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ABSTRACT

In this paper , we study several aspects of fuzzy « — compactness due to T. E. Gantner et al. [5] in fuzzy

topological spaces and also obtain its several other properties .
Keywords : Fuzzy topological spaces, «— compactness .

1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations was first introduced by L. A. Zadeh in his classical
papers [10] in the year 1965 describing fuzziness mathematically first time . Compactness occupies a
very important place in fuzzy topological spaces . The purpose of this paper is to study the concept due

to T. E. Gantner et al. in more detail and to obtain several other features .

2. PRELIMINARIES
We briefly touch upon the terminological concepts and some definitions , which are needed in the sequel

. The following are essential in our study -and can be found in the paper referred to.

2.1 Definition “? : Let X be a non-empty set and | is the closed unit interval [0, 1]. A fuzzy set in X is a

function u : X — | which assigns to every element x € X. u(x) denotes a degree or the grade of

membership of x. The set of all fuzzy sets in X is denoted by 1*. A member of 1* may also be a called

fuzzy subset of X .

2.2 Definition™ : Let X be a non-empty setand A < X . Then the characteristic function 1, (x) : X —

1if xe A

0, 1} defined by 1, (x) =
{0, 13 defined by 1, (x) {Oifng

Thus we can consider any subset of a set X as a fuzzy set whose range is {0, 1}.

2.3 Definition® : A fuzzy set is empty iff its grade of membership is identically zero . It is denoted by
Oor ¢ .
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2.4 Definition® : A fuzzy set is whole iff its grade of membership is identically one in X . It is
denoted by 1 or X .

2.5 Definition® : Let u and v be two fuzzy sets in X. Then we define
() u=viff u(x)=v(x)forallx e X

(i) u c viff u(x) < v(x)forallx e X

(i) A =u uviff A(X)=(u uv)(X)=max[u(x),v(x)]forallx e X

(iv) g =unviff g (x)=Uunv)(X)=min[u(x),v(x)]forall x e X

(V) y =u®iff y(x)=1-u(x)forallx e X.

2.6 Definition® : In general , if { u, : i e J}is family of fuzzy sets in X , then union U u, and
intersection M u; are defined by
vu(x)=sup{u(x):iedandx e X}

AU (Xx)=inf{u(X):iedandx e X},where J isan index set .

2.7 Definition® : Let f: X — Y be amapping and u be a fuzzy set in X. Then the image of u , written

f (u), is a fuzzy setin Y whose membership function is given by

sup{u(x): x e FH(y)}if f7(y) = ¢
f =
(u) (v) {0 i1y =g

2.8 Definition® : Let f: X — Y be a mapping and v be a fuzzy set in Y. Then the inverse of v, written

f~(v), is a fuzzy set in X whose membership function is given by ( f ™ (v)) (x) = v(f(x)) .

2.9 De-Morgan’s laws ' : De-Morgan’s Laws valid for fuzzy sets in X i.e. if u and v are any fuzzy
sets in X, then

1-uuv)=1-unl-v)

(i1l-unv)=1-u) uld-v)

For any fuzzy setin uin X, un (1 — u) need not be zero and uu (1 — u)need not be one .
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2.10 Definition® : Let X be a non-empty setand tc | * i.e. tis a collection of fuzzy set in X. Then t is
called a fuzzy topology on X if

()0,1 et

(ii) u, et foreachied, then | Ju, et

(iiyu,v et,thenunv et
The pair (X : t) is called a fuzzy topological space and in short, fts. Every member of t is called a t-

open fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In the sequel, when no confusion is

likely to arise, we shall call a t-open (t-closed ) fuzzy set simply an open ( closed ) fuzzy set .

2.11 Definition® : Let (X ,t)and (Y, s) be two fuzzy topological spaces. A mapping f: (X , t)

- (Y ;S ) Is called an fuzzy continuous iff the inverse of each s-open fuzzy set is t-open .

2.12 Definition® : Let ( X , t ) be an fts and A < X. Then the collection t,= { ulA:uet}={unA:
uet} is fuzzy topology on A, called the subspace fuzzy topology on A and the pair (A : tA) is referred

to as a fuzzy subspace of (X ,t).

2.13 Definition® : An fts (X, t) is said to be fuzzy Hausdorfff iff for all x , y e X, x # v, there

existu,v e tsuchthatu(x)=1,v(y)=landuc 1-v.

2.14 Definition® : An fts (X : t) is said to be fuzzy regular iff for each x € X and u et with u(x) =

0,thereexistv,w e tsuchthatu(x)=1,ucwandv cl-w.

2.15 Definition” : Let (A ,t,) and (B,s;) be fuzzy subspaces of fts’s (X,t) and (Y ,s)
respectively and f is a mapping from (X, t)to (Y, s), then we say that f is a mapping from (A , t,)
to (B,s,)iff(A) cB.
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2.16 Definition : Let (A ,t,) and (B,s;) be fuzzy subspaces of fts’s (X,t) and (Y ,s)
respectively. Then amapping f: (A ,t,) — (B, s;) is relatively fuzzy continuous iff for each ve s,

the intersection f*(v) NA et, .

2.17 Definition™ : Let 2 e 1" and e I'. Then (A x u ) is afuzzy setin X xY for which (4 x x )
(x,y)=min{ A(x), u(y)},forevery(x,y) e X xY.

2.18 Definition : Let (X , t) be an ftsand « e |. A collection M of fuzzy sets is called an & — shading

(res. a —shading ) of X if for each x e X there exists au € M such that u(x) > o (res. u(x) > « ).
A subcollection of an o — shading (res. " — shading ) of X which is also an & — shading (res. o —

shading ) is called an « —subshading ( res. «” — subshading ) of X .

2.19 Definition® : An fts (X : t) is said to be o < compact ( res. o — compact ) if each « — shading

(res. o —shading ) of X by open fuzzy sets has a finite & — subshading ( res. & — subshading )

where o € |.

2.20 Definition® : Let (X, t) beanftsand 0 < <1, then the family t, = { & (u) : u € t} of all

subsets of X of the form a (u) = {x € X :u(x) > « }iscalled o — level sets, forms a topology on X

and is called the o — level topology on X and the pair ( X ,ta) is called a — level topological space .

3. Characterizations of fuzzy « — compactness .

Now we obtain some tangible properties of fuzzy « — compact spaces .

3.1 Theorem : Let 0 <a < 1. An fts (X ,t) is «— compact iff for every family {F.} of o — level

closed subsets of X, ﬂ F. = ¢ implies {F, } contains a finite subfamily {F, } (k € J,) with ﬂ F=9.
k=1

iel
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Proof : Let (X ,t) be a—compact . Suppose M = { F, :i €]} be afamily «— level closed subsets of
X with ﬂFi = ¢ . Then , since for each F. , there exists a x et® suchthat F= a (), we have M =
iel
{a ()i e} Then by De — Morgan’s law X = ¢° = [ﬂ Fi] = UFic . Then the family H = { « :
iel iel
i€ J }is an open « — shading of (X : t). To see this, let x e X . Since M is a family of « — level closed

subsets of X , thereisan F, e Msuchthatx e F . But F, = a (44 ), forsome 4 et® . Since (X,t)

is a— compact , there exist x4 € H (k eJ,) such that X = Ua ()= UFif. Then by De —

iel iel

Morgan’s law ¢ = X© = (UFikj = ﬂFif.
iel iel

Conversely , suppose (|F = ¢ and M = {; :ieJ} be an open a - shading of (X ,t) . Then by De -

iel

Morgan’s law ¢ = X° = (ﬂFiJ = |JR® . Then the family H = {a (1) : ie J }is a a— level open
iel iel

subsets of X , where F= a (4') . For let x e X . Then there exists a 4 € M (k €J,) such that

i, ()>a .Hence (X ,t)is o —compact.

3.2 Theorem : Let0 <a<1.Let (X ,t)beanftsand (X, t,)bea & level topological space . Let
f:(X,t) - (X, t,)becontinuous and onto . If (X ,t)is &— compact, then (X , t_ ) is compact

topological space .

Proof : Let M= { U, :ie J} be an open cover of (X, t, ). Then, since for each U, , there exists a
g, etsuchthat U,;= (g, ), wehaveM={ a(g,):ieJ}.ThenthefamilyW={ g, :ie J}isan
a — shading of (X ,t) . Since f is continuous , then f* (M)={ f*(U,): U, et }isanopen a -
shading of (X ,t) . To see this , let x X . Since M is an open cover of (X, t, ), then there is an
U, e Msuchthatx e U, . But U, = a( g; ) for some g, e t. Therefore x €  ( g; ) which implies
that g, (x) > « . Since f is continuous and onto , then U; (f(x) ) > a which implies that f‘l(UiO) (x)

> o . By a— compactness of (X ,t) , W has a finite o — subshading , say {g; } (k € J,) such that

IJERTV 21590163 www.ijert.org 637



International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 2 Issue 9, September - 2013

f7( 9,)(X)>aorg (f(x))>a forsomex e X. Thus{U; }or{a(g,)}(kel,)formsa

finite subcover of M . Hence (X : ta) Is compact topological space .

3.3 Theorem : Let (X ,t)and (Y ,s) be two fuzzy topological spaces and let f: (X ,t) — (Y ,s)
be a continuous surjection . Let A be an a — compact subset of (X : t) . Then f(A) is also « — compact
of (Y,s).

Proof : Assume that f(X) =Y . Let { u, : u, € s} be an open « —shading of f(A) . Since f is continuous
,then f(u) et. Forifx e A,thenf(x) e f(A)as A is a— compact subset of (X ,t) . Thus we
seethat f(u)(X)>a andso f*(u)isanopen a-shading of A . Since A is « —compact, then {
f( u;) } has a finite - subshading , say { f™( u; )} (ked,). Nowify e f(A), theny = f(x) for

some X € A . Then there exists u; e {u;} such that f( U; ) (X) > o which implies that u; (f(x) ) >

a oru;, (y)> a . Thus{ u;} has afinite o —subshading { u;, } (k € J,).Hence f(A) is & — compact

3.4 Definition : The mappings 7z, : X xY — Xsuchthat z,(x,y)=xforall (x,y) e X xY and
m, X xY — Ysuchthat 7 (x,y)=yforall (x,y) e X xY are called projection mappings or

simply projection of X xY on X and Y respectively .

3.5 Theorem : Let (X ,t) and (Y ,s) be two fuzzy topological spaces . Then the product space
(X xY,txs)is o—compactiff (X ,t)and (Y,s) are &—compact, where 0 << 1.

Proof : First suppose that (X xY ,5) ,Where 6 ={ g, xh : g, etand h e s}is a—compact. Now
we can define a fuzzy projection mappings 7, : (X xY ,5) - (X ,t) such that z, (x,y) = x for
all (x,y) e XxYand 7, : (XxY,5) - (Y,s)suchthat 7,(x,y)=yforall (x,y) e X xY
which we know are continuous . Hence (X ,t) and (Y ,s) are continuous images of (X xY, &)

which are therefore « — compact when (X xY, 5) is given to be « — compact .
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Conversely, let (X ,t)and (Y ,s) be a—compact. Let § ={ g;xh : g, tand h e s}, where g,
and h, are open fuzzy sets and { g, :ie J }is an a— shading of (X ,t) and{ h rie J}isan a-
shading of (Y ,s) . Thatis g,(x)> a forallx € X, h(y)> & forally e Y . Weseethat ( g,xh, ) (
x,y)=min{ g;(x), h()}>a .As (X t)and (Y,s) are o compact, there exist g, e tsuch
that g, (x) > @ and h, e ssuchthat h (y) > « respectively . Hence we have 6 ={ g, xh : g, et

and h, e s} has a finite & - subshading , say { g, xh }(k e J,). Thus (X xY, &) is &~ compact.

3.6 Theorem : Let (X b ) be a fuzzy Hausdorff space and A be an « —compact (0 < < 1) subset of
(X,t) . Suppose x € A°, then there exist u, v e tsuchthatu(x)=1, A c v'(0,1]anduc 1-v.
Proof : Lety € A .Sincex ¢ A(x € A° ), thenclearly x = y. As (X ,t) is fuzzy Hausdorff , then

there exist u, , v, e tsuchthat u (x)=1, v, (y)=landu, c 1-v, .Letustake a € I, such that
V,(y)> a >0.Thus we see that { v,:y € A } isan - shading of A . Since A is o~ compact in
(X,t),soithasafinite o—subshading, say { v, : y, € A}(keJ,).Now, letv=v, UV, U ...
vuv,andu=u, Nu, N MU, . Thus we see that v and u are open fuzzy sets , as they are the

union and finite intersection of open fuzzy sets respectively i.e. v, u e t. Moreover , A c v*(0, 1]

andu(x)=1,as u, (x)=1foreachk.

Finally , we claimthatu ¢ 1-v.Asu, ¢ 1-v, impliesthatu ¢ 1-v, .Since u, (X) <1-v, (X)
foreachk, thenu < 1-v. If not, then there exists x e X such that u, (x) %1 — v, (x) . We have
u,(x) < u, (x)forallk.Then for somek, u, (x) ;{1— v, (X) . Butthis is a contradictionas u, <1

—vykforallk. Henceu c 1-v.

3.7 Theorem : Let (X : t) be a fuzzy Hausdorff space and A , B be disjoint o — compact (0 <a<1)

subsets of (X, t). Then there existu, v e tsuch that A < u™(0,1],B < v*(0,1]andu c 1-v.
Proof : Lety € A . Theny¢B , as A and B are disjoint . Since B is & — compact , then by theorem

H - -1
(3.6),thereexist u, , v, e tsuchthatu (y)=1,Bc v,"(0,1]andu, c 1-v, .Letustake a e

|, suchthat v, (y) > @ >0.As u (y) =1, then we observe that{ u, :y € A} isan a—shading of A
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Since A'is a— compact in (X ,t) , S0 it has a finite « —subshading , say { u, : y,e A} (keld,).
Furthermore , since B is « — compact , so B has a finite « - subshading, say { v, : y,e B} (k €J,)

asBgvj(o,l]foreachk.Now,letu:u Uu, U.... Uu, andv=v, NV, N ....NV
k Y1 Y2 n Y1 Y2

Y, Yo

Thus we see that A < u™(0,1]and B < v™*(0, 1] . Hence u and v are open fuzzy sets , as they are
the union and finite intersection of open fuzzy sets respectivelyi.e.u,v e t.

Finally , we have to that u < 1 - v . First we observe that u, < 1-v, foreach k , implies that u, < 1

—v for each k and it is clearly shows thatu < 1-v.

3.8 Theorem : Let (X, t)beanftsand A ¢ X.

(i)If 0 <a<landif Ais o —compact,then Aisclosedin X .

(ii)If0< a < landif Ais o —compact, then A is closed in X .

Proof : (i): Letx € A° . We have to show that , there exist u € tsuch that u(x) =landu c AP,
where A® is the characteristic function of A”. Indeed., for eachy € A, there exist u, , v, e tsuch that
u(x)=1,v,(y)=landu, c1-v, .Letustake a € I, suchthat v (y)> a >0.Thus we see that
{ v,y e A}isan a- shading of A . Since A is o~ compact in (X, t), so it has a finite a-
subshading , say { v, : y,e A} (ked,). Now, letu=u nu, n ... M u, . Thus we see that

uy(x) =landuc 1- vy, for each k and it is clear thatu < 1 —v . For, eachz € A , there exists a k

such that v, (z) > @ > Oand so u(z) =0 . Hence u < A® . Therefore , A® is open in X . Thus A is

closed in X .

(i) The proof is similar .

3.9 Theorem :Let (X,t) be a fuzzy regular space and A be an & — compact subset of (X,t) .
Suppose x € A and u e t® with u(x) = 0. Then there exist v, w e tsuchthatv(x)=1,u c w,A c
vi(0,1]andvc 1-w.

Proof : Suppose x € Aand u et® we have u(x) = 0. As (X : t) is fuzzy regular , then there exist v, ,
w, e tsuchthat v,(x)=1, u, cw,and v,c 1-w, . Letustake o € I, suchthatv,(x)>a >0.

Thus we observe that { v,: x € A }is an open & — shading of A . Since A is & — compactin (X, t),
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then it has a finite « — subshading, say{ v, : x, e A}(keJ,) .Letv=v, UV, U ..UV, and

Xn

wW=w, "W, N ... "W, . Thus we see that v and w are open fuzzy sets , as they are the union and

finite intersection of open fuzzy sets respectively i.e. v, w e t. Furthermore, u c w,A < v*(0,1]
and v(x) = 1.
Finally , we have to show thatv < 1 -w . As v, C 1- w, for each k implies that v, C 1 —w for each

k and hence itis clear thatv ¢ 1 —w.

3.10 Theorem : Let (X : t) be a fuzzy regular space and A , B be disjoint & — compact subsets of
(X,t).Foreachx e Xandu et® with u(x) =0, there exist v, w e tsuchthat A < v*(0,1],B
cw'(0,1]andv c 1-w.

Proof : Suppose for each x € X and u et we have u(x) =0. Letx eA.Thenx ¢ B, as A and B are
disjoint . As B is & — compact , then by theorem ( 3.9 ), there exist v, , w, e tsuchthat v, (x) =1, B
c w'(0,1]andv, c1-w, .Letustake o e I suchthat v, (x)> a >0.As v, (X)=1,then we
see that { v, : x € A} isanopen a— shading of A . Since A is o — compact in (X : t) , then it has a
finite o — subshading , say { v, : x, € A} (ke J,) . Further more , as B is a — compact , so it has a
finite & —subshading, say { w, : x, e B} (ke J,),asB ¢ w,'(0,1]foreachk. Letv= v, UV,
U ..oV, andw=w, nw, N nw, . Thus we see that A < vi'(0,1]and B < w™(0, 1
] . Hence v and w are open fuzzy sets , as they are the union and finite intersection of open fuzzy sets

respectivelyie.v,w e t.

Lastly , we have to show thatv < 1 —w . First , we observe that v, C 1- W, for each k implies that

v, € l-w for each k and hence it is clear thatv < 1 - w..

3.11 Theorem : Let (A, t,) and (B, s, ) be fuzzy subspaces of fts’s (X, t) and (Y, s) respectively
with (A, t,)is a—compact . Letf: (A,t,) = (B, s;) be relatively fuzzy continuous , one — one

and onto . Then (B, s, ) is & — compact .
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Proof : Let { v, : v,e s, } be an open a— shading of (B,s;) for every i e J. As f is fuzzy
continuous , then f (v, ) e t. By definition of subspace fuzzy topology , there exist u, € s such that
v, = U N B.Weseethat foreveryx e X, f*(v.)(x)=f"(u nB)X)>a andso{ f*(u,
n B)}isanopen a-shadingof (A,t,),ie J.Since (A,t,)is a—compact,then { f™*(u, N
B) } has a finite o — subshading , say { f( u N B)}(keld,) Now,ify e Y, theny=f(x) for
some X e X . Then there exists v, e { v; } such that f7( Vi ) (X) > « implies that f7( U, N B)(X)
>a.So(u, NB)f(x)>a or(u N B)(y)>a .Henceweobserve that{ v, } (k € J,)isafinite

o —subshading of { v, }. Thus (B, s, ) is a— compact .
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