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1. Introduction

In 2003, Nesic [2] proved the following Theorem:
Theorem 1: Let f and g be self-maps on a metric space satisfying the general inequality

[L+ad(x, y)] d(fx gy)<a[d(x, f&x)d(y, gy)+d(x gy),d(y, )]
+b maX{d (x ). d(x, ). d(y, gy) % [d(x, gy)+d(y, fx)]}

forall x,ye X, 1)
where a>0 and 0<b<1.
Q) If there is a subsequence of the associated sequence <x,> at xo converging to some ze x, where
in—1_= fXZn—Z} (2
Xon = QXong

then fand g have a unique common fixed point.

In this paper we extend theoreml to two pairs of weakly compatible maps [1] using the notion
orbital completeness of the metric space.

2. Preliminaries:
In this paper (X, d) denotes a metric space and f and g self-maps on it.
Given a pair of self-maps S and T on X, an (f, g) orbit at xo relative to (S, T) is defined by

Yon1 = fx2n72 = SXanl
Yon = Pon 1 = Do, N=1.2.3,...

provided the sequence {yn}n‘j1 exists [3].

©)

Remark 1: If S=T =1, the identify map on X we get (2) from (3) as a particular case.
Remark 2: Let f(x)cg(x) and g(X)c=T(x) VN )]
and x, € X. Then by induction on n the (f,g) orbit at X, w.r.t. (S, T) with choice (3) can be defined.

Definition 1: The space X is (f,g) —orbitally complete w.r.t. the pair (S,T) at x, if every Cauchy sequence in
the orbit (3) converges in X.
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Remark 3: If S=T =1, then condition (i) of Theorem 1 follows from orbital completeness.

Definition 2: A point z € X is a coincidence point of self-maps f and T if f, =T,, while z is a common
coincidence point for pairs (f,T) and (S,9) if fz=gz=Sz=Tz..

Definition 3: Self-maps f and T are said to be weakly compatible [1] if they commute at their coincidence
point.

Our Main Result is

Theorem 2: Letf, g, S and T be self-maps on X satisfying the inclusions (4) and the inequality
[1-+ad(Tx, Sy)] d(fx, gy)<a[d(Tx, fx)d(Sy, gy)-+d(Tx, gy).d(Sy, )]

+b max{d (Tx, Sy),d(Tx, fx),d(Sy, gy), % [d(Tx, gy)+d(Sy, fx)]}

forall x,ye X, (5)
where the constants a and b have the same choice as in Theorem 1.
(if) Given x,e X , suppose that X is (f,g) orbitally complete w.r.t. (S,T) at Xo.

(iif) Sand T are onto

and

(iv) (9,S) and (f,T) are weakly compatible.

Then the four self-maps will have a common coincidence point, which will also be a unique common fixed
point for them.

Proof: Let x,€ X . By Remark 2, the (f,g) orbit can be described as in (3).
Write t, =d(y, y,.) for n>1. Taking x = Xon_s. Y = X5, Inthe inequality (5) and using (3),

[1 +ad (TXZn—Z! SXZn—l)] d ( Xon 2, gXanl) <a[d (TXZn—Z » PXan 2 ) d (SXZn—lv gXZn—l)
+d (TXanz, gXZn—l)’ d (SXZn—l’ X0 s )]
+ b maX{d (TXZn—Z’ SXZn—l)! d (TXZn—21 fX2n—2)1 d (SXZn—la gXZn—l)!
% [d (TX2n—2! gXZn—l) +d (SXZn—b fxzn—z) ]} :

= [1+ad (Yan_2s y2n—1)] d(Yan_2: Yon)<@[A(Yan 21 Yon 1) (Vo 1, Yon)
+ d (y2n—2’ y2n )l d (y2n—1’ y2n—l)]
+ b max{d(yZn—Z! y2n—1)1 d(yZn—Z! y2n—1)1 d(yZn—1! y2n )1

1
5 [d (y2n—2’ y2n) +d (y2n711 Y2n71) ]}
= tyn 1 <bMaX{ty o ton 4} - (6)

Similarly taking X =X,,_, ¥ = X3 in (5) and using (3) and preceding as above we get

t2n—2 < b max{t2n—3, t2n—2}' oo (7)
From (6) and (7), we see that
t,<bmax{, , t,} forall n>2. . (8)
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If max{,,t,}=t,, from (8), t, <bt, <t, a contradiction, and max{t, ,}<t, , <t,=0=t,,=0
Therefore, y,, =Y, =Y. and the inequality (8) holds good.
We take max{t,,t,}=t,, foralln.

So that from (8),
t,<bt,, forall n>2. 9)

Repeated application of (9) gives

t, <b"'t, forall n>2. .. (10
Now for m > n, by triangle inequality and (10),

d(Yn, ¥n) < d(Yos Y1)+ A(Yins Ym2) + -+ d(Voz, ¥a) (M-n- terms)
=ttty .+t < ( "™ 4+ b"*l)tl

bn—lt1
1-b
Applying the limit as m,n — oo this givesd(y,, y,,) — <, since 'L’own_l =0as0<b<l.

forall n>1

= b"—1t1(1+b+b2 +....+b"“”)s b”’ltl(ler+b2 +....)=

Hence <y, >, is Cauchy sequence in the orbit (3). By orbital completeness of X,
!Lm y, =2 forsome ze X . Thatis

!]L”)O Yona = !]L”)O Xon2 = rl]m SXong =2 (11)

and !]ILTO]O Yon :r@l OXpn g = rI]imOTx2n =z. (12)
Since Sand T are onto, z=Su and z=Tv for some u,ve X
we prove that Su=guand Tu = fv.
Put X =X,,_, Y =u in the inequality (5)
[1+ ad(TXy_p, SU)] d( Fop_p, gU)<B[A(TXon 9, Xon»)d(SU, guU) +d( X0, gu), d(SU, Sy, )]
+bmax{d(Tx,n_, Su), d(TXen_z, FXzn_2 ), d(Su, gu),

1
E [d (TXZn—Z! gu) + d(SU’ fx2n—2)]}

As n — oo, this implies
[L+ad(z,z)d(z, gu)< a[d(z,z)d d(z, gu) +d(z, gu)d(su, z)] +bmax{d(z, z),d(z, z),d(z, gu)

+21d(z.0u) + d(z. ]}
so that d(z,gu)<bd(z,gu) or z=gu.Thus Su = gu = z. This and weak compatibility of g and S implies
that Sgu = gsuor Sz=gz.
On the other hand, taking x=v and y = X,,in (5)
[1+ad(TV, S 4)] d(fv, G¥q 1)< a[d(TV, V)d (SX5q 1, Bon 1) + A(TV, G 1 )d (X4, TV)]
+bmax{d(TV, SX,n_, ), d(TV, ), d(SXon 1, Por 1)

1
§ [d (TV' gXZn—l) +d (SXZn—ll f\/) ]}

Applying limas n—ow
[1+ad(Tv,z)] d(fv,z)<a[d(Tv, fv)d(z,z) + d(Tv, z)d(z, Tv)]
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+bmax{d(Tv,z),d(Tv, fv),d(z,z),
%[d(Tv,z)+d(z, )}
So that d(fv,z)<bd(z, fv) or fv=2z=Tv. By weak compatibility of (f, T) we get
fTlv=Tv= 1z =Tz.

Again taking x =y =zin (5)
[1+ad(Tv,Sz)] d(fz, 9z)<a[d(Tz, fz)d(Sz,gz) +d(Tz,gz)d(Sz,Tz))]
+bmax{d(Tz,Sz),d(Tz, fz),d(Sz, gz),

%[d(Tz, 9z)+d(Sz, f2) |t
So that [L+ad(fz, gz)]d(fz, gz)<a[0 + d(fz, gz)d(gz, z)]
v bmax{d(fz,gz),0,0,%[d(fz,gz)+d(fz,gz)]}
Or d(fz,gz)<bd(fz,92))= fz=gz.
Thus fz = gz =Tz = Sz, that is z is a common coincidence point of f, g, T and S.
Finally writing X = X,,,y =2z in (5),
[1+ ad (TXZH! SZ)] d(fx2n1 gZ) Sa[d (TXZH! fXZn)d(SZ' gZ)+ d(TXZrH gZ), d(SZ’ fXZn)]
+bmax{d(TX,y, Sz)/d(TXn, X,n),d(Sz,92),
1
z[d(TXZn! gZ)+ d(SZ7 fXZn)]}'
Appling limitas n — oo, this gives
[L+ad(z,92)] d(z,gz) <a[d(z,z)d(gz, gz) +d(z, 9z),d(9z, 2)

+bmax{d(z,gz),d(z,2) d(gz, gz), %[d(z, 0z)+d(gz,2)]

Or d(z,9z)<bd(z,9z)=>gz=z.Hence fz=gz=Tz=Sz=z.

Thus z is a common fixed point of f, g, T and S.

Uniqueness: Let z, z"be two common fixed points taking x =2z,y =z" in (5),
[L+ad(Tz Sz')] d(fz, gz') <a[d(Tz, fz)d(Sz', gz')+ d(Tz, gz'),d(Sz', fz)]

+bmax{d(Tz,Sz')d(Tz, fz),d(Sz', gz'), %[d(Tz, 9z)+d(Sz', fz) b

So that d(z,z')<b(z,z')or z = z'. Hence the common fixed point is unique.

Remark 4: It is well known that identity map commutes with every self map and hence (f, T) = (f, 1) and
(9, S) = (g, 1) are weakly compatible pairs. Also | is onto.

In view of Remarks 1, 2 and 3, a common fixed point of f and g is ensured by Theorem 2.
Thus Theorem 2 extends Theorem1 significantly.
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