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Abstract

An estimate for the degree of approximation of
function f e Lipa class by (N, p, q) C; means of
Fourier series has been established.

1. Definitions
The Fourier series of 2m periodic Lebesgue
integrable f(t) over [-w, ] is given by
f(t) :%ao + i (a, cosnt + by, sinnt) (@)
n=1

The degree of approximation E,(f) of a function f;
R— R by a trigonometric polynomial t, of degree n
is defined by (Zygmund [1])

En(f)=[tn ~f] =sup.{|tn ()~ F()|:x e %}.

A function f € Lipa if,
[f (x+1)—f (x)|=0O(|") for 0 <a <1. (Dhakal [2])

Let iun be an infinite series such that whose

m=0

n -
partlal sums = Zuk Write o, = — ZSk is

(C,1) means of the sequence {S,}. If
o =S, 8 n — oo then the sequence {S,} is said

to be summable by Cesaro method (C,1) to S.

The generalized Noérlund transform (N, p, q) of the
sequence {S,} is the sequence P9 where

tﬁ'quii PkGn_kSnk- If th% >Sasn—swthen the
n k=0

sequence {S,} is said to be summable by
generalized Norlund method (N, p, q) to S
(Borwein [3]).

The (N, p, q) transform of the (C,1) transform
defines the (N, p, q)C; transform { th'@ } of the

partial sum {S,} of the series iun .Thus,
n=0

n
tPaa ZRL > Prlnk Snk — S, as n—w then the
n k=0

sequence {S,} is said to be summable by (N, p,
q)C; method to S..

Some important particular cases of (N, p, q)C;
means are:

(I) (N, Pn )Cl if gy =1vn.
(i) (N, q, )c,if p,=1¥n.
(i) (c,8)c,if py= (n+6_1j,8>0andqn =1vn.
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We shall use the following notations:
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o(t) =fF(x+t)+f(x—t)—2f(X) 2

.2 t
1 Prni Sin?(n—k+1)4

NC), (t) =

(NG () 2nR, kzon k+1 sin?

©)

t
2
2. Theorem

Theorem. If f:R —>Ris 2n periodic, Lebesgue

integrable over [-m,n] and Lip o class function,

then the degree of approximation of function f by

(N, P, q) C;  summability = means,

thac :Ri ipkqn,kon,k of the Fourier series (1) is
n k=0

given by, forn=0,1,2 ...,

[i2ee: 7f||0o _ o(%}foro <as<l, (4)

provide {p,}and {q,}are two sequences of positive
real constants of regular generalized N6rlund
method (N, p, q) such that

Pk An-k _ R
kzé, nk k+k17 O(n+lj o020 ®)
3. Proof of the Theorem

Following Titchmarsh [4], n™ partial sum Sn(x) of
the Fourier series (1) att = x e [-x, ©] is given by

S, (X) - f(x)=—'|' ¢(t)m dt.

2

The (C,1) transform i.e. 6, 0f S, is given by

LSS0 -F()=

+1k:0 2(n+1)rr

2O $gin i+ 4 ot
OSInszl
1 T sin (n+1)‘

on () —f(x) = ) (1) dt.

2N+ 0 sin %

Denoting (N, p, q) transform of o, i.e. (N, p, q)C;

transform of S, by tﬁ‘q’cl we have

13 B Pk Un_i SN 2(n- k+l)2
R ZPknklon-00 00} = ] I Rnkzon 1 sy

tquxcl (X) —f (X) = J‘ (Nc)n (t) ¢(t)
0

(Nc) (0 o(t) dt + j NC), (t) ¢ (t)dt

n +1

1}
o—zf
2

=l +1, say. (6)

Forl; and O<t<—1_
n+1
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n L2 .
(NC), (1) = 1 > Pk Qi SIN“(N—k+1)-

27‘CRn K=0 n-k+1 sinZ%

s
2

<1 < Prnk (n—k+1) 5_

< - X
2nR, 2o n—k+1 sin® 5

(Since sinn@<nsin@<ndfor 0<0O< 1)
n

1 n
= n—-k+1
ann kg(:) Pk Un-k ( + )
n+1 &
<
27R, kg;‘) Pk On-k
_n+1
T on
=0(n+1) @)

Since, [f (x +t) —f (x)|= O(t|*) for 0 <a <1,
if feLipa.
We have, ¢(t) =Ff(x+t)+F(x—t)—2f(x)
=[fox+ )~ FOO [ x—0) —F ()]
=0(t*)+0(t*)
=0(t%). (8)
Now, using (7) and (8) and the fact that

o(t)eLipa, we have

n |s?|(NC)n(t)||¢<t>| dt
0

1

:TO(n+l)O(°‘)dt
0

[
n+l

=o(n+1| [ t* dt}
0

_t(1+1 ﬁ
=0(n+1)
a+l 0

__r
(@+1) (n+2)**

deF) @

=0(n+1)
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For 1, and L oci<n
n+1

o .
(NC), (t)= 1 ¢ PxOnk SN (n k+1)2

2R, oo n—k+1 s|n2%

1 & Pelnk 75_2

< >, by Jordan’s Lemma
2R, oo n—k+1t

__ T o P Onk
2R % i n—k+1

i o( R”J, by the hypothesis of the theorem

2R, (n+

Using (8) and (10), we have

EIE { |(NC), @] [o)] ot

n+l

I 1
=| O —— |O(t*) dt
L
n+1
=o(—1 [ t% dt
n+l) 1
n+l
a-1]"
o[ij t for0<a<1
- n+1 OL—li
- n+l
o 2| liog I fora =1
n+1 L
O(L L n“_l—;, forO<a<1
) Un+)la-1 (n+1
O(ij{log n—log[iﬂ, for a=1
n+1 n+1
a-1
O(Lj{’g%}, for0<a <1
< a-1)| n+1 (n+1)
O[ﬁj[log(n +1)TE], for a=1
a-1
O[L] T Jﬂ, for0<a <1
< a=1)| (n+1f
O{Iognﬂ)n] for a=1
in+1i
1
O[ , forO<a<1
_ (n+1)“ (11)
O{Iog(n+1)n] for a=1.
in+1i

Collecting (6), (9), (11); we have

O[(n -2-1)“} , forO<a<l
O(L}O[Mj, fora=1

n+1 (n+1)

EERORICIE
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O[ J, forO<a<l1
0 log n+1)ne  fora=1
n+1)
o('o gln+1 ﬁeJ for0<a<l
< n+1)“
O[Iog n+1 ne]  forast
n+1

=0 M, forO<a <1
(n +1)°‘

Hence,
J5e—t | =supf] 27001 | <]

o[%] 0<a <1

Thus, the theorem is completely established.
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