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Abstract: The Canonical Sine transform, has many applications in several areas, including
signal processing and optics. In this paper we have introduced convolution theorem, linearity
property, derivative property, modulation property and Parseval’s identity for the generalized
canonical sine transform.
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Introduction: Linear canonical transform (LCT) is a four parameter linear transform which is a
generalization of the fractional Fourier transform and is given by,
[LCT f(®)](s) =< f (t),K(t,s) >

= e L))
Where, KM(tYS)= i..ez b e b e \b
27ib

Hence the generalized canonical cosine transform.of f € &'(R") c)an be defined by,

o
{LCT () ()= glib-e2 b j;-e b) e\t e,

The Fractional Fourier Transform (FRFT) which is the generalization of conventional
Fourier transform is a special case of LCT. Just as Fourier cosine and Fourier Sine are defined
from Fourier transform similarly Canonical Cosine Transform (CCT) and Canonical Sine
Transform (CST) are defined from LCT by Pei and Ding in [4]. We have already studied
Operation Transform Formulae for the Generalized Half Canonical Sine Transform in [2] and
analyticity theorem and operational properties of CST [3].

Convolution plays a very important role in the theory of integral transform. Almeida [1]
had defined convolution for fractional Fourier transform. Zayed [5] had revised the definition in
order to follow the standard Convolution theorem. This paper emphasizes on defining canonical
sine transform and deriving its convolution theorem, then some properties of the canonical sine
transform are discussed and finally conclusions are given.

1.1 Testing Function Space & :
An infinitely differentiable complex valued function ¢ on R" belongs to & (R"), if for

each compact set, | = S_ where S, ={t:teR", t|<a,a>0} andfor k eR",

sup
7e kP =_ Do) <=

Note that space € is complete and a Frechet space, let £ denotes the dual space of £.
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2.1 Definition: The generalized Canonical Sine Transform f e £'(R") can be defined by,
{CSTf ()} (s) = <f(t) Ks(t, s) > where,

K(69)=() [, e ) [ ]tz.sin(;tj

Hence the generalized canonical sine transform of f € £'(R") can be defined by,

{ CST f(t) )s)= (|)/ m ;% sm( j f () dt (1.1)

2.2 The Generalized Canonical Sine Transform of Convolution
Now we introduced a special type of convolution and product for canonical sine transform.

2.3 Definition: For any functionf (v), let us define the functions f{y} and = F () by

_ ifa) iy _ 1(a) a2 H L
glv-yl =e2(b] gv-y), g(v+y) =e2(") g(v+y)}and f () =€2[5] Fv)
For any two functions f and g, we define the

Convolution operation = by

he)=(Ff »)@) = | FONZ@+W+E(v-yDdy (1.2)

Now we state and prove convolution theorem.
2.4 Convolution theorem for canonical Sine Transform:
If h(s) = (f = g)(s) and F; ,G; and H: denote the Canonical Sine transform of f, g, i

FEEEICE
A 2r8b

Proof: From the definition of the Canonical Sine transform, we have

respectively, then H(s) = [#; (f (P& Gy (2(eD)](e) = :;Fslu? *g '(v}j:lis}'

[F(FOrmENG fﬁ(ﬂﬂfﬂﬂi—&g S g2 .ff.]r‘}czh’fi—illi._, ST (2 ey

ifa

:% ei(b]szz Iez[bj‘yz“z){_zsin(ﬁ jsm( j}f(y)g(t)dydt

i(a

:% J6) I I ez[bj(yZHZ){cos(E(y +t)j —cos(%(y—t)j} F(y) g(t) dydt
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1 Gl el (s
= e ! !e cos(B(yH)Jf(y)g(t)dydtJr
L ol )
— He cos| —(y=) | T(y) g(t)dy
=1, +1, (1.3)
For I, putting y+t=v=dt=dv forlimitwhent=0=v=y,whent=00=V=0
For I, putting y—t=-v=dt=dv forlimitwhent—o:>v——y when t =00 =V =00
(1.3):[Fs(f(y))](s)[Gs(g(t»](s)=i— j j i) gila) cos( jf(y)g(v y) dy dv+
y=0 v=y
LRl e
%e yJ;O sz'ye e cos( (- v)}f(y)g(v+ y)dy dv
[P (FMEE, (N -~ ¢ o7 [ [ erlslgelel e cos[ )f(y)g(v y) dy v
izb y20 Vo
+% ei(ﬂsz yTovfyeZ(bjyzez[bj(V_Y) cos( jf(y)g(v y) dy dv
+I— ei[%]sz T Te;[:jyze;m(vw cos( ]f(y)g(v+y)dydv+
+% ei[ﬁj i jo vjye;@ yze%[gj b cos (%v)f(y) g(v+y)dydv
R N CA I AP
[F (f(y»](s)[Gs(g(t»](s)=iﬂbe(b] [ jez[b)yez(bj( g cos[ jf(y)g(v y) dy dv
y=0 v=0
1 Gl 1 t Bl (s
- e on Vjoe e cos(Bva(y)g(v— y)dy dv
(D)2 o () ifa) o
Jr—el[EJS j Iez[bjyezm( g cos(iva(y)g(V+y)dydv+
! y=0 v=0 b
L Al
+%e on V__[_ye e cos(b jf(y)g(v+ y) dy dv

[Fs (FOIEIGs (NI(S) =1, +1, +15 +1, (1.4)

For I, putting v=-v=dv=—dv for limitwhenv=-y =V =Yy, when

v=0=v=0
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g [ j JEZE o gali)or COS[ (—V))f(y)g(y v) dy (—dv)
U I Ie;[ ) '(a)(y_) COS( jf(Y)g(y v) dy dv

T Te;[b]yze;@(w cos( )f(y) (v—y)dydv

y=0 v=0

0.4)= R OIONG GOIE = Ak

__i ei[ﬂjsz ]Z Jy'elz[ijze;[Zj(v_y) COS( Jf(Y)g(V y) dy dv

(05 7

1 i
+—e
Iﬂb y=0 v=0

e%[gj yze%[gj (v+y)? oS [;Vj f(y)g(v+y)dydv

+i71zb eimsz T jezﬂbjyzez[bjw” cos( )f(y)g(v y) dy dv

y=0 v=0

[Fs(f(y»](s)[es(g(t»ks)=ifzbei(b]“T Tezﬂbjyzezib]”” cos[ jf(y)g(v y) dy dv

+% el[g)sz J j eg[g]yz;[ﬁ}wv) COS( Jf(y)g(v+ y) dy dv
\/Lﬁ ‘[bJsze'(a)VzT{T f(y)(g(y+v)+g(|v y|))dy} cos[b je'z[Z]“ dv
(9 2 i v2
b

f_ { ')\F j sm(( jvj{(F*'g‘)(v)}dv}

LR,

3. Some operational results
3.1.1 Linearity property of canonical sine transformations:
If {CST f(t)}(s), {CST g(t)}(s) denotes generalized canonical sine transform of f(t),g(t) and P, P,
are constants then {CST (P.f (t) + P,g(t)}(s) =P, {CST (f (t)}(s) + P, {CST (g(1)}(s)
Proof is simple and hence omitted.

3.1.2 Modulation property of canonical sine transform:
If {CST f(t)} (s) denotes generalized canonical sine transform of f(t) then,

{csT coszt. f () (s) =%

—iE(db)ZZ

{[CST f (t)-e-“‘SZ](SLbe) +[csT 1 (t)-e‘”“](s_bbz)}
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Proof: We have,

{CST cos zt. f (t)}(s) = (—i),}ziibe;[bjsz Ze;[Z)tz.sin(;t)~cos zt- f(t)dt
{CST cos 2. (t)}(s) = (i) /ieiz(%]sz Temtz gsin(itj-cos 2t- £ (1) dit
' 27ib J 27 (b
11 1[5]52 % 1[3}2 (s (s
{CST cos zt.f(t)}(s)=(—|)f —_e2 b e2 b .(Sln(b-i- zjt+sm(b—zjtJ f(t)dt

(s+b) a2 (s
{CST cos zt. f (t)}(s) = (—i) = {1/ I e e 2 S|n(b+ z]t. f(t)dt
+1/—_ j ? Ejtzeé[gj“fkmzeidsze'%(‘“”zz sin[;—zjt.f ) dty
{CST coszt. f(t)}(s)_—e e |)/ f e sin(sgszt.e“dsz £(t) dt +

|)/ je 2 gl sin(s szte'dsz £ (t) di}

K {[CST f(t)-e *"152](3+bz [esT f (1) >=22 bz}

3.1.3 If {CST f(t)} (s) denotes generallzed canonlcal sine transform of f(t) then,

L {[CCT f(t)- e—ndsz](s ‘il')bZ) B [CCT f (t)'eidsz ](%)}

{CSTcoszt. f (t)}(s) =

{CST sin zt. f (t) }(s) = (-

Proof: We have,

{CST sinzt.f ()}(s) = (- |)1/ o ; % sin(;t)sin zt- f(t)dt
{CS T sin zt. f(t)}(s)_—( |)/ ’ w 5 (cos[%—zjt—cos(%ujt)f(t)dt

{CST sin zt. (t)}(s) = '){ / j R cos[;+ zjt. (1) dt
—Wfi_ jeE E t eE E e e‘dsze_i(db)Zz cos(;—zjt..f(t) dt}
2 (s+bz) .
{CS T sin zt. f (£)}(s) = ')e { / j cos(s Bszt.e'dsz f(t) dt

a t2 l a (ssz)2 _ )
—Jﬁ jez b e2 b cos(%}t.e'dsz.f(t)dt}
7 -0

——dbz

{csTsinzt. £ ()}(s) =(-i) {[CCT F(1)- e*"‘SZ](S;bZ)—[CCT f(t).e‘dsz](s'_bbz)}
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3.1.4 Derivative (with respect to parameter) property of canonical sine transform:
If {CST f(t)}(s) denotes generalized canonical sine transform, then,

% {CsTt ()} s)] = i{s.(%j(CSTf (t)}(s) - %{CCT [t.f (t)]}(s)}

Proof: We have,

%{CST f(t)}(s):js{(—i)\/; ) zelz(zt sm( jf(t)dt}
%{CST FOHE) = () 5= -zeé[ﬁtz ;[e;[b ) sm(b J jf ()t
= (—i),fﬁl_b «Ioelz(bjtz [(Ue;[bjsz .cos(étj +i[f|)].s.e;[bjsz sm(b j}f(t)dt

ol 8 o 4

= (-i) B{CCT [t. f (O]}(s) + s.i.(%j(CSTf ®}s)

% {CsTt ()} s)]= i{s.[%)(CSTf (1)}(s) - %{CCT [t.f (t)]}(s)}

4.1 Parseval’s Identity for canonical sine transform:
If f(t) and g(t) are the inversion canonical sine transform of Fs(s) and Gs(s) respectively, then

) Tf(t).@ dt = —27i _TFS (s).Gs () ds-and (2) T Jf@) | dt =24 T.|FS (s) |” ds

Proof: By definition of CST,

CST gO}(s) = (i) = o) Feald) sin(stj' g(t)dt
27ib [o b (5.1.1)
Using the inversion formula of CST
,1 Az w _i(d)g
g(t) = (i), —— [bJ J'e 2["] sm(b jG (s) ds

Taking complex conjugate we get,

m:iﬁ iUZTeIU sm( jG (s) ds
_Tf(t).g(t)dt—jf(t)d{\r lz[g ¢ Tel( g sm[ je (s)dsj

—©

Changing the order of integration, we get,

Tf(t).g(t)dt=\/?TGs(S)dS L ( ')1/ M IES sm[ )f(t)dt}
(- ),/

—o0 —o0
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T f(t).g(t) dt =27 TGS (s) .F (s)ds

T f (t).g(t) dt = —27i Ojo F (5).Gs (5) ds
S e (5.1.2)
Hence proved

(ii) Putting f (t) = g(t) in equation (5.1.2), we get

T 1f@) |* dt =24 T|FS (s) | ds

—00

Table for canonical sine transform

S.N. f(t) Fs(s)

1 {CST (RF()+R,g®)(s) | P{CST (f(t)}(s) +P,{CST (g(t)}(s)

2 e—lz<db>z2

{[CST O g ks +bbz) I RION g _bbz)}
cos zt. f (1)

3 . e—%(db)zz
—I
(1) r

{[CCT e ) -foeT f@-e ](S_sz)}
sin zt. f (t)

Conclusion:

The generalized canonical sine transform is developed in this paper. The convolution
theorem, operation transform formulae proved in this paper can be used, when this transform is
used to solve ordinary or partial differential equation.
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