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ABSTRACT :

The purpose of this paper is to prove a generalized common fixed point theorem by changing the condition, used by
V. Srinivas and B.V.B. Reddy [9]. To prove this theorem we use the definition of weakly compatible mapping &
associated sequence.
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Introduction :

G. Jungck [3] introduced the concept of compatible maps which is weaker than weakly
commuting mappings. After words Jungck and Phoades [5] defined weaker class of maps known
as weakly compatible maps. Further Srinivas and B.V.B. Reddy [9] used the concept of
associated sequence.

1.1 Definition and Preliminaries :

1.1.1 Compatible Mappings :

If (X,d) be a metric space. Then two self maps A and B of (X,d) are said to be compatible
mappings if lim d (ABx,, BAX,) =0, whenever {x.}"._, is a sequence in X such that

lim Ax, =lim Bx, =u, for some u e X.

n—oo n—oo

1.1.2 Weakly Compatible

Let A and B be mappings from a metric space (X,d) into itself. Then A and B are said to
be weakly compatible if they commute at their coincident point
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i.e. Ax = Bx, for some xe X
= ABx = BAX

It is clear that every compatible pair is weakly compatible but its converse need not be
true.

Cauchy sequence

A sequence {xn}::1 in a metric space (X,d) is called Cauchy sequence if for given >0,

there corresponds n,< N such that for all m, n > n,, we have
d(x, X,) <e

Associated sequence

Suppose A, B, S and T are self maps of a metric space (X,d) satisfying the following
condition

AX) c TX)and B (X) < SOX) ceveerereinn (1.1.4.1)

Then for an arbitrary x e X such that A x, =Tx, and for this point x,, there exists a
point x, in X such that Bx, = Sx, and so on. Proceeding in similar manner, we can define

a sequence {y,}._, in X such that

Yo = A%, =TX,,,, and y,, = BX,, , =Sx,, for n>0 ------------m--- (1.1.4.2)

Then this sequence is called “Associated sequence of X, relative to the four self maps
ABSandT.

In (1998) Brijendra Singh and M.S. Chauhan [1] proved that common fixed point
theorem for self maps A,B,S and T in metric space (X,d) by using the condition (1.1.4.1)
and

[d (Ax, By)])* <k,[d(Ax,Sx)d (By,Ty) +d (By, Sx)d (Ax,Ty)]
+k,[d(Ax, Sx)d (Ax, Ty)+(By, Ty)d (By, Sx)]

Where 0<K, +2K, <1, K,,K, >0

In (2012) V. Srinivas and B.V. B Reddy[9] established a generalize common fixed point
theorem by using weakly compatible mapping and Associated sequence under the
condition (1.1.4.1) and (1.1.4.2).
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Now we generalize the theorem using new condition under weakly compatible mapping
and associated sequence.

Now we prove a lemma which plays an important role in our main theorem.

1.1.7 Lemma: Let A, B, Sand T be a self mapping from a complete metric space (X,d)
into itself satisfying the following conditions

A(X)cT(X)and B(X)cS(X) --------- (1.1.8)
One of A, B, S or T is continuous such that

d(Ax, Sx). d(By,Ty),
[d(AX, By)? < a.max| d(BY, SX).d(AX,TY), |irerieeeinan. (1.1.9)
d(Ax, Sx).d (Ax,Ty)

Then the associated sequence {y,}., relative to four self maps is a Cauchy
sequence in X,

Proof: From conditions (1.1.8) & (1.1.9) and from the definition of associated sequence,
we have
[d(y2n+l’ y2n)]2 = [d (szna BXZn_l)]z ’ By (1142)

d(AX,, SX,0) d (BXy 4, Ty 4),

Sa.max| d(BxX,, 4, %) d (AXyy, TXyp 1)y [, By (1.1.9)
d (AX,,, SX,,) d (A%, TX, 1),

d(Vanaar Yan) 4 (Yan: Yan-),

=a.max| d(Y,n, Yon) d (Yonias Yonos):

d(Yznear Y2n) A (Yoniar Yon-a)

d (y2n+l’ yZn) d (y2n1 yZn—l)’
=a.max| 0,

d(Yanizr Yan) d (Yanias Yans)
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d (y2n+1' y2n) d (yZn’ y2n—l)'
=>[d(Vy,1s Vo) < @.max| 0,

d (y2n+1' y2n) d (y2n+l’ y2n—l)

d (y2n+l’ y2n—1) ’
=>[d (Y1 Yon)] £ @.max| O,

(y2n+11 yZn—l)

d(Yzns Yan1)
=> 0 (Y,nu1) Yon) < a.max| 0,

d (y2n+1’ y2n) + d (y2n ' y2n—1)
" By triangular Inequality

d (y2n+l’ y2n—1) < d (y2n+11 yZn) + d (y2n ’ y2n—1)

=>d(Yan1r Yon) < @[ (Ya0s Yor) +A(YVans Yana)]
=>d(Yan1r Yon) = @A (Yanar Yon) < @d (Y iYon1)

=> (1—0()d (y2n+1' yZn) = ad(yZn’ y2n—1)

a
=>0d (Vanu1s Yon) < —— d(Vans Vons)
l-a

:>d (y2n+l' yZn) < ﬂd(yZn' y2n—1)

Where f=—2— <1 - a<l=>0<(l-a)<1
-

NOW d (yzm y2n+1) < ﬂ (y2n—1' y2n)
Then d (yn1 yn+1) < ﬂ (yn—l’ yn)
<A AV Yoa)

<S2d(Yy 30 Yoa)
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<p"d(y,, Y1)
Now  d(Y,.p,V.o) < Bd(Y,,Y..)
< B2d(Y,aYs)

< B2d(Y, 0 Yas)

< B"d(Y,, V)

Similarly we can show

d Yoz Yaia) < B"2d (0 Y1)
d(Yezs Yora) < B2 (Yo, Vi)

d(Yo,par Yoip) < B7P7d(Yyy,) . foreveryinteger p>0
NOW d(yn,’ yn+p) < d(ym yn+l) +d(yn+1,1 yn+2)+d (yn+21 yn+3)

F o +d (Yo, par Vo)
<B"d (Yo, Y1)+ B (Yo, Y1) + B2 A (Yo, Vi) + v + A" d(Y,, Vo)

=[B"+ B+ B+, + 8P d (Y, Vo)
e N R S +4"P1d (Y, Yy)

wp<l=p">0, asn—ow
=> d(Y,,Y,,,) >0, asn—o , foreveryinteger p >0

Thisshowsthat{y .}, isaCauchysequencein X.

~.- X isacomplete metric space.
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=>{y ¥}, converges to z € X

Theorem :

Let A, B, Sand T are self maps of a metric space (X,d) satisfying the condition
(1.1.8)&(1.1.9)

And the pairs (A,S) and (B, T) are weakly compatible.
Further,

The associated sequence relative to self maps A, B, S and T such that the sequence

AXy, BX, A, BXg, v, R = Convergstoz e X asn— oo.
Then A, B, S and T have a unique common fixed point z in X.
Proof —
~B(X) <S(X)
veXsuchthatz=Sv ...l (1.1.10)

We have to prove Av = Sv

Now consider

d(Av,Sv).d(BX,,.., T%,.1) s
[d(Av, BX,,,,)]* <a.max| d(BX,,.,, Sv).d (AV,TX,,.,),
d(Av,Sv)d(Av,Tx,,.,)

rasn—oo |, B, TX,,,, =7

d(Av,z) d(z,2),
[d(Av,2)]? <a.max| d(z,z) d(Av,2),
d(Av,z)d(Av,2)

a.max{0, 0,[d (Av, 2)I}
a[d(Av, )]

=>(d (Av, 2)J —a[d(Av,2)] <0
—(d (A, )] 1-@)<0

0<ax<l
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=0<1l-a<l

~.d(Av,z)=0
= Ar=12
=> Av =Sv=z, Byusing (1.1.10)

...................................... (1.1.11)
~.- The pair (A, S)is weakly Compatible.
=> ASv = SAv

= Az =Sz By (1.1.11)
....................................... 1.1.12)

Now - A(X)c=T(X)

=> Fwe X suchthat z=Tw..........ccccevveviiiiriiienns (1.1.13)
Now we prove Bo =Tw

Now consider

d(Av,Sv) d (B, Tw),
[d(Av, Bw)]* <a.max| d(Bw,Sv) d(Av,Tw), |, By (1.1.9)
d(Av,Sv)d(Av,Tw)

d(z,z) d(Bw, ),
=>[d(z,Bw)]* <a.max| d(Bw,z) d(z,z), |, By (1.1.11) & (1.1.13)
d(z,z)d(z,2)

=> [d(z,bw)]*<0

But square of distance may not be less than zero.
=>[d(z, Bw]* must beequal to Zero.

weget (d (z,Bow)* =0

=>d (z,Bw] =0

- Y (1.1.14)
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..... (1.1.15)

Again since the pair (B,T) is weakly compatible.

=> Bz =Tz, By (1.1.15)
.................................. (1.1.16)

Now Consider

[d(Az,2)]" =(d(Az, Bo)I’

By (1.1.15)

d(Az,Sz) d(Bo, Tw),

By (1.1.9)

d(Az,Sz)d(Az, Tw)

d(Az, Az) d(Z,2),

=a.max| d(Z,Az) d(Az,2), |,

By (1.1.12) & (1.1.15)

d(Az, Az)d(Az,z2)

=a. d(Az,2)]
=[d(Az, A2) <a[d(Az,2)]

—[d(Az,2)F 1-a) <0

=>[d(Az,2)]’=0 ca<l = 0<(l-a)
—>[d(Az,2)=0
=> AZ = Z e, (1.1.17)

Again consider

[d(z,B2)] =(d(Av,B2)J

By (1.1.12) & (1.1.17)

(1.1.18)
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d(Av,Sv) d(Bz,Tz),
< a.max| d(Bz,Sv) d(Av,Tz), |, By (1.1.19)
d(Av,Sv)d(Av,Tz)

d(z,z) d(Bz,Bz),
= a.max| d(Bz,z) d(z, Bz),
d(z,z)d(z,Bz)

- Av=Sv =Bw=Tw=z and Bz=Tz
=>[d(z, B2)]J* < a.max{0,[d (Bz, z)]*, 0}
=>d(z,Bz) < a(d(z,B2)]

= (d(z,B2)? 1-a) <0

=>(d(z,B2)]*=0 ra<l=>0<(1-a)
=>d(z,Bz)=0

= Bz=12

= Bz=Tz=z , By (1.1.16)
....................................................... (1:1.19)

By (1.1.18) & (1.1.19)
AZ=SZ=BZ=TZ=Zu o (2.1.20)
. We get z is a common fixed point of A, B, Sand T.

Unigueness of Common fixed point :

Let z;, and z, are two common fixed point of A, B, Sand T.

Then by using (1.1.20)

AZ1 = 871 S Bz = Tz Sz oo, (1.1.21)
And also
Az =872y =Bz = T2 T Zy o (1.1.22)
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Consider
(d(z,,2,)F =[d(Az, Az,))’ , By (@.1.2]) & (1.1.22)

d(Az,Sz,) d (Az,,Tz,),
< a.max| d(Az,,Sz) d (Az,Tz,),|, By (1.1.9)
d(Az,Sz,)d(Az,,Tz,)

d(z,,2,) d(z,,2,),
=a.max| d(z,,z,) d(z,z,),|, By (1.1.21) & (1.1.22)

d(zl’ Zl) d(zl’ ZZ)

=>[d(z,2,)F <c.max{0.[d(z,2,),0}
=>d(2,2,) <a(d(,2,)
=>(d(2,,2,)F ~a(d(z,2,)F <0
=>[d(z,2,) (1-a)<0

=>[d(z,2,)F =0 v a<l
—>d(z,2,)=0

I

Hence there exists an unique common fixed point of A, B, Sand T.
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