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Abstract: In this paper we introduce the idea of a “DR/ - group is a direct product of a

Brouwerian Algebra and a commutative £ - group”.
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1. Preliminaries
Definition 1.1 [4]
A non — empty set G is called a commutative Z— group if and only if
(i) (G, +) is an abelian group
(ii) (G, S) is a lattice
(iii) If x <y, thena +x +b<a+y+b, foralla b x,yinG.
(or)
@+x+b)v(@a+y+b)=(@+xvy+Dh)
@+x+b)a(at+ty+b)=(@+xay+b)foralla b, x yinG.
Definition 1.2 [1], [4]
A non — empty set B is called a Brouwerian Algebra if and only if
(i) (B, <) is a lattice
(i) B has a least element

(ili) Toeach a, b in B, thereisaleast x =a—b in Bsuch thatb vx>a
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Definition 1.3 [4], [5]
A lattice L is called a residuated lattice if
() (L, .) is an Z— group.
(if) Given a, b in L, there exist the largest x, y such that
bx <aand yb <a.
Definition 1.3 [4]

A system A = (A, +, <) is called dually residuated lattice ordered group
(simply DR#Z— group) if and only if

(1) (A, +) is an abelian group.
(ii) (A, <) is a lattice.
(ii)b<c=a+b<a+c foralla b, cinA
(iv) Given a, b in A, there exist a least element X =a - b in 4 such that b + x > a.
Definition 1.4 [4]
Asystem A = (A, +, v, A) is calleda DRZ- group if and only if
(i) (A, +) is an abelian group.
(i) (A, v, A,) is a lattice.
@ii)a+ (b vc)=(a+b) v(@a+c),
at(bac)=(@+b)a(a+c),foralla, b, cinA.
(V) x+(y-x) 2y,
X—y<(xvi)-y,
(x+y)—y<xforallx,y, zinA.
Remark [4]

Two definitions for DRZ— group are equivalent.
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Examples 1.1 [4]

Commutative Z- group, Brouwerian Algebra and Boolean ring are DRZ- groups.

Extension of a DR/ - group

Theorem: 1.1

Any DRZ - group A is the direct product of a Brouwerian Algebra B and a
commutative #- group G if and only if

1) (@+b)—-(ctc¢)>(@-c)+(b-c)and
i) (ma + nb) — (a + b) > (ma —a) + (nb —b),

for all a, b, ¢ in A and any pair of positive integers m, n.
Proof :

Assume that

@+b)—(ct+tc)>(a-c)+(b-c)

- (1)
(ma + nb) — (a +b) > (ma —a) + (nb - b) —(2)
Toprove A=BXx G
Leta, b, ¢ in A be arbitrary
— (a+b)—c<(a—c)+b, by property 11 [4]
=[(@a+b)-c]-c < [(@a-c)+b]-c
= (@a-c)+(b-¢)
= (@+b)-(c-c) < (@a-c)+(b—c) —(3)
From (1) and (3), we get
@@+b)—(c+c) = (@a-c)+(b-c) — (4)
Also, (ma+nb)-a < (ma-—a)+nb, by property 11 [4]
— [(ma+nb)—a]-b < [(ma—a)+nb]—b
— (ma+nb)—(a+bh) < (ma—a)+(nb—b) — (5)
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Form (2) and (5), we have
(ma+nb)—(@a+b) = (ma—a)+(nb-Db) — (6)
Let B = {a/a+ta—-a=0}
G ={a/ata-a=a}
Claim (1): B is a Brouwerian Algebra
Q) Closed with respect to v and A
Let a in B be arbitrary
= (a+a)-a =0<0
= (a+a)-a <0
=[(a+a)-a]+a<0+a
—a+a <a
NowO=(a+a)—-a<(a -a)+a,byproperty 11 [4]
= 0 < a
= 0+a < a+a
= a < a+a
Thus a+a=a - (7)
Hence B is closed under “ +”
Let a, b in B be arbitrary
Then(a—b)+(@-b)=(a+a)—(b+b), by(4)
=a-b, by (7)
—a-binB
= (a-b)+b inB
= avbinB, by property 7 [4]

Also, (a+b) -(avhb) = (a+b) -[(avb) +(avb)],sinceavbinB
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= [a-(avb]+[b-(avh)], by(4)

= [(a—a) A (@a—Db)] +[(b—a) A (b—Db)], by property 4 [4]

[0A(a-b)]+[(b—a)A0]
=0+0

0

= (a+h) - (avh)
= a+b = avb
Leta,binB —=a+b,avbinB
= (a+b) -(avbh)inB
—anbinB
(i) (B, v, A)isalattice
Idempotent law
Let a in B be arbitrary
Thenava =a+a
=a
ara=(@+a)-(ava)
—a+ta-a
=a
Thus ava=a;ana=a, forallainB.
Commutative law:
Let a, b in B be arbitrary
Then avb = a+b
=b+a

=bva

anb = (a+b)-(avbh),byproperty 8 [4]
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(b+a)—(bva)
=bnra
Thusavb=bva; anb=baa foralla b,inB
Associative Law :
Let a, b, ¢ in B be arbitrary.
Thenav (b vc) =a+(b+c)
=(@a+h)+c
=(avb)vce
an(bac) =[a+t(bac)]-[av(bac)],byproperty8 [4]
=[a+(nrc)]-[a+(bAac)]
=0
@nb)ac =[(@nb)+c]-[(@aab)vc]
=[@nb)+c]-[(anrb)+c]

=0

Thus av(bvcec) = (avb)ve, an (bac) = (aanb)ac, foralla b, cinB
Absorption law :
Let a, b in B be arbitrary

Then av(@aanb)=a+(@nab)

a+[(a+b)—(avh)]

a+[(a+b)-(a+b)]

a
[a+(@vb)]-[av(avb)]

an(avb)

[a+(avb)]-[(ava)vhb]

at(avb)-(avhb)
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= a
Thusav(aanb)=a an (avb)=a,foralla,binB
Hence ( B, v, A) is a lattice.
B has a least element :
Let a in B be arbitrary
Then 0 = (a+a)-a<(a-a)+a

=0< a, forallainB
Hence B has a least element.
Toeacha, bin B, there exist a least elementx =a-binBsuchthatbvx>a:
Let a, b in B be arbitrary

= there exist a least elementx =a—b'in B

Now bvx = b+x

b+ (a—b)

= a>a
Thus to each a, b in B, there exist a least element x =a—-b in Bsuchthatb v x>a

Hence B isa Brouwerian Algebra

Claim (2) : G is a commutative £ - group

(i)

(G, +) is an abelian group

Closure law :

Let a, b in G be arbitrary

Then [(a+b) + (a+b)] - (@ +b) = (2a+ 2b) — (a + b)
=(2a-a)+(2b-b), by (6)
—a+b

=a+hbinG
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Thusa,binG=a+binG
Clearly, + is both associative and commutative in G, since G is a subset of A.
Existence of Identity:
Let a in G be arbitrary.
Clearly 0inG,since0=0+0-0
Thena+0=0+a=a,forallainG.
Existence of Inverse :
Let a in G be arbitrary
Then(-a)+(-a)—(-a) = —a—a+a
=-a
= -ainG
Now,a+ (-a)=(-a) +a=0
Hence (G, +) is an abelian group
(i) (G v, A)is a lattice :
Let a, b in G be arbitrary.
= a,-b,binG
= a-b,binG
= (@a-b)+binG
= avbinG, by property 7 [4]
Alsoa,binG =a+b,avbinG
= (a+b)-(avh)inG
=anabinG
Idempotent law:

Let ain G be arbitrary
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Thenava = (a—a)+a

= a

ara = (a+a)-(ava)
= (ata)—a
—a
Thus ava = a; ana = aforallainG
Commutative law:

Let a, b in G be arbitrary

Then avb = (ath)—(aAb)

[(@+b)-a] v[(@+h)-b]

bva

anb=(@+b)-(avh)

(b+a)-(bva)
= baa
Thusavb=bva; anb=baa foralla, binG
Associative law :

Let a, b, ¢ in G be arbitrary

Then av(bvc) =[a-(bve]+bve)
=a
@vbyve = [@avb)-cl+c
=avh
= @-b)+b
= a

Therefore,av (bvc)= (avb)ve, foralla, b, cinG.
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Also,an (b AcC) = [at(bAac)]-[av(bAac)]

= [a+(bAac)—(Ja—(bAc)]+(bAac))

at(bac)-a

bac

(b+c)—(bvc)

(b+c)-[(b-c)+c]

b+c-b

=C

[@Aab)+c]-[(anb)vc]

(@anb) Anc
= [(@nb)+c]-([(@anb)—c] +c)
= (anb)+c—-(anb) =c

Therefore,an (b Ac)=(aAb) A c, foralla;b,cinG.

Absorption Law :

(iii)

Let a, b in G be arbitrary
Thenav(aanb) =[a-(aanb)]+(@AaDb)
= a

[a-(avDb)]-[av(avDb)]

an(avhb)
=[a+(a vb)]-[(ava)vh]
—a+(avb)—-(avb)=a

Thus av(a Ab) =a, an(a vh) =aforalla,binG
Therefore, (G, v, A) is a lattice
a+(bvc)=(a+b)v(a+c),
at+(bac)=(a+tb)a(a+c), foralla,b,cinG:
Let a, b, cin G be arbitrary

Then a+(bvc)=a+[(b-c)+c]
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=a+bh
(a+b)v(a+c)=[(a+b)-(a+c)+(a+c)

=a+hb
Therefore, a+ (bvc)= (a+b)v(a+c),foralla b, cinG
Also, a+((ac)=a+[(b+c)-(bvc)]
=a+((b+0)~[(b-¢) +c)
=a+[(b+0)-b]
=a+c
(@+b)a(a+c)=[(a+b)+(@+c)]—[(a+b)v(a+c)], by property 8 [4]
=(a+b)+(a+c)—(a+Dh), by previous result
=(a+c)
Therefore,a+ (b Ac)=(a+b)A(a+c), foralla, b,c in G
Hence G is a commutative £ - group.

Claim(3): A=BxG
ForanyainA, y = (a+a)—a, x = a-[(a+a)—a]impliesyinG,xinB

Now (y+y)-y = [(2a-a)+ (2a-a)] - (2a-a)
= [(2a+23) - (a+a)]-(2a-a), by (6)
= (4a-2a)-(2a-a)
> 4a—2a —a,since2a—a<a
= a
= (Yty)-y =2y
Also, (y+y)-y<(y-y)+y, byproperty 11 [4]
=y
= (yty)-y <y

Therefore, (y+y)-y<y
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=X +x>0+x
= X+tx>x

(@+a)—-(y+y), by(4)

Now, (@a-y)+(@a-y)

2a—2y

2a—2(2a-a)
= X+X= 2a—(4a-2a)
We have
(4a—2a)+ [a—-(2a—-a)] = (2a—a) +(2a—a)+[a—(2a-a)]
> (2a-a) +a
= 2a

= (4a-2a)+ [a-(2a—-a)] > 2a

= 2a—(4a-—2a) < a—(2a—-a)=x
= X+ X < X

= X+X = X

= xinB

Thusifain A, thena=x+y,wherexinB,yinG
Now, let a = x+y,wherex inB,yinG

X+y)+(X+Yy)

Then a+a

(X+X)+(y+Y)

X +2y, sincex in B
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(X+y)+y
= a+a = a+y
—(a+a)—a = (a+y)—a
—(@+y)-ainG
[@+y)-al-y = (@a+y)-(a+y)
=0
= a+y = a+y
—a+y —a =y

=(@a+a) —a=y

Now, a = XxX+y
=3 a—y = X< X
= a-y <x

Also, X—(a-y) < (x-a)+y
= [X-(x+y)]+y
= (0-y)+y=0
=X —(@a-y)< 0
= X <a-y
Hence X =a-y

Hence follows that A is the direct product of a Brouwerian Algebra B and a

commutative / - group G.

Conversely, assume that A = B x G, where B is a Brouwerian Algebra and G is a

commutative ¢ — group.
To prove

(i) @+b)- (c+c) = (a-c)+ (b-o)
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(i)  (ma+nb)-(a+b) > (ma-a)+ (nb-Dh),
forall a, b, ¢ in A and any pair of positive integers m, n.

Let a, b, ¢ in A be arbitrary

= (i). Toeach[(a—c)+ (b—c)], (a+b)in B, there exista least— (¢ + ¢ ) in B such
that (a+b)—(c+c)>(a—c)+(b—-c),

(if). Toeach [(ma—a) + (nb—b)], (ma + nb) in B, there exist a least

element — (a + b) in B such that (ma +nb) — (a + b) > (ma —a) + (nb—b),
since B is a Brouwerian Algebra

= () (@+b)-(c+tc) = (@a<)+ (b-c),
(if) (ma+nb)- (a+b) > (ma-a)+ (nb-b),

for all a, b, c in A and any pair of positive integers m, n.
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