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1. Preliminaries
Definition 1.1 [4]
A non —empty set G is called an £ — group if and only if
(1) (G, +) isagroup
(i) (G, =) is a lattice
(i) Ifx<y,thena+x+b< a+y+b,foralla b, x,yinG.
(or)
@+x+b)v@+y+b)=(@+xvy+h)
@+x+b)a(@a+y+b)=(@+xay+b),foralla b, x,yinG.
Definition 1.2 [4]
An £ —group G is called a commutative £ —group ifa+b=b +a, forall a, b in G.
Definition 1.3 [4], [5]
A lattice L is called a residuated lattice if

(M) (L, .) isan £ —group.
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(ii) Given a, b in L, there exist the largest X, y such that
bx <aand yb <a.
Definition 1.4 [1], [4]
A non —empty set B is called a Brouwerian Algebra if and only if
() (B, <) is a lattice
(ii) B has a least element
(ili) Toeacha, b in B, thereisaleastx =a—bin Bsuchthatbvx>a
Definition 1.5 [4]
Aring (R, +,.) is called a Boolean ring ifand only if a.a=a, forallainR.
Definition 1.6 [4]

A system A = (A, +, <) is called dually residuated lattice ordered group

(simply DRZ£ — group) if and only if

(i) (A, +) is an abelian group.

(i) (A, <) is a lattice.

(ii)b<c=a+b< a+c,foralla,b,cin A

(iv) Given a, b in A, there exist a least element x =a - b in A such thatb + x> a.
Definition 1.7 [4]

Asystem A = (A, +, v, A) is called a DRZ — group if and only if

(1) (A, +) is an abelian group.

(i) (A, v, A,) is a lattice.

@ija+(bvcec)=(@+b)v(ato),

a+t(bac)=(@+b)a(a+c),foralla b, cinA.
(V) x+(y-x)>y,

X—-y<(xvz)-y,
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(x+y)—y<x,forall x,y, zin A.
Remark [4]
Two definitions for DRZ — group are equivalent.
Examples 1.1 [4]

Commutative £ - group, Brouwerian Algebra and Boolean ring are DR/ - groups.
Properties of a DR/ - group
Now we see the properties of a DRZ - group which is already established in [4]

[@-b)vO]+b=avhb,
a<b=a-c<b-candc-b<c-a,
(@vb)-c=(@-c)v(b-c),
a-(bac)y=(a—b)v(a-c),
a-(bvc)y=(a-b)a(a-c),
(bac)—a=(b-a)A(c-a),
a>b=(a-b)+b=a,

avb+aanb=a+hbh,

© © N o a A~ w DR

(@a-b) vO+anb=a,
10.avb-aanb=(a-b)v(b-a),
11l.a—(b-c)<(a-b)+cand(@a+b)—c<(a-c)+hb,foralla, b, cinA.

Theorem 1.2 [4]
The direct product of the DR/ - group is also a DR/ - group.
Theorem 1.3[4]
Any DR/ — group is a distributive lattice.
2. Realization from a DR/ - group
Theorem : 2.1

If AisaDR{—groupanda+b=avb,forall a binA, then A is a Brouwerian Algebra.
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Proof :
Given AisaDR{—groupanda+b=av b, foralla binA.
To prove A is a Brouwerian Algebra.
By given, we have

1) (A, ) isalattice
(i) A has a least element 0.

(iii) To each a, b in A, there exist a least element x in Asuchthat bvx=b+x>a.
Hence A is a Brouwerian Algebra.
Theorem : 2.2

If Aisa DRZ — group and (A, <, -) is a Brouwerian Albegra, then a+ b =a v b, forall
a,binA.

Proof :
Given A is a DR{ — group and a Brouwerian Algebra.
Toprovea+b=avb,foralla binA.
Let a, b in A be arbitrary.
= there exist a least element x =a—b in Asuch thatb v x > a.
We have y v (x-y) =y v x inany Brouwerian Algebra — (1)
—av(@-a=ava
—ava =a
= 0 is the least element.
By property 8, we have
atb =avb+anb
>avb+0 =avb

=a+tb>avhb—(2)
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By property 8=>a+b-avb=aaAb <a <avb
= avb =(@avb)v[(a+h)-(avb)
=(avh)v(a+hb), by ()
=a+b, by (2
Proposition : 2.1
If A'is a DR{ — group, then

0) a*b>0

(i) a*b=0 <a=b

(iii) axb=b=a

(iv) (avb)=x(aab)=a=b, foralla binA.

Proof :
Let a, b in A be arbibrary.
(1) By property 3.10, we have
avb—-aanb =(a-b)v(b-a)
—a*h
—a*b=avb-anab — (1)
we haveavb>anahb, foralla binA.
—avb-aab>0 - (2)
Using (2) in (1), we get
a*b>0.
(i) Assume thata*b =0
Toprovea=b
Nowa*b=0=avb—-aanb=0,by (1)

=avb=anab
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=a=h.

Conversely, assume that a=Db

To prove that a*b=0

Now, a=b =avb=aab

=avb-anb=0
=axb=0,by(1)

(iii)axb =(@-b)v(b-a)

=(-a)v(a-h)
=b=*a, foralla binA.

(iv)y(@vb)yx (aab) =[(@avb)-(aab)]v[@ab)-(avbh)]
=[(a-b)v(b-a)]v[(b-a) v (a-Db)], by property 10 [4]
=(@-b)v(b-a)
=a=x*Db, foralla binA.

Theorem 2.3

If the symmetric difference is associative in a DRZ — group A, then (A, *, A) is a Boolean

ring and further
atb=avb=a*b*(@anah)
a-b=a*(@nah),foralla binA.
Proof :
Given that the symmetric difference is associative ina DRZ — group A.
To prove (1) (A, *, A) is a Boolean ring.
(2)a+b=avb=a*b*(@nab),

a—-b=a*(@nabh),foralla binA.
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For (1) :
() Foralla,binA=a*binA:

Let a, b in A be arbitrary.

Thena*b=(a-b)v(b-a)

Nowa, binA=a-b,b—-a inA
=(@-b)v(b-ainA
=a*binA.

(ia*(b*c)=(@™*b)*c,foralla, b,cinA:

This follows by assumption.

(iii) There exist an element 0 in Asuch thata*0=0*a=a, forall ain A:

Let a in A be arbitrary.

Since A is a DRZ — group we have 0 in A.

By associativity of *, we have

a*(@a*0) =(@*a*o0
=0*0

=0
Therefore a * 0 = a, by proposition 2.1

@*0)*a =(0*a)*a
=0*(@*a)
=0*0 =0
Therefore 0 * a = a, by proposition 2.1
(iv) Toeach ain A, there exist an element a in A such thata *a =0:
Let a in A be arbitrary.

Thena*a =(@a-a)v(@a-a=0
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Thusa*a =0
(Va*b=b*a, foralla, binA:

Let a, b in A be arbitrary.
Thena*b=Db*a, forall a, bin A, by proposition 2.1
Therefore (A, *) is an abelian group.
(vi)Foralla,binA=>aAbinA:
Let a, b in A be arbitrary.
Then aAbin A, since A is a DRZ — group
Thus a,binA=anabinA.
(vilaan(bAac)=(@Aab)ac,foralla,b,cinA:
Let a, b, cin A be arbitrary.
Thenan(bac)= (aanb)ac,foralla, b, cinA,since Aisa DR/ —group
(viiaan(b*c)=(aab)*(anc):
(b*c)aa=(baa)*(cana)foralla, b cinA:
Let a, b, c in A be arbitrary.
For any X, y we have
(xXvy)* (X Ay)=x*y, by proposition 2.1 (1)
putx=b-aandy=ain (1), we have
[av(b-a)]*[an(b—a)]=a*(b—a)
Pre-multiply a v (b —a) on both sides, we get
[av(b-a)]*([av(b-a)]*[an(b-a)])=[av(b-a)]™*[ax(b-a)]
= ([av(b-a)]*[av(b-a)])*[an(b-a)] =[av(b-a)] ™ [a*(b-a)l,
by associative law

=0*[an(b-a)]=[av(b-a)]*[a*(b-a)],sincea*a=0
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=[an(-a)]=[av(b-a)*[a*(b-a)],sincea*0=a —(2)
But[a* (b - a)] =[av(b-a)]-[an(b-a)]
=(avh)-fan(b-a)]
=[(@vb)-a]v(@vb)-(b-a)], by property 4
=(b-a) v [(avhb)-(b-a)] by property 3
=(avb)-(b-a)
=avh
(ie)a*(b-a) =avb —(3)
Using (3) in (2), we get
an(b-a) =[av(b-a)]*(avb)
=(avb)*(avb)=0,sincea*a=0
Hencean (b-2)=0 — (4)
sothat[a (b-c)]-[(arb)-c]
=(a-[@b)-cl)a((b-c)-[(@nb)-c]) by property 6
=(@-[@-c)a-c)) Al(b-c)-(a-c)lbyproperty 6anda<b=anb=a
=@-[@-c)r-c)hAlb-(cva)
=(a[@-c)r(-c)) Al(b-c) A (b-a)], by property 5
<an(b-a)A(b-c)
=0A(b-c), by (4)
=0
sothataa (b-c)<(@anb)—c
But we always have (@ Ab)—c<an (b-c),

since(aanb)-c=(a-c)a(b-c)<an(b-c)
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Hencean(b-c) =(anb)-c —>(5)

Now, a A (b * ¢) =an[(b-c)v(c-b)]
=[an(b-c)]v[an(c-b)]
=[(@aAb)-c] v [(@nc)-b], by (5)

= ([(anb)—a] v[@@anb)-c])v([(anrc)—a] v[(anc)-b]),
since O=an(b-a)=(anb)-a

0O=an(c-a)=(anc)-a
=[(@arb)-(anc)] vi(arc)-(aab)]
=(anb)*(@anc)
Thus an(b*c) = (aab)*(@nc) foralla b, cinA.
Also, (b*c)ra = [(b-c)v(c-b)]Aa
=an[b-c)v(c-b)]
= [an(b-c)l van(c-b)]
= [(@aab)—c]vI(@anc)-h]

= ([@ab)-a] v[(@anb)-c]) v([(anc)-a]v[(@nc)-b]),
since 0=aan(b-a)=(aanb)—a

0O=an(c-a)=(anc)-a
= [@ab)-(arc)]v(@rc)-(anrb)]
= [(bra)-(cra)] v(cra)-(bra)
=(bra)*(cnra)

Thus (b*c)Aa = (bna)*(cna)foralla, b,c,inA.

(x)ana=a, forallainA:
Let a in A be arbitrary.

ThenaAa=a, forallain A, since A isa DRZ — group.
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Thus (A, *, A) is a Boolean Algebra.
For (2):

Let a, b in A be arbitrary.

Thena™* (aAb) =[av(@ab)]-[aa(@nab)]
=a— (a A b), by absorption and associative laws
=(a-a)v(a-Dh), by property 5
=0v(a-b) =a-b

Thusa—b=a*(aAb), foralla binA.

Now,a*0=a=a>0.

so that a + a>a, for every a and 0 — a < 0, for every a.

Also, a+a =(@a+a)*0
=(@+a)*(@*a)
=[(a+2)*a *a
=([(a+a)va]—[(a+a)Aa])*a, by property 10
=[(a+a)—a] *a,sincea *a>a.
=([(a+a)—a]-a) v (a-[(a+a)-a])

=a—[(a+a)-a]

Hence (a+a)-a  =(a-[(a+a)-a])-a
=(a-2)-[(a+2)-a
=0-[(a+a) ]
=0-a<o0

= a+ta <a
Hence ata =a
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Now, (@a+b)—(avb)=(a+b)—[(avb)+(avh)
<(a—[(avb)+(avb)]) +b, byproperty 11
=la-(@avb)]-(avh)+hb
=[a-(avb)]+[b-(avh)]
<0+0 =0

so that atb < avb—(6)

Since a> 0 and b > 0 and by property 8, we have

atb=avb+anab
(ie) atb>avb—(7)
From (6) and (7), we have
atb=avb
Now,a*b*(aAnb) =a*[b*(bnaa)]
=a* (b-a), by property 10 and by property 5
=[av(b-a)]-[an(b-a)]
=(avb)-0,by(4)
=avb=a+hb
Thus a+b=avb=a*b*(aab),foralla binA.
References:
[1]. E. A. Nordhaus and Leo Lapidus, Brouwerian Geometry, Canad. J. Math.,6 (1954).

[2]. G. Birkhoff, Lattice Theory, American Mathematical Society, Colloguium Publications,
Volume 25, Providence R. 1., 3" Edition, 3" Printing, (1979).

[3]. K.L.N. Swamy, Dually Residuated Lattice Ordered Semigroup, Math. Ann. 159, 105 — 114
(1965).

www.ijert.org 12



International Journal of Engineering Research & Technology (IJERT)

ISSN: 2278-0181
Vol. 1 Issue 7, September - 2012

[4]. M. Jeyalakshmi and R. Natarajan, DR{ — group, Acta Cienca Indica, Vol. XXIX. M, No.4,
823 — 830 (2003).

[5]. M. Ward and R. P. Dilworth, Residuated Lattice, Trans, Am. Math., Soc. 45, (1939).

www.ijert.org 13



