u{z}.
Case 1. If y = w, then y is adjacent to a vertex z € S;.

Case 2. If y # wEV(G-v), then y is adjacent to some
vertex p € S different from v (because Sis a total
dominating set in the graph G and if y is adjacent to only
v €S, then TPr[v,S] contains y different from w, a
contradiction to the fact that TPr [v,S] = {w}). That is, if

y # w € V(G-v), then y is adjacent to some vertex p € S;.

Case 3. If y = v, then y is adjacent to some vertex p in S
(because S is a total dominating set in the graph G).
Therefore y = v, then y is adjacent to some vertex p in S;.
Thus, from all cases can say that S; is a total dominating
set in the given graph G not containing v with |S;| =
yr(G).Therefore, S; is a yr-set in the graph G not
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containing v, a contradiction to the fact that v € V.
Therefore, TPr [v,S] contains at least two vertices.
Therefore, TPr [v,S] contains at least two vertices
different from v.

(iii) Let wy,w, € TPr[v,S] and wy, w, are two adjacent
vertices. Supposew,,w, € S. Therefore, w, is adjacent
to w, and v, both are in S. Therefore, w; & TPr[v,S], a
contradiction to the fact that w, € TPr[v, S]. Therefore, the
assumption is wrong. Therefore, at least one w; ¢ S for i =
1,2.

Theorem 2.4 Let G be any graph and Vi = @. If v € V;* and
w €V, then v and w are non-adjacent vertices.

Proof Let G be any graph. Let v € V{ and w € V. Suppose
v and w are adjacent. Since w € V-, there is a minimum total
dominating set S in the graph G not containing w and a vertex
z € S different from v such that TPr[v, S] = {w} (because if
z=vand v €V} such that v ¢ Vi, then by theorem 2.3(ii),
TPr[v,S] contains at least two vertices different from v, a
contradiction to the fact that TPr[v,S]={w}).
But v € V. Therefore v € S.Therefore, w is adjacent to two
vertices v and z, both are in S. Therefore w ¢ TPr[z,S], a
contradiction to the fact that TPr[z,S] = {w}. Therefore,
the assumption is wrong. Therefore, v and w are non-
adjacent.

Theorem 2.5 Let G be any graph and Vi = @. Then, |V| >
2|VE.

Proof Let G be any graph and Vit = @. Let v € V;# and S be
a yr-set in the graph G containing v. Therefore by theorem
2.3(ii), TPr [v,S] contains at least two vertices w;, w,
different from v. Since w; is adjacent to v, w; & V; (by
theorem 2.4. Similarly say that w, & V.

Case 1. Suppose w,,w, & S.Therefore wy,w, & V;(by
theorem 2.1). Therefore w,;,w, EVY. Thus, a vertex
v € V{f gives rise to at least two vertices of V.

Case 2. Suppose w; or w, belongs to S. Without loss of
generality, suppose w,€ S and w, € S. From the above
case, w,€ V2. If w, & V7, then w,€ V2. Thus, a vertex of
V5 give rise to at least two vertices of V2. If w, € V;, then by
theorem 2.3(ii), TPr[w,,S] contains at least two vertices
different from w; in which one vertex(say) z, is different
from v and z; € S (because if z, € S, then w, is adjacent
to two vertices v and z,, both are in S and therefore w, &
TPr[v,S]. Therefore z; ¢ Vi (by theorem 2.1) and w, is
adjacent z;. It follows that z; € V; (by theorem 2.4).
Therefore, z,€ V2. Also,w, & TPr[w,;,S] (because if
w,€ TPr[wy, S], then w, is adjacent to v and w,(both are
in S) and therefore w; € TPr[v,S], a contradiction to the
fact w,€ TPr [v,S]). Therefore, z; + w, and z;, w,€ V.
Thus, a vertex v € V7 gives rise to two distinct vertices of
V.

Case 3. Let w,w, €S. If w; ¢ V7 and w, & Vi, then
wy, w,€ V2. Thus, a vertex v € V; gives rise to two distinct
vertices of V2. If w,€ V# andw, ¢ V;, then from case 2, say
that a vertex v € V; gives rise to two distinct vertices of V. If
wy,w, €V, then as per above case, there exists two
distinct vertices z,,z, such that z;€ TPr[w;, S|, fori = 1,2
with both z;,z, & S (because if z; € S, then w; is adjacent
to v and z;, both are in S and therefore w; ¢ TPr[v,S],i =
,2). Hence, z;,z, ¢ Vi (by theorem 2.1). But w; is
adjacent to z; and w; € Vi for i = 1,2. Therefore, z; ¢
Ve, i=12 (by theorem 2.4). Therefore,
74,2, € V2 Therefore, a vertex v € V;* gives rise to two
distinct vertices of V. Thus, proved that every vertex v € Vi
gives rise to at least two distinct vertices of V2. Suppose v, and
v, are two distinct vertices of V; such that x;,x,€V;
corresponds to v, with respect to a y-set in S in the graph G
and x3, x,€ V.2 corresponds to a vertex v, with respect to the
same y-set S.

v, v,

Xl/\XZ X X,

Fig1
Here the possibility for x; is either w; or z;. Suppose x, =
x3. Then, x, is adjacent to two distinct vertices of S.
Therefore, x, & TPr[w,S] forany w € S. Therefore, x, ¢
TPr|w,S], for w = wy,w,, vy, v,, a contradiction. Thus,
proved that two distinct vertices of V7 gives rise to two
distinct two elements sets of V.2. Therefore, | V2| = 2| V7.

Theorem 2.6 Let Gbe any graph and Vi=¢. If
yr(G-v) # yr(G) for every vertex v€V(G), then
yr(G-v) < y(G) for every v €V (G).

Proof To prove that v € Vy. That is, V; = V(G). Since
Yr(G-v) # y(G) for every vEV(G), v & VP for every
v €V(G). Therefore, VP = @. Therefore, | V| = 0. But
| V2| = 2| V7| (by theorem 2.4). Therefore, | V7| = 0.
Therefore, V; = @. Also given that Vi = @. But, VU
ViU VP U VEi=V(G). ThereforeV(G) = V;. Therefore,
yr(G-v) < y(G) for every v EV(G).

3. CONCLUSION
Finally this paper concludes that if the total
domination number changes whenever every edge is
removed, then the total domination number increases.
Accordingly, the total domination number decreases after
the removal of any vertex.
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