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ABSTRACT

This paper is concerned with three dimensional inverse thermoelastic problem of thin rectangular plate due to
internal heat sources. To determine unknown temperature distribution, displacement and thermal stresses on
edge z=h of the thin rectangular plate due to internal heat sources with known third kind boundary and initial
condition by applying Marchi-Fasulo and Laplace transform technique. The results are obtained in terms of
infinite series and the numerical calculations are carried out by using MATHCAD -7 software and shown
graphically.
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INTRODUCTION

Tanigawa et al.[1] have studied thermal stress analysis of a rectangular plate and its thermal stress intensity
factor for compressive stress field. Khobragade et al.[3,6,7] to determine an inverse unsteady-state thermoelastic
problem of thick rectangular plate. Kishor et al.[5]have discuss three dimensional non homogeneous
thermoelastic problem of thick rectangular plate due to internal heat generation. Lamba et al.[9] have studied
thermoelastic problem of thin rectangular plate due to partially distributed heat supply.

In the present paper to determine the temperature, displacement and thermal stresses on the edge z=h, of thin
rectangular plate due to internal heat sources occupying the region D: x =(-a, a), y £ (-b, b), z= (-h, h) with

known boundary conditions here the finite Marchi-Fasulo and Laplace transforms has been used to find the

solution.
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Fig.1 Thin rectangular plate with known third kind boundary condition
2. STATEMENT OF THE PROBLEM

Consider a thin rectangular plate from fig.1 occupying the space D:—a < x <a,—b <y < b,—h <z < h.The
displacement components uy, Uy, U, inthe X, y, z direction respectively are in the integral form as in [2]
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u = [ E(%+%—vg) +/1T] dx (2.1)
u, = f_bb E (62712] + (;27(2] - vaZTZ) + AT] dy 2.2)
= P22 s =

Where E, v and A are the Young modulus, the poisson ratio and the linear coefficient of thermal

expansion of the material of the plate respectively, U(x, y ,z ,t) is the Airy stress function which satisfies the
differential equation.

52 Y 92 \2 52 52 52
([)x_z +6y_2+02_2) U(x,y,z, t) = —AE ((3x_z+(3y_2+ 62_2) T(X,y,Z, t) (24)
Here T(x,y,zt) denotes the temperature of the thin rectangular plate satisfying the following differential
equation.
9%r | 9T | 8°T | B(xyazt) _ 14T
sttt T T (2.5)

Where k is thermal conductivity and a is the thermal diffusivity of the material of the plate and 6(x,y,z,t) is
heat generated within the rectangular plate for t>0 subject to initial conditions
T(x,vy,2,0) =0 (2.6)

The boundary conditions

aT (x,y.2,
[T(X' Yy, z t) + kl %}x:a = Fl (}’; Z, t) (27)
[T(x, v, z,t) +k, %J =F(y,zt) (2.8)
x=—a
[T(x, y,z,t) +kj M] =F;(x,z1t) (2.9)
ay y=b
[T(x, v,2,t) +ky w] =F,(x,2,t) (2.10)
ay y=—b
[T(x,y,z,t) +CW] . = flx,y,t) (2.11)
[Txy,2,t) 1,-n = g(x,y,t) (Unknown) (2.12)
The interior condition
[Ty, 2 ) +c 2] , =0 (Known) (2.13)
1z 7=
The components in term of U(x, vy, z, t) are given by
a%u | a%u
Oy = (Oy_z + 62_2) (214)
a%u | 9%U
0 = (52 +52) (2.15)
a%u | a%u
a,, = (ax_z + ay_z) (216)

The equations (2.1) to (2.16) constitute the mathematical formulation of the problem under consideration.
*3. SOLUTION OF THE PROBLEM

The finite Marchi-Fasulo integral transform of f (z), -h <z <h is defined to be

= h
F=[, f(2) P (2)dz (3.1)

Then at each point of (-h,h) at which f(z) is continuous. Also the inverse finite Marchi-Fasulo transform is
defined as

@) =T 52 R @) (3:2)
Where

P,(z) = Q, cos(a,z) — W, sinifu, z)

Qn = ay(ay + az) cos(ayh) + (By-B)sina, h)

W, = (B1+B2) cos(anh) + (a1 — a)a,sinifa, h)
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1= [ B2 (@)dz
= h[Q* + W] + =200, - W]
The Eigen values a,, are the solutions of the equation
[a; a,cos(a,h) + B; sin(a, h)] X [B, cos(a,h) + a, asin(a, h)]
= [a, a,cos(a, h) — B, sin(a, h)] X [B; cos(a, h) — a; a,sin(a, h)] (3.3)
Where a; a5, By, B, are constants

By applying the finite March- Fasulo transform two times and Laplace transform to equation (2.5) and their
inverses, we obtain

dZT* N =*
- T =a (0" + ) (34)
Where p? = ap,? + a,? + =

The Eigen values a,, ,a,, are the solutions of the equation
[a; a,cos(a,a) + B; sin(a,a)] X [B, cos(a,a) + a, asin(a, a)]
= [a, a,cos(a,a) — B, sin(a,a)] X [B; cos(a,a) — a; a,sin(a,a)]  and

[, a,cos(a,b) + B; sin(a,b)] X [B, cos(a,b) + a, asin(a, b)]
= [a, a,cos(a,b) — B, sin(a,b)] x [B; cos(a,b) — a, a, sin(a,b)]
Where a; ay, B, 5, are constants
and
—0 = P, (OF, — By (-a)F, + P, (b)F, — P, (=b)F;
The equation (3.4) is a second order differential equation whose solution is in form

T* = AeP” + Be™P* + PI (3.5)
(@40 d : . :
where PI = Dquk D= and A, B are constant. Using boundary conditions we obtain the values of

A and B substituting these values (3.5) and then apply inverse of Laplace transform and Marchi- Fasulo
integral transform. We obtain

2km 1 Py () Py (y)

T(X.y.Z,t) = (h+$)22mn 1 (1-c2p2) My Hn

x ¥ _ (=D)™1'm [Sin [(%) (z+ h)] — cpCos [(%) (z+ h)]]

N R T G ) et g

Hy

(hzfg)z v — Clzp2) P,;(x) P () Yo _ (-=1)™'m [Sm [(h+§) (z— E)] — cpCos [(h+§) (z— E)]]

f [f [PI],—p — ¢ [dpl Z__h] k<am2+a" (h+§) )(f t )dt

+ By IO tpr 1 e (an®+an?+ () )t gy (36)
T(e,y,2,0 = Gams Smnet qoazys e O B (1™ miy (291 (8) = b2 (D> (O] +
R G (37)
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012 = [sin[(2) (0] - epcos[(25) G+ )|

n@© =y [Pl —c [ Je o v () Yt

922 = [sin[(22) (- )] - encos () - 9
Yo = fy [F-[Plle = 5] ]< 22 Y(et) 4,

Py© = F e om0,

_ 2km 1 Pm (x) Py (y)
g(x Yy, t) (h+§)22mn 1 (1- EZPZ) Am T

X a0 msin[(22) o+ ] - pcos (22) -+ )]

] P L R

dz

2kn 1 Pn®Pay)

G St G B (C D)™ m [Si“[(w)(h 9] - cpCos [ (155) (h - z)]]

) JE [Py —c [I1]  Jertlom®oen s ety

dz ly;=——p

- a 2 a
+Z$Z’n=1 Pn}:nEX) Pr;'(y) L—l[PI] fot e k( m -~ t+an (h+§) )(f t )dt (38)

Here f denote the of Marchi- Fasulo integral transform of £ and f denote the of Marchi- Fasulo integral
transform of f

F=[" FPdy and u = [’ P2 w)dy

P, (y) = Q, cos(a,b) — W,,siniu, b)

Qn = an(az + ay) cos(a,b) + (B3_P4)sinifa, b)

W, = (B3+P4) cos(a,b) + (ay — az)a,sinia, b)

The equations (3.6) and (3.7) are the desired solutions of the given problem with B8; =8, =1
And a; =k;,a, =k,

4. DETERMINATION OF THE AIRY STRESS FUNCTION

Substituting the value of T( X, y, z ,t)from equation (3.7) in the equation (2.4), one obtains

2km 1 P (X) Py (y)

Ulx,y,z,t) =— (h+<’)22mn La-cp?)

1

X Yo (=1)mH zm[; (2)1(t) — @2 (2)P,(8)]

am “+an 2 —(m)

1

am2+ay,

Pm Py _
i@ PO -1 [pp]y, (4.2)

Am Hy

— EZ%,n:l

5. DETERMINATION OF THE DISPLACEMENT COMPONENTS

Substituting the value of U( X, y, z ,t)from equation (4.1) in the equation (2.1),(2.2),(2.3) one obtains
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_ 2km 1 P",(¥) ra Py (x)
Uy, = (h+§)zzmn 1 (1-c2p2) n, f—a ™ dx
o 1
X Yo (=1 ﬁm[%(z)dﬁ () — $2 (DY, (D]
am “+an —(m)
) 1 P"h(y) ra Pn(x) -
~ X Tmnmt sy ey LT PITYs(0)
2km 1 Ph(y) ra P
Gt 2mn=1 ety Lam dx
o 1
X Yo (=DM —, ma? m[¢"1 (2)P1(t) — ¢"2 (2P, (D]
am“+an —(m)
o VO 1)) Pm() aZLl{PI}
o T e ey 2 ey
2kn 1 Ph(y) fa P ()
+X v (h+f)22mn 1 (1—c2p2) " f dx x
- 1
T (=1mH ﬁm[%(z)lh () — P22, (D]
am +an2—(m)
=) 1 Pr(y) P (x) -
D el M e LA AR UL L)
2km 1 Py(y) ra Pp(x) 0 [ +1 _
A(h+§)22mn 105ty f_a o dx X5 -1 (=)™ m[1 (2)91 (£) — P2 ()92 ()]
F AT ey [0 P At [P g (1) (5.1)
_ o 2km 1 Pm () (b Pn()
Uy = G Tin=t Gz iy b

X Tt (D)™ ———— m[¢" (D1 (1) — ¢ (D (O]

am2+an —(m)

I 1 Pm()bP() a? L{Pl}
+oc Yoy = —dy [ NG)

am Z+an 2

2kn 1 P"m () b Pn(¥)
G 2=t Gty 7 b7 W X

X (=pmHt

mT
am 2 +an?~(3)

zm[; ()1 (t) — 2 (2D, (t)]

o 1 P m(x) b Py(y) -

- Zm,n=1 am2+an? A f_b u, dyL 1[Pl]ll’3(t)
2km 1 Pn&) b P"n(y)

+X v (h+6)? Zmn 1 (1-c2p2) Ay f—b n dy

X Tinmt (™ ————mls (D91 (©) = G2 (P (D]

am“+an —(m)

1
amz+an2

o Pp(x) b P"n(y) -
+xv Zm,n:l ;me f—b L : dyL 1[P1]¢3(t)

2km 1 P (x)

gtz St oy e [, 2 dy B (<1 mlgy (209 () — b2 (@i (0]

AT 2 [ P dy L [PINs (6) (52)
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_ 2km 1 ”m(X) Py (y)
Uz = =% G2 g Zmin=1 (1—c2p?2)  Am  omy X
o m+1 h h
Zaa (-1 ———m [}, 61y (dz — [, 2 (D (D)2
am“+an —(m)
o 1 P ()P h
— Zm,n=1 am2+an2 me Y fO L 1[PI]dZ1l)3(t)
_ 2k oo 1 Pn(®)P"4(y)
(h+e)2 =mn=1 (1_c2p2) 3
o) h h
X T ()" ————m [f_h 1 (@D P1()dz — [, p2(2); (t)dZ]
“mz’““"z‘(m)
w 1 PGP @) fho
— X Einst g e o L IPIAZ 5 (0)
2km 1 Pm (x) Pr(y)
0W(h+§)22m" La-e2p?) am oy
o h " h "
X T DM m[f_h¢ 1@y dz— [, ¢ z(Z)le(t)dZ]
am2+an2—(m)
o 1 PuG)Pa@) ch
+oCV N T nyf L1 [PI]dz 5(t)
2km 1 Pn(®x)Pr()
i net ooy e e 2 T (" m [y (2 (0dz — [, $2 (@ (0]
A Zim P;—ﬂﬁ"”z—“rl[m]wg(t) (5.3)
Where

¥4 = (1) (3e - (22)) s [(22) e #w] e (1 - (22) ) weos[(22) -+
020 = (22)? (s - (52)7) s [() = 0] (1 - (22 oeos (22 - 9|

6. DETERMINATION OF STRESS FUNCTIONS

Using (3.9) in (3.14), (3.15) and (3.16) the stress functions are obtained as

2kt o 1 PrG)P ()
()2 Emn=1 (_c2p2) g,

Opx = —X
1
am?+ay 2—(%)

1 Pn(x)P"y (Y)
am?+ap?  Am

X Zm=a (D" zm1 (21 (1) — P2(2) 2 (8)]

S E Y L[PITs(0)

n

2km g 1 Py (x) P (y)
(r+62 Emn=1l (1-c2p2) oy

1

mT
am 2 +an?~(3E)

X Yo (=)™t z m[¢"1 (D P1(t) — @, (DY ()]

. m %[ L™ 1{Pl}
- I e N () (6.1)

am?+an? Hp
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— « 2km Zoo 1 Pm (x) Py (y)
vy (h+)2 “mn=l (1-c2p2)

X Y2 _ (1) L m[p" (DY () — ¢ (D (D]

mmn
am*+an?~(53)

1 P () Pn () 82 L71{P1Y]

—x E Z?;,nzl i 922 ¢3(t)

am 2 +an 2 Am

2km Zoo 1 P (X) Py (y) x
(r+62Emn=1 (1-c2p2) Ay o,

%(m)zmwa (@1 (6) — 2 (2, (©)]
am “+an“— hre

mo (D™

-« E Z?g,n=1

am 2 +an 2 Am n

2km Zoo 1 P"m (x) Py (y) x
r+2 =M=l (1-c2p2) oy, gy

O, = —XE

—— o m($1 @Y1 (©) — $2 (D2 (O]

am?+an 2_(h +§)

T (-DmH

1 P (x) Pr(y) ;-
=0 LHPIs(E)

—«xE Yo _
Zm,n—l am2+an2 m My

2km yoo 1 P (x) P"n (y)
(+2EMN=L (1—c2p2) h oy

1

X T=1 (D" ——————m[¢; (D)1 (1) — p2 ()P (V)]

am2+anz—(m)
~ X E St e R L [P (6) (6.3)
7. SPECIAL CASE
Setting f(x,y,t) = (1 —e ™) (x + a)?(x — a)*(y + b)*(y — b)?¢ (7.1)
0(x,y,z,t) =g(t)6(z—h)andp =0 , g(t) = const (7.2)

dpl
[P1],—¢ = const., [d_z]z:§ = const.

dpI
[PI],—_}, = const. '[E]F—h = const.

L7Y[PI] = const and p = %

Applying finite Marchi-Fasulo integral transform to (7.1), (7.2) one obtains

fnm, 0)=[16(k; + ky) (ks + ky)(1—e ™ )]
(a,a)cos?(a,,a) — cos(a,,a)sin(a,,a)f }x (a,b)cos?(a,b) — cos(anb)sin(anb)iT

A2 a,?
Substitute this values in the equation (3.6),(3.8), 4.1),(5.1),(5.2)(5.3),(6.1),(6.2)and(6.3)one obtains
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T(x,y,z,t) =
2km (am a)cos 2 (am a)—cos (am a)sin (am a)di [(anb)cos 2 (anb)—cos (anb)sin (anb)d
s [160ks + ko) (ks + ky) 1] = ] ]

I (1_:21, Pm () Pn @) o Yo _ (-1)™1m [Sin [( ) (z+ h)] — cpCos [( (z+ h)]]

2) Am Hy

Xfot [‘[Pl]z=§ dPI]Z E] am2+an (h+§) )(t )¢

[16(1(1 + kz)( 4+> ]

[(ama)cnsz(ama)—cos(ama)sin(ama)iT (anb)cos?(anb)— cos(anb)sm(anb)]z 1 Pm (x) Py (y)
2 mr=l (1-c2p2) o om,

(h+§ )2

am ap?

Zim (CD™m [Sin [( ) (z— E)] — cpCos [( ) (z— E)]]
Xf [f [PI],——p — [dPI 77h] am Ptan? (h+§) )(f t )dt

mT 2 ’
+ Ty 2B 1y 1 et (G5) ) g (7.3)

2km [(am a)cos 2(ay a)—cos (am a)sin (ama)iT v

g(x Y lt) (h+§)2 [16(k1 + kZ)(k3 + k4-) ] X a2
m
[(anb)cosz(anb) cos (an b)sin (anb)] yo 1 P (x) Py (y)
2 m,n=1 mn 2
(1_C2(h 5) ) Mmoot

21" s (2) 0430 - (25) os [ (2) o+

an

X fOt [_ [PI]Z:E -¢ %L*E] e_k(am2+an (h+§) >(t ' )dt

2k o)
B (h+:)2 [16Cky + k) (ks +ks) ] X [ ama)cos?(ama =

(anb)cos?(anb)—cos (anb)sin (anb)F woo 1 P (x) Pr(y)
[ ] Zm n=1

(=) =

<31 msin](22) 0 - )] - (15) cos () -] |

—cos (ay a)sin(am a)iT x

) [F Py —c ] Jertlemtrent () Y gy

dz ly;=——p

(am a)cos 2 (am a)—cos (am a)sin (an a)iﬂi (anb)cos?®(anb)—cos (anb)sin (an b)iT
2 2

+[16(ky + ky) (ks + ky) ] . an

2
e 24a, 2™ Veet) .
+Zam R LPI [ e Hom®+en® (G50 )y (7.4

n

8. NUMERICAL RESULTS
2k
Br= 160k + ko) (ks + ki) 1 B =[] c=1
For Aluminum metal
Modulus elasticity E = 6.9 x 10! Poisson ratio v = 0.281

Thermal Expansion coefficient a, = 25.5 x 10~®  Thermal Diffusivity k=0.86
Thermal Conductivity x= 0.48 a=2cm,b=1cm h=1,f =0.5
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glx,y.t) _ ﬁ [(amZ)cosz(amZ)—cos (amZ)sin(amZ)iT (an)cos?(ap)—cos (an)sin(an)iT
- 2 2
& o 1 aPr;(x)Pn(y) o (_1ym+l [S-an m3.14 ] - m3.14 C m3.14 2 ]
Zm.n=1 (1_(m13..514)2) Mmoo My m=1(—1) my-in [( 1.5 )( )] ( 1.5 ) 0s [( 1.5 )( )] X

3.14\2 ,
fot [COIlSt.]e_o'gé(am2+an2+(m1-5 ) )(t—t )dt’

(amZ)cosz(amZ)—cos(amZ)sin(amZ)ELi (an)casz(an)—cos(an)sin(an)iffi © 1 Pm (x) Py (y)
—b [ a2 ][ an? ]Zm,n=1 22\ o n
(l—c (m) ) n
© _1ym+1 . m3.14) ]_ (mn) (m3.14) ]
X ye_ (-1 m[Sln[( = (0.5)[—c e Cos = (0.5 x
! m3.14\2 ’
fot [(1_e—t )(constant)] e—0.86(am2+an2+( 13514) )(t—t )dt,
(@ 2)c0s 2 (am 2)—cos (am 2)sin (am 2)7 [(an)cos 2 (an)—cos (ay)sin (an )i woo Pm x) Py (y)
+ — ] o {2 mm
m n m Hn
. —0.86(ay, 2+a, 2+(m314 YN
fi—28 feomst.] e olon*rer (5] ) (8.1)
0.86("5")
6+
4 L
=
7|
1]
2t
-0.4 —-0.2 0 0.2 0.4
z
Fig.1 Temperature distribution along z
7 [
0
_2 L
&
-4 |
_6 L
-0.4 -0.2 0 0.2 0.4

Fig.2 Thermal stresses o, along z
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Fig.3 Thermal stresses a,,, along z

0.1 /

-0.4 -0.2 0 0.2 0.4

Fig.4 Thermal stresses a,, along z

9. CONCLUSION

In this Paper, We discussed completely the inverse unsteady-state thermoelastic problem of thin rectangular
plate on the edge z=h, where the non homogeneous boundary condition of third kind is varies with position and
time on edges x=-a, a, y=-b, b and z=-h with additionally heat sources at the edge z=h of the rectangular plate.
The finite Marchi-Fasulo integral and Laplace transform is used to obtain the numerical results the temperature,
Displacement and thermal stresses that are obtained can be applied to the design of useful structure or machines
in engineering application. Any particular case of special interest can be derived by assigning suitable value of
the parameters and function in the expression.
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