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1. Introduction 

 

 In 2003, Nesic [2] proved the following Theorem: 

Theorem 1: Let f and g be self-maps on a metric space satisfying the general inequality  

              fxydgyxdgyydfxxdagyfxdyxad ,,,,,,,1       

               








 fxydgyxdgyydfxxdyxdb ,,
2
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,,,,,,max  

  for all Xyx , ,   … (1) 

where 0a  and  .10  b  

 

(i)  If there is a subsequence of the associated sequence <xn> at x0 converging to some xz , where  
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 then  f and g have a unique common fixed point. 

 

 In this paper we extend theorem1 to two pairs of weakly compatible maps [1] using the notion 

orbital completeness of the metric space. 

 

2. Preliminaries: 

 In this paper (X, d) denotes a metric space and f and g self-maps on it.  

Given a pair of self-maps S and T on X, an (f, g) orbit at x0 relative to (S, T) is defined by  
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provided the sequence  
1



n
ny  exists [3]. 

Remark 1: If XITS   the identify map on X we get (2) from (3) as a particular case. 

Remark 2: Let    xgxf   and    xTxg         … (4) 

and .0 Xx   Then by induction on n the (f,g) orbit at xo w.r.t. (S, T) with choice (3) can be defined. 

 

Definition 1: The space X is (f,g) –orbitally complete w.r.t. the pair (S,T) at xo if every Cauchy sequence in 

the orbit (3) converges in x. 
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Remark 3: If XITS   then condition (i) of Theorem 1 follows from orbital completeness. 

 

Definition 2: A point z  X is a coincidence point of self-maps f and T if zz Tf  , while z is a common 

coincidence point for pairs (f,T) and (S,g) if .TzSzgzfz  . 

 

Definition 3: Self-maps f and T are said to be weakly compatible [1] if they commute at their coincidence 

point. 

 

Our Main Result is 

 

Theorem 2: Let f, g, S and T be self-maps on X satisfying the inclusions (4) and the inequality  

             fxSydgyTxdgySydfxTxdagyfxdSyTxad ,,,,,,,1   

          








 fxSydgyTxdgySydfxTxdSyTxdb ,,
2

1
,,,,,,max  

    for all ,, Xyx   … (5) 

where the constants a and b have the same choice as in Theorem 1. 

(ii) Given Xx 0 , suppose that X is (f,g) orbitally complete w.r.t. (S,T) at x0. 

(iii) S and T are onto  

and 

(iv) (g,S) and (f,T) are weakly compatible. 

Then the four self-maps will have a common coincidence point, which will also be a unique common fixed 

point for them. 

 

Proof: Let Xx 0 . By Remark 2, the (f,g) orbit can be described as in (3). 

Write  1,  nnn yydt  for 1n . Taking 12,22   nn xyxx  in the inequality (5) and using (3),  

 

          1212222212221222 ,,[,,1   nnnnnnnn gxSxdfxTxdagxfxdSxTxad  

    ],,, 22121222  nnnn fxSxdgxTxd  

       ,,,,,,max{ 121222221222  nnnnnn gxSxdfxTxdSxTxdb  

        },,
2

1
22121222   nnnn fxSxdgxTxd , 

         nnnnnnnn yydyydayydyyad 21212222221222 ,,[,,1         

       ],,, 1212222  nnnn yydyyd  

      ,,,,,,max{ 21212221222 nnnnnn yydyydyydb   

       },,
2

1
1212222   nnnn yydyyd  

   122212 ,max   nnn ttbt .       … (6) 

 

Similarly taking 32,22   nn xyxx  in (5) and using (3) and preceding as above we get  

   22,3222 max   nnn ttbt .       … (7) 

From (6) and (7), we see that  

   nnn ttbt ,1max   for all .2n       … (8) 
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If   nnn ttt  ,1max , from (8), nnn tbtt   a contradiction, and   11max   nn tt  00 1  nn tt  

Therefore, 11   nnn yyy  and the inequality (8) holds good. 

We take   1,1max   nnn ttt for all n. 

So that from (8),  

  1 nn btt  for all .2n       … (9) 

 

Repeated application of (9) gives 

  1
1 tbt n

n
  for all .2n       …       (10) 

Now for m > n, by triangle inequality and (10),  

        nnmmmmnm yydyydyydyyd ,,, 121,    (m-n  terms) 

       = nmm ttt   ....21    1
121 .... tbbb nmm    

     =  nmn bbbtb   ....1 2

1

1  ....1 2
1

1   bbtbn = 
b

tbn





1
1

1

for all 1n  

Applying the limit as nm,  this gives ),( mn yyd , since 0lim
1






n

n
b  as .10  b  

Hence 
 1nny  is Cauchy sequence in the orbit (3). By orbital completeness of X, 

zyn
n




lim  for some Xz . That is 

 zSxfxy n
n

n
n

n
n

 








122212 limlimlim             …        (11) 

 

and  zTxgxy n
n

n
n

n
n







2122 limlimlim .             …        (12) 

Since S and T are onto, Suz   and Tvz   for some Xvu ,  

we prove that guSu  and fvTu  . 

Put uyxx n   ,22  in the inequality (5) 

         guSudfxTxdagufxdSuTxad nnnn ,,[,,1 22222222       ],,, 2222  nn fxSudgutxd  

             ,,,,,,max{ 222222 guSudfxTxdSuTxdb nnn   

             },,
2

1
2222   nuun fxsdgTxd  

As n  , this implies 

     guzdzzad ,,1[ )],(),(),(),([ zsudguzdguzddzzda  ),(),,(),,(max{ guzdzzdzzdb  

   )]},(),([
2

1
zzdguzd   

so that    guzdbguzd ,,   or guz  .Thus zguSu  . This and weak compatibility of g and S implies 

that gsuSgu  or gzSz  . 

On the other hand, taking vx   and 12  nxy in (5) 

       12121212 ,(),[,,1   nnnn gxSxdfvTvdagxfvdSxTvad    ],, 1212 fvSxdgxTvd nn   

      ,,,,,,max{ 121212  nnn gxSxdfvTvdSxTvdb  

      },,
2

1
1212 fvSxdgxTvd nn    

 

Applying lim as n  

       ],(),(),(),[,,1 fvzdzTvdzzdfvTvdazfvdzTvad   
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           ,,,,,,max{ zzdfvTvdzTvdb  

        },,
2

1
fvzdzTvd   

So that    fvzbdzfvd ,,   or Tvzfv  . By weak compatibility of (f, T) we get 

TfvfTv  Tzfz  .  

 

 Again taking zyx  in (5) 

       ]),(),(),(),[,,1 TzSzdgzTzdgzSzdfzTzdagzfzdSzTvad   

       ,,,,,,max{ gzSzdfzTzdSzTzdb  

       },,
2

1
fzSzdgzTzd   

So that          fzgzdgzfzdagzfzdgzfzad ,,0,,1   

           








 gz,fzdgz,fzd
2

1
,0,0,gz,fzdmaxb  

Or    ),, gzfzbdgzfzd  gzfz  .  

Thus SzTzgzfz  , that is z is a common coincidence point of f, g, T and S. 

 

Finally writing zyxx n  ,2  in (5), 

. 

     gzfxdSzTxad nn ,,1 22        ],,,,,[ 2222 nnnn fxSzdgzTxdgzSzdfxTxda   

      ,,,,,,max{ 222 gzSzdfxTxdSzTxdb nnn     

        }.,,
2

1
22 nn fxSzdgzTxd   

Appling limit as  n , this gives 

 

     gzzdgzzad ,,1        zgzdgzzdgzgzdzzda ,,,,,[   

       ,,,,,,max{ gzgzdzzdgzzdb     zgzdgzzd ,,
2

1
  

Or  gzzdbgzzd ,),(  zgz  . Hence zSzTzgzfz  .  

Thus z is a common fixed point of f, g, T and S. 

Uniqueness: Let z, z be two common fixed points taking ', zyzx   in (5), 

     ',',1 gzfzdSzTzad        ],',',',',[ fzSzdgzTzdgzSzdfzTzda   

      ,',',,,',max{ gzSzdfzTzdSzTzdb     },'',
2

1
fzSzdgzTzd   

So that  ',)',( zzbzzd  or 'zz  . Hence the common fixed point is unique. 

 

Remark 4: It is well known that identity map commutes with every self map and hence (f, T) = (f, I) and 

(g, S) = (g, I) are weakly compatible pairs. Also I  is onto.  

 In view of Remarks 1, 2 and 3, a common fixed point of f and g is ensured by Theorem 2.  

Thus Theorem 2 extends Theorem1 significantly. 
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