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Abstract— The purpose of this paper is to analyze the
dynamics and also to project the optimal control system of the
full six parallel manipulator Stewart-Gough Platform. Based on
the full dynamic model and simulations, the position control is
design based on the Linear Quadratic Regulator (LQR) and the
Computed Torque Control (CTC) techniques, these techniques
are applied in order to reduce the trajectory tracking error at the
workspace. Also a Proportional Derivative Controller (PD)
together with the CTC technique was set to evaluate the
trajectory tracking performance of the LQR controller.
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l. INTRODUCTION

Recently, the parallel robots have been widely applied in
several fields of the engineering, as for example: flight
simulators, industrial machines and due its high precision of
movements, they have also been applied as surgical robots [1].
For this aims, it is necessary to improve the performance of
these manipulators, to increase the stability and efficiency,
although with low operational costs. For this reason, many
researches have been realized in this field. As [2], that
proposed through two proposed parameters, with the genetic
algorithm to optimize the dynamic project of a parallel
manipulator. [3] presented a controller based on the adaptive
law, where the constant feedback gains of the PD controller
was substituted into other no-liner time variables.

Reference [4] implemented the direct dynamic of the
Stewart-Gough manipulator by using Matlab®, based on the
Kane equation, where the forces for each actuator and the
initial conditions are given, so its obtained the position and
orientation of the manipulator and for the actuators are found
the linear velocity and the position. [5] used a cascade control
system to track the trajectory of 6-DOF parallel robot. It was
considered not only the mechanical dynamic, but also the
dynamics of hydraulic actuators.

Fuzzy control was used by [6] for the set-point regulation
of a two-link planar robot with flexible joints. This set-point
regulation control is applied to find a feedback control law to
reduce the vibration on the joints. [7] used a Neuro-fuzzy
adaptive control in a Stewart-Gough manipulator with rotary
actuators, each revolute link was trained under different
loadings and maneuvers. So, they learned how to collaborate
with the others to complete a task, for example, a desired
trajectory.

Reference [8] made a review of Stewart-Gough
manipulator control schemes, in order to obtain a high
performance control strategy design. Based on some analysis

of the systems a Incremental Nonlinear Dynamic Inversion
controller is used to deal with the hydraulic actuator. Recently,
[9] proposed a self-calibration method to improve the accuracy
performance of a 6-DOF parallel manipulator. The numerical
simulations of this paper showed a considerable reduction on
the parameters errors as in the position and orientation
accuracy of the manipulator.

On an Orthoglide robot, [10] used a generalized predictive
control technique (GPC) to check the benefits of the strategy
on the dynamic performance of the robot in terms of accuracy,
disturbance rejection. This strategy, is composed of two
control loops. The inner loop linearize the nonlinear dynamics
using feedback linearization. And the outer loop tracks the
desired trajectory based on the GPC method.

The dynamic model of a parallel manipulator allows
implementing the computational simulation, where the main
characteristics from the kinematics and dynamics movement
can be known and studied. Based on the dynamic simulation
of the robot, it is possible to project the motion control system.
As an additional benefit, the computer simulations decrease the
project costs, because they permit to know previously the
dynamic behavior, singularities and potential errors of the
manipulator project before its construction.

The purpose of this paper is to analyze the dynamic
response and to project the position control system of the
Stewart-Gough manipulator. Initially, in order to analyze the
complete dynamics and computational simulations of the
manipulator, step forces are applied on the actuators to
simulate the dynamic response. Then, the position control
system is design based on the LQR and CTC control
techniques.

The remain of this paper is organized as follows. Section Il
presents the Stewart-Gough manipulator model. The LQR and
CTC methods are presented in Section I11. Section IV gives the
numerical results. Finally, some conclusion and further work
are enumerated.

I. STEWART-GOUGH MANIPULATOR MODEL

The parallel manipulator used in this contribution is the
Stewart-Gough platform, as can be seen at the Fig. 1, has six
identical legs, that connects a fixed base to a movable platform
by passive universal joints represented by U on the points B;, at
the points A; are the passive spherical joints, defined as 4;,
where i = 1, ..., 6, subsequently. The legs are divided in an
upper and a lower member by Prismatic joints, showed at Fig.
1 as P. The Prismatic joint has a motor that extend and retract
the leg. The movable platform has six degrees of freedom
(DOF), which are three angular motions expressed as Euler
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angles with respect to x-y-z-axes and three longitudinal linear
motions at the x-y-z axes. According to the paper developed by
[11], will be demonstrated, based on the Newton-Euler

approach, the model kinematic and dynamic model of the
Stewart-Gough Platform.

the dynamic analysis, the Euler equation is applied for the
rotational equilibrium of the entire leg, thus:
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Fig. 1. Stewart-Gough Manipulator.
A. Legs Kinematics and Dynamics

The inverse kinematics represent the six legs length [; =
[L, ..., lg]" as function of the position p and orientation of the
Euler angles & of the movable platform. So, p =[xy z]” and
O =[aBy]" results in a rotational matrix R =
Ry (a Ry, (B)R,(y). In this way, considering the close vector

chain {B}{A}A;B;. Thus, the inverse kinematic model for each
leg is:

li=Ra;+p+b; Ly = |5 1)

The unit vector along [; is s; = [;/L;. The velocity at the
point A; from the movable platform is:

ii =w X a; + p (2)
where w is the angular velocity of the movable platform. The
relative velocity between the upper and the lower member of
the legs I; = s;.1; ; similarly, the angular velocity of the legs

is wp; = s; X 1;/L;. Consequently, the acceleration at points
A;of the movable platform is:

l=p+a+a+ o X X a)

ap

®3)

h1

The acceleration of the center of gravity lower and upper
parts of the legs are respectively:

1
Ag; =E(S X ap) X Tai + h3i
L

ayi = (si-ap)-s;i +Lli(si X a,) X1y + hy (4)
where r,; and r,; are the centers of gravity of lower and upper
part,= hy; X rg; + w(w X 1y) and  hy; =us; + h, X1, +
w X (w X1y, + 2lw, hy; = l—li(sl- x h, — 2l;w). Considering
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Mg Tgi X Qg — My Ty X Ay + (Mg Ty + My 1) X g —
gi + L) - Api — wp X (Ig + L) wpp + My;.s; + 1 X fo —
Cuiwpi — f; =10 (5)

Ap; 1s the acceleration of the leg, f;; is the constraint force at
the spherical joint acting on the leg, f; represents the moment
of viscous friction at the i-th spherical joint f; = cg(wpe —

w;) and f; is the input force at the i-th leg. For the upper part
of the leg, the translational equilibrium is:

fui + Si- fsi — Cpi- by — Myi 5.9 = 0

(6)

Fig. 2. Leg of the Stewart-Gough Manipulator.

The equation that expresses, fi;  results of some
substitution between equations above, it has a lot of terms
almost all depends on the constraint force at the spherical joint
acting on the leg, results substitution between the equations
presented before, where many terms are dependent of a,,. Thus,
in order to use this expression in the dynamic equations of the

platform, all these terms are grouped in the form (Q,a 3 x 3
matrix), thus:

fsi=Qa,+v—sify

(7
Where,
2 2
2.8i.Tyi mgqi-rq;tmMyi-Toi
Q=[mui'(1+ Lul)_ di dlzul ui _Si_sg'_l_
L; Li
2 2

mgqiVg;tmMyiy,i Mmyi 1
—dloul — 2 sy T + T ST) — 77 Mg (50 %

A i i

Tai)- (5; X 1y )T + My (s X 1) (8 X 1y)" = 8. (Ig — L)5]]

Finally, after some substitution of a, by its expression in

(3), this equation represents the reaction force of the i-th (see
Fig.2) point of connection of the platform:

fso=QiP—Qiaj.a+v;— s fi )
B. Dynamics and kinematics of the movable platform

By applying the expression of (8) for the six legs (i =
1,..,6), the dynamic equations of the platform can be

formulated. The acceleration of the center of gravity of the
platform respect to the reference frame is:
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ap=axrpA+wx(wxrpA)+p' 9)

where, 1, = Ry, and 7,4 expresses the distance of the center
of gravity of the platform to the frame {A}.

Applying the Newton equation for translational equilibrium
and the Euler equation for rotational equilibrium of the
platform, we have respectively:

My ap +my.g — Zi6=6(fsi) =0 (10)

My TpaXaA+mytpuXg—la—wXh.o+

Yoilay X fal + X1 fi =0 (11)

m,, represents the mass and I, = RI,,R" the inertia of
platform and payload. Finally, the expressions of a, and f;
are substituted into the Newton equations and Euler equations
and the complete dynamic of the platform is obtained:

P+ =H.5 (12)
where,  J=J,+ X Jin=mp+Eam e Jp=
My | —my,. T, T —0;
[mp.ﬁ L, +mp(||rp||2.1 — Ty Ty Ji= a.Q; —a.Q.al
. =[ m,.[w % (0 x1,) — g] ] n =
P loxhw+m,Rx[(wr) 0 —g] ' '

V; S Se
[aiXVi_fzi]’H_(aixsl @ X S¢
describes the Jacobian matrix of the manipulator, and f; =
[fu - fil". The joint-space dynamic equations are
obtained with using the sliding acceleration of a prismatic
joint of the i-th leg:

), this  matrix

[b]=Hrdi-w (13)

Finally, it is obtained the dynamic equation of the Stewart-
Gough robot in joint space is:

HYHTL+ H'(p— JH W) = f; (14)

IIl.  CONTROL SYSTEM

A. Computed Torque Control

It is necessary to apply the CTC method, linearize the non-
linear dynamic (14). As A(L) = H™'JH Tand B(L,L)=
H™'(n —JH Tu), the dynamic non-linear equation of the
manipulator can be represented as:

fi =AML +B(L,L) (15)
Thus, the manipulator dynamic equation is linearized and

decoupled by nonlinear feedback. So, A(L) and B(L, L) can be
estimated as A(L) and B(L, L). Considering that A(L) = A(L)

So w is the new input control vector. Where this equation
represents the inverse dynamic control scheme, which the
dynamic direct model is turned into a double set of integrators.
In this way, the control method can be used to project the
tracking position control. Assuming that the requested
trajectory is described with the desire position L%, velocity
L%and the acceleration L%. So, the control law for the PD
controller is:

w =L+ Kp(L? = L) + Kp < (L% — L) 17)

Where KP = diag(kpl, "'!kp6) and KD =
diag(kp,, .-, kpe) are the controller gain matrices.

The gain of the controller are obtained to have the closed-
loop characteristic equation of the controlled system: (s? +
2ew,s + w?) =0, s represents the Laplace variable. Thus,
kp = w2, kp = cw,.

Fig. 3. CTC and PD Control

B. Linear Quadratic Regulator

The quadratic optimal control method is a systematic form
to determinate the feedback control gain of the state matrix
form. In the LQR controller project, is considered a time

invariant, which is given by the state space system
representation:
x(t) = Ax(t) + Bu(t) (18)
y(t) = Cx(t) + Du(t) (19)

where A, B, C and D represent the state matrices, x(t) is the
model state vector, u(t) is input vector, y(t) is the generic
system output. [6]. Thus, the state feedback is defined as:

u(t) = —Kx(t) (20)

K is the state feedback matrix. Substituting (20) into (18), it is
obtained the closed-loop response:

x(t) = (A — BK)x(t) 1)

To obtain the optimal gain, the following equation must be
minimized:

and B(L,L) = B(L,L), so is reduced to a linear control on J= fooo[x(t)TQx(t) + u(®)TRu(t)]dt (22)
decoupled double-integrators, where:
g=w (16)
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Where the matrices Q and R are responsible for the error
and the energy consumption. With Q and R, the feedback
matrix is represented by:

K =R™'B"P, (23)

which P =PT >0 must satisfied the Riccati algebraic
equation. [6].

ATP +PA—PBR'BT+Q =0 (25)

IV. RESULTS

In order to study the dynamic response by the influence of
the actuators action, six pulse generators applied a 1N force
during 0.5 seconds at each leg of the Stewart-Gough
manipulator, which was at a determined initial position. This is
important to understand the dynamic characteristics of the
manipulator and to project the controller.

For the control simulations, both controller were tuned
using the methods presented at section Ill. To analyze the
performance of the techniques, two simulations were realized.
First, a simulation to evaluate the tracking position for a
determined circular trajectory. The second simulation was
about the reaction of the controllers, when the manipulator at
fixed initial position suffer a perturbation and had to return to
the initial position. The parameters used in the simulations (see
Tab. I), were obtained at [12].

A. Dynamic Analysis

To the dynamic analysis was implemented in a
computational simulation, through the Matlab/Simulink®
software. A simulation, where six pulse generators applied a
force, to imitate the action from the actuators, which is applied
a 1N force for 0.5 seconds in each leg of the Stewart-Gough
manipulator. At the Fig. 4, it is possible to see, the initial
position of the mechanism and after the application of the
force, the final position.

@ (b)

Fig. 4. Initial and Final position of the Stewart Platform.

It is showed at the Fig. 5, the initial positions of the legs
and the displacement of the legs during the actuators force
application. The Fig. 6 shows the velocity of the six legs of the
manipulator from the repose and during the application of the
force, in a pulse form, during 0.5 seconds. With these results,
is possible to see the reaction of the legs of the Stewart-Gough
manipulator, during the application of the forces from the
actuators.

B. Control

The control methods previous presented, were used to
determinate the gain of the controllers. To the computational
simulation was used again the parameters of [1] and the
dynamic equation presented previously.

TABLE 1.
Dynamic Parameters for Simulation
Parameter Value
[ 0.3 0.0 0.1 ]
0.3 0.2 0.0
| 0.0 0.3 0.0 |
a | -02 o1 —0.1|m
l—0.15 -0.2 —0.05J
0.15 —0.15 —0.05
[0.6 0.2 0.0 ]
01 05 01
|—0.3 0.3 0.1|
by |03 -04 00 |m
lO.Z -0.3 —0.05J
05 —02 0.0
m, 40 kg
My 3kg
my 1 kg
Iy [0.4 014 -0.18]"m
fu [-6 0.08 —0.08]"m
I [0.04 0.03 —0.06]"m
[0.010 0.005 0.0071"
ly 0.005 0.002 0.003| Kg.m?
10.007 0.003 0.001
[0.005 0.002 0.0021"
Iy 0.002 0.002 0.001| Kg.m?
0.002 0.001 0.003
10.05 0.003 0.004]"
I 0.003 0.004 0.003| Kg.m?
10.004 0.003 0.100
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Fig. 5. Legs Displacement.

The PD controller was tuned to obtain a stable response
without overshoot, w, = 35rad/s e & = 1. Thus, the gains
was obtained with the equations presented at the chapter IlI,
kp = [1225 12251225 1225 1225 1225]7 and
kp = [35 3535 3535 35].
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Fig. 6. Legs Displacement.

The LQR was tuned to satisfy similar characteristics of the
PD. Based on the linearized model for each joint of the Eq. 16,
the system matrices of the Eq. 18 and EQ.19, was defined
as:A = [g (1)]B =[0 1]",c=[1 ole D=][0]. To
define the LQR control matrices, the values of Q and R, were
obtained after simulations as Q = [160000 0 ] and R =

0 253

[0,1]. Consequently, we get the gain of the controller kp, =
[1264 1264 1264 1264 1264 1264]T and kp =
[717171717171]7. In the next figure, it is possible to see
the circular trajectory of the movable platform at the
workspace, which is used to evaluate the controllers:

om

Fig. 7. Tracking trajetory.

The Fig 8. shows the error in the tracking of the joints for
the PD and the LQR methods, respectively. It can be observed
that both controllers have a similar result. At the Fig 9. and
Fig 10. are presented the behavior of the forces of the six
actuators through the control methods PD and LQR, for the
trajectory showed on the Fig.7. On both cases, the results are
equivalent, because of the gains obtained for these methods
are similar.

The last test simulation shows the disturbance reaction,
when the movable platform is in a fixed initial position p =
[000,395m 0 0 0]"and is applied a 5N step force at z-axis.
How it can be seen, at Fig. 11, for the both controls techniques,
which the Fig. 11(a) on represents the PD and Fig. 11(b) is the
LQR. Comparing the PD with the LQR result, it is possible to
see a light attenuation on the overshooting during the
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Fig. 8. Tracking error of the joints.
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Fig. 9. Force control for the six atuators using CTC method.

V. CONCLUSION

First, in this contribution was presented the Stewart-Gough
manipulator model, where the kinematic and dynamics
equations were showed. After this, was introduced the
controller methods used to tune the controller on this paper
With the model was possible to do some numerical
simulations and also project the of the controllers.

The dynamic simulations showed how the behavior of the
Stewart-Gough manipulator during the force application, in a
pulse form, in each leg of the manipulator. This was

stabilization, because the LQR method has a better  damping ~ fundamental to project the controller. The results of the
compared with the PD method.
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controller simulations were similar, but it is important the

optimal tuned

1500
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way with the LQR method.
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Fig. 10. Force control for the six atuators using CTC method.
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Fig. 11. Disturbance reaction for both methods.
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