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Abstract:- In this paper, we aim at establishing certain finite integral formulas for the
generalized Gauss hypergeometric and confluent hypergeometric functions. Fur-
thermore, the Flga’ﬁ )(a, b; ¢; z)-function occurring in each of our main results can
be reduced, under various special cases, to such simpler functions as the classi-
cal Gauss hypergeometric function o F7, Gauss confluent hypergeometric function
cp;a’ﬂ )(b; ¢; z) function and generalized hypergeometric function ,F,. A specimen
of some of these interesting applications of our main integral formulas are pre-
sented briefly.
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1 INTRODUCTION AND PRELIMINARIES

In many areas of applied mathematics, various types of special functions become es-
sential tools for scientists and engineers. The continuous development of mathematical
physics, probability theory and other areas has led to new classes of special functions
and their extensions and generalizations (see, for details, [17] and the references cited
therein; see also [16, 18, 19]).

A lot of research work has recently come up on the study and development of the func-
tions, which are more general than the Beta type function 3(x,y), popularly known as
generalized Beta type functions. These functions, as a part of the theory of confluent
hypergeometric functions, are important special functions and their closely related ones
are widely used in physics and engineering. Moreover, generalized Beta functions [2, 3]
have played a pivotal role in the advancement of further research and have proved to be
exemplary in nature. The Eulers gamma function I'(z) is one of the most fundamental
special functions, because of its important role in various fields in the mathematical,
physical, engineering and statistical sciences. Various generalizations of the gamma
function can be found in the literature [1, 5, 7, 9, 21].
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The following extension of the gamma function is introduced by Chaudhry and
Zubair [1]:
Tt rexp (—t—2) dt, R(p)>0;z€C
Iy (2) = { r(2), R(z)>0 (1.1)

The extension of Euler’s beta function is considered by Chaudhry et al. [2] in the
following form:

1
o) = [ a0 e () d RO) = 0.R @) = 0.R() >0
0
(1.2)
Chaudhry et al. [3] used G, (x,y) to extend the hypergeometric function, known as the

extended Gauss hypergeometric function, as follows:

By (b+n,c—b) (2)"
B(b,c—=b) n!’

—p
11—t

F,(a,b;c;z) = (a),

n=0

p>0,R(c)>R(b) >0, (1.3)

where (a),, denotes the Pochhammer symbol defined as

_I'la+n) [ 1,n=0; aeC/{0}
(a), = " T(a) { a(a+1) (a+2)...(a+n—-1), neN,aeC.

The integral representation of Euler’s type function is

5(b,1c—b>/o )T () e (t(sz)dt’ Ay

where p > 0 and |arg(l — z)| <7 < p;R(c) > R (D) >0
Also, the extended confluent hypergeometric function is defined as

Fp(a,b;c;z):

» (0565 2) Z By b:z Cb ) (n)‘ , p=>0,R(c)>R(b) >0. (1.5)

The transformation formulas, recurrence relations, summation and asymptotic formu-
las, differentiation properties, the Mellin transforms and some new representations of
these extended functions can be found in many earlier work [3, 10, 12, 22, 19].

The generalized Euler’s gamma function is defined in [12] as

r;a@(g;):/ootrllFl (a;ﬁ, t——) dt, R () >0,R(8)>0,R(p)>0,R(x)>0
0

(1.6)
Recently, Ozergin [11] introduced and studied some fundamental properties and char-

acteristics of the generalized Beta type function BI(,Q’B ) (x,y) in their Ph.D. Thesis and
defined by (see, e.g., [11, p.32]):

8 )= [ o0 o () 17
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with R (p) > 0,min (R (), R (y), R (a),R(B)) > 0 and 57 (z,y) = B (z,y), where
B (z,y) is a well known Eulers Beta function defined by

B(e,y) = / F -0, (R(x) > 0, (R(y)) > 0). (18)

Similarly, by appealing to 3;*(z,y), Ozergin et al. introduced and investigated a
further extension of the following potentially useful generalized Gauss hypergeometric
functions defined as follows (see, e.g., [12, p.4606, Sec.3|; see also [11, p.39, Ch.4]):

(a,8) (b + n,c— b) P

@8) (0 by NSy D 2"
E (a,b:;2) —;m)n Toe—p o (<D (19)
and ()
: = B, *P) (b4n, c—b) 2"
F(anﬁvp) b . — Bp ( ) ~ 1 110
141 ( 7C7Z> ; 5(1),6—()) n!7 (|Z‘ < )? ( )

corresponding integral representations are given by [12]:

1 ! e —p _
F*P) (a,b; c; :—/tbll—thlF By | (1 —2t)" " dt
P (CL, 707’2) B(b,C—b) 0 ( ) 141 avﬁat(l_t) ( Z) )
(1.11)
for R(p) >0, and |arg (1 —2)| <7 <p; R(c) > RN(b) > 0.
It is obvious to see that [3]:
Flo) (a,byc;2) = F, (a,b;¢:2), FSP (a,b;:2) = oF (a,b:¢:2) 5

p

1F1(a’a;p) (b;c; 2) = 1FP (byc;2) = o, (b ¢; 2) 1F1(a”8;0) (b;c;2) = 1Fy (b;c;2) . (1.12)

where the o F (.) is a special case of the well-known generalized hypergeometric series
»Fy(.) defined by (see, e.g., [19, Sec.1.5]; see also [20]).

n

g [ o] - S O 2oy e 2, (119

where 2 € C,p <q, o;,3; € C,5; #0,—-1,-2,..., i=1,2,...,p, 7=1,2,...,q).

n=0

2 INTEGRALS INVOLVING GENERALIZED GAUSS HYPERGEO-METRIC AND CONFLUENT
HYPERGEOMETRIC FUNCTION

In this section we calculate the Féa’ﬁ )(a, b; c; z)-function with some algebraic function.
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Theorem 1 For the generalized Gauss hypergeometric function, we have the following
integral

1
/0 L R L Féa’ﬁ) (a,b;c; kx) dx

- — ), B (b4 n,c—b) k"
B 1_pa — 0 Z% 1_0_ ﬁ(b,c—b) Ha (21)

where, RN (p) >0, and |arg (1 —kz)| <7 <p; R(c) > R(b) >0

Proof Making use of relation (1.9), it gives

! = b+n,c—0b) (kz)"
I, = P(1L—az) 7 2
! /Ox =) (a) B(b,c—b) m

n=0

= 2 b+ n,e—b) () [ o
S S [y

(bc—b) n ﬂ(n—p—l—l,p—a)

S (), B e ) (B T(n—p+ Do)
R

n=0 (b,C—b) n! F(n—o'_|-1)
_F(l )F a b—{—nc—b)(k‘)n (1_p)n
- Fl—a ; bc—b) n! (1—0‘)n
N — ), B (b4 m, e —b) k7
=B(1—p,p ; 1_0 Tl

This complete the proof of the Theorem 1.

If we set p = 0 in above result then we obtain the special case of (2.1) in terms of
classical Gauss hypergeometric function as given in the following result:

Corollary 1.1

1
/ e (L=a) " oF (a,b ¢ ke) de = B(1—p,p—0) 3F) ( ) f—l k)
0

The integral of Gauss Confluent hypergeometric function is given by
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Corollary 1.2

(=) goé""ﬁ) (b; ¢; kx) dx

O\H
S

- By (b+n,c = b) (k)"
=Y B+n—pp-o) : (2.3)
— B (b,c—b) n!
Moreover, for the generalized hypergeometric function ,F,, we have the following corol-

lary:
Corollary 1.3

1 .
tP(1—2)" 7" F [al""’a’” kx] dx
/0 ( ) b /Bla"wﬁq;
- B B ag,...,0p, 1 —p
- ﬁ (1 PP U) p+1 |: Bl? B 5(1, 1—0o k:| (24)
Theorem 2

P

/ 27 (x — 1) FD (a,b; ¢; ka) dx
1

> (4 @8 () 1 1 e p) "
:5(0“0_0>2< )n (P)_ B (b +m,c—b) Kk

- 2.5
“~(p—0), Bbec-b) nl (2.5)
Proof
— = - . 0'1 b—|—nc_b)(kx)n
1, = /1 Z c—D) o dx
B 00 /Baﬁ)(b—}—n C—b) (k)n /oo e o
B ; (@), B (b,c— D) n ), L (x = 1) du.
Let x = 1 + ¢, then we arrive at
N B (b +n, ¢ — b) (k) /OO » .
Ty = — ,
D B e TR AR
using the formula
F(@T(5) =T(a+p) / 27 (14 2) ") do, (2.6)
0
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00 By (b+mn,c—0b) (k)" (p)_,
B(o,p )2@% B,c=b)  nl (p—0o),

This complete the proof of the Theorem 2.

We can also obtain special cases of Theorem 2 as done in Theorem 1.

Theorem 3

o0

e’kza:p’le(o"ﬁ) (a,b;c;lx) dz

00 (a,8) n.c — "
= Zrk(pp Y@, ), n!ﬁ(?bfc;b) : <é) 7 20

n=0

S—

Proof Using (1.11) and (1 — lzt)"* = > 2 22~ (lat)", we have

n=0 n'
1_3 _ ; /oo /1 tb_l (1 B t)c_b_l e—kzxp 1 ( /6 >
Bb,e—0b) )y ) o (1—t>
X i Dn (1™ d ar (2.8)
— n! ’ '
. 1 OO bt+n— 1 . c b—1 —kx _p+n—1
=T X TR oy ) dede
- (a), " / —kx,_ptn—1 /1 bn—1 c—b—1 —D
=y —n Tpptnig (1 — ¢ F (| «a;5; dt
;B(b,c—b)n! 0 ! ) 0 ( ) o Oé?ﬂ’t(l_t)

. (a>nln > —kx n— «
=S gmeg ), T e,

n=0
because, X
o +n— oo
%/0 e~ <%>p do = kp1+n /0 e 7 (o) ! do
then we have
7 i": (@)n(p)ul (p) B5™" (b + 1, = D) ( i )
— ke n! B (b,c—b) k

This complete the proof of Theorem 3.

If we set p =0 in (2.7) then we obtain the following corollary:

Corollary 3.1

oo F .
/ e F P~y By (a, by c;lx) do = () 3 ( abip, i) , k#0. (2.9)
0

kr c Tk
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The integral of Gauss Confluent hypergeometric function is given by the following result:

Corollary 3.2
/ e ket @é‘lﬂ) (b; ¢;lx) dx
0

T(p+n) B (b+n,c—b) (1\"
L ﬁ<bc_b) (k> k0. (2.10)

This result is in complete agreement with the result given in [6, p.98].

Next, for the generalized hypergeometric function ,F;, we have the following corol-

lary:
Corollary 3.3 Forz € C,p< q;o;,8; € C, 8 #£0,-1,-2,...; (i=(1,p);j=(1,9),
we have
X e o .. L(p) aq, ..., [
kzplF ai, apal dr = P F 1 7p7p._ k ]
/0 ‘ v P [ ﬁla' 7ﬁqa ’ kP Pt ﬁla"'aﬁq ’ k ’ 7&0
(2.11)
Theorem 4
/ oz +B)7° Ff’n) (a,b; c; kx) dx
0
e B (b +n,c— b) k
= — ptn=—c — ’ —. 2.12
Bp,o—p) B0 (a), (p), (0 —p)_, e (2.12)

n=0

Proof

00 _UOO (5’77)17 e —b) (kz)"
142/0 " (z + B) X%(G)n : 5((1;712) MS!) du

i": 6(5") (b+mn,c—b) (k)"

> p+n—1 —0 d
Ghc—1) oy /0 T (x+B)"° dx.

Let z = fSt, then we arrive at

sy BT A=) () i [ g -
L= @ Gy w +/0 (L) 77 dt,

using the relation (2.6) then we have

n=0

b+n c—0b) (k)"
(b c—0b) n!

I'(c+n)l(0c—p—n)
[ (o)

Bp—i—n—a

Mg

= Gn) (4 o .

then we easily get the R.H.S. of (2.12). This complete the proof of the Theorem 4.
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Theorem 5

1
/ (1—x)” (14 2)7 FP (a,b;c; kx) dx

) p
> P (b+n,c—b) kn
— gptot+l 1 1 (a)n By ( ) F(— 1 9.9y ©_
Blp+1,0+ )nZ Tlh.c—b) (—n.p+1p+0+22) —
(2.13)
Proof
7 . Bpa (b+n,c—b) (kx)"
Is = 1— (1 d
° / (1= (1+2) nz: B (b,c—b) nl
= "(b+n,c—b) (k)" /1
= 1—x)”(1 7 2" dx.
nz (bc—b) o Ao ATt dx
Now, by putting % =t = dxr = —2dt, and using the integral representation of Gauss
hypergeometric series
I'(c) o e—b—1 —a
Fabje;r) = ——= | t 1—t 1—t dt 2.14
(@.bici) = grppo— [ 4007 A 21

then we arrive at the following result after a little simplification:

I:2p+0+1F(p+1 (0 +1) i Db+n,c—b) (k)"
> F(p+a+2 — bc—b) n!

X F(—=n,p+1,p+0+2;2),
then we obtain the desired result in (2.13). This completes the proof.

The next theorem considers the behavior of the generalized Gauss hypergeometric func-
tion using the gamma function.

Theorem 6

Jn (OB a.b0i0) = p o)

= [ !
X % B (b1 +r+1,-b—1)a". (2.15)
- .

r=

Proof Making use of (1.9), we have

> (b—l—n,’y—b) ) 1
Z Byt nl ATy
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by using (1.7), we obtain

N (@), 1 +n—-1 —b—1 A 4 " (1 —t>_l
I(s:nz%m/o T (1—1) 1F1 (a’ﬁ’t(l—t))m—f‘(—l—b)dt’

by setting n = [+ r + 1 and using (1.7), it yields

(LE)Z—H 0

(@141 Ao,
- F(b)F(—l—b)Z(l+;'+++1) B 7 (b L 1, —b = D) a”

then we arrive at the desired result in (2.14).

The special cases of (2.15) for the generalized Gauss hypergeometric function and con-
fluent hypergeometric function are given in the following corollaries:

Corollary 6.1
1 _1 . . J—
’}LHEI (F ('Y)) 2F1 (a> ba s SL’) - (l i 1)
Corollary 6.2

z|. (2.16)

xl+1()l+1(b)l+1 JF a+l+1,04+1+1
! [+2 ’

. _ s B b+ 14+r+1,—b—1) 2"
lim (I ! b; —
Jim, (T () GRS 2T z+ ) 3 (b, —1—0) l
(2.17)
3 INTEGRALS INVOLVING GAUSS HYPERGEOMETRIC FUNC-TION WITH JACOBI POLYNOMIALS

The Jacobi polynomial pLep) (x) [13, p. 254] is defined as following:
1+ a) -n,14+a+B+n; 11—z
(@p) oy — L), : pl-u

Pn (%) — n! 2F1 1+ a: 9 5 (31)

where 5 F7 is the classical hypergeometric functions; when a = 8 = 0, then the polyno-
mial in (3.1) becomes the Legendre polynomial [13, p. 157].
We also have
1+a),

nl
Theorem 7 Integral formula involving Gauss hypergeometric function multiplied with
Jacobi polynomials is given by

pless) (1) =

n

1
/ > (1—2)*(1+a2)" P,ga’m (x) Flﬁ‘*”) (a,b;c; k) dx

1

(=2t B (u4+1,n+a+1) io: (b+rc—b)ﬂ
n! (u+p+1), — B (b,c—b) r!
“A—=r,p+B+1 p+1;

X3F2[u+6+n+1,u+a+n+2; 1} (3.2)
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Proof By using (1.9), we have

dx

1 > (6.m) e — o)
I; = /1 (1 —2)* (14 2)" PP (2) z; (a), Bp ﬁ((z"; _, 3 b) (kr!)

oo (6, "
Z ﬁp ﬂb([; __;_ Z)C - b) (]:n‘) /11 T (1 . $)a (1 + x)“ Péoéﬁ) (x) dx
2 )

Next, we use the following formula:

! 200 T (u+ NI (n+a+ DT (p+ B +1)
Ml-2)* (L+ )" PP (2) do = (—1)"
/11‘ (1=2)" A+ ) K57 () do = (=1) T (p+B8+n+ )T (n+a+n+2)

where o > —1 and 8 > —1. Also, 3F; is the special case of generalized hypergeometric
series.
Then we arrive at

2 (a), " (b+r,c—b) (k)" (=1)" 22D (u+ DT (n+a+ )T (u+ B+ 1)

I:
' ; B(b,c—10) r! nT(u+B+n+DT (n+a+n+2)

“A—r,pu+B+1, u+1;
p+B4+n+1, p+a+n+2; ’

by a little simplification, then we arrive at the desired result in (3.2). This completes
the proof.

X 3y

4 INTEGRALS INVOLVING GAUSS HYPERGEOMETRIC FUNC-TION WITH LEGENDRE
FUNCTION

The Legendre functions are the solution of Legendre’s differential equation [4, sec.3.1]
d f df 2 2y 1
(1—z)d2—2za+ v(v+1)—p?(1-27) ]f:(), (4.1)
where z, i1, v are unrestricted.
1
If we substitute f = (22 — 1) v, then (4.1) becomes

d? d
(1—z2)d—g—2(,u+1)zd—z+[V(p—l/)(u+y+1)]:0, (4.2)
and with 0 = %— %z as the independent variable the above differential equation becomes

as following:

2

5(1—6) LY

dv
s (b1 (1-20) o5+

v v =0, (4.3)
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The solution of (4.1) in the form of Gauss hypergeometric type equation with a =
uw—v,b=p+v+1and c=pu+1, as follows.

1 241\ 11
_ Ph(z) = Fl- Ll— g = — = 1— 2 <2
f="P(z) T(l—,u)(z—l) [u,w, wog oA el
(4.4)

where P* (z) is known as the Legendre function of the first kind [4].
Next, we derive the integrals with Legendre function.
Theorem 8 Integral formula involving Gauss hypergeometric function multiplied with

Legendre function is given as following:

1 B
/ 27t (1—2%)2 P () Féa’ﬁ) (a,b; c; kx) dx
0

(=) 2R 1+u+v§: 57 (b+n,c—b) k"
B 'l—p+v) — B (b,c—b) n!
27T
x (o +n) (4.5)
F(§+U+”+__Z>P(1+U+”+ + )
Proof
! ? > 5 (b4, e — b) (ka)"
Is = (1 —2%)2 P : d
s /Ox (1-2* g B (b,c—b) n

Next, using the formula [4, sec. 3.12] for ® (o) >0, p € N.

1 M _1\* 9—0o—pn
/a:“l(l—xz)? P! (z)dx = (=1)"2 . VAL (@) (1+p+v)
0 Fl—p+)L(3+5+5-5T(1+3+4 +§)
(4.6
then we obtain
I i (@), B (b+n,c—b) (k) (1) 27 /a0 (0 +n) T (1 + p+v)
8_n:o B (b,c—0b) nl T(Q—p+)T A+ 48— (1422 &y y)

This completes the proof.

5 INTEGRALS INVOLVING GAUSS HYPERGEOMETRIC FUNC-TION AND BESSEL
MAITLAND FUNCTION

The Bessel Maitland function (also known as Wright generalized Bessel function) de-
fined as following [8]:

(=2)"
F/m—l—l/—f—) n!

JE(z2)=¢(u,v+1:2) (5.1)
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[e.o]

Theorem 9 z” JH (1) Fp(a’ﬁ) (a,b;c; k) d

S—

:fm)"@(’a’m(“"’c—b) P(p+n+1) k"
B(b,c—b) T(+v—p—plp+n) nl

Proof

= (a) 6§,a’ﬁ)(b+n,c—b)k” /°°
Iy = n . pEn JE (2 d
=2 3(b,c—0) ST (z) dz,

Next, using the following formula [15]:

I'(p+1)

/Opr,e(x)dx:F(HV_M_up) R(p)>-1,0<p<1), (53)

then we arrive at the desired result in (5.2). This completes the proof.

6 CONCLUDING REMARKS

We have obtained some new integrals involving Gauss hypergeometric and Confluent hypergeometric function. The
results obtained here are basic in nature and are likely to find useful applications in the study of simple and multiple
variable hypergeometric se-ries which in turn are useful in statistical mechanics, electrical networks and probability
theory. Some important results are also given as special cases of our main results.
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