Published by :
http://lwww.ijert.org

International Journal of Engineering Research & Technology (IJERT)

| SSN: 2278-0181
Vol. 5 Issue 09, September-2016

Flow of a Non-Newtonian Second-Order Fluid
Over an Enclosed Torsionally Oscillating Disc in
the Presence of the Magnetic Field

Deepak Agarwal* & Reshu Agarwal**
*Grd Girls Degree College, Dehradun
**University Of Petroleum & Energy Studies,
Dehradun

Abstract - The problem of the flow of an incompressible
non-Newtonian second-order fluid over an enclosed
torsionally oscillating discs in the presence of the magnetic
field has been discussed. The obtained differential equations
are highly non-linear and contain upto fifth order derivatives
of the flow functions. Hence exact or numerical solutions of
the differential equations are not possible subject to the given
natural boundary conditions, therefore the regular
perturbation technique is applied. The flow functions H, G, L
and M are expanded in the powers of the amplitude e (taken
small) of the oscillations. The behaviour of the radial,
transverse and axial velocities at different values of Reynolds
number, phase difference, magnetic field and second-order
parameters has been studied and shown graphically. The
results obtained are compared with those for the infinite
torsionally oscillating discs by taking the Reynolds number of
out-flow Rm and circulatory flow RL equal to zero. The
transverse shearing stress and moment on the lower and
upper discs have also been obtained.
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1 INTRODUCTION

The phenomenon of flow of the fluid over an enclosed
torsionally oscillating disc (enclosed in a cylindrical
casing) has important engineering applications. The most
common practical application of it is the domestic washing
machine and blower of curd etc.. Soo® has considered first
the problem of laminar flow over an enclosed rotating disc
in case of Newtonian fluid. The torsional oscillations of
Newtonian fluids have been discussed by Rosenblat?. He
has also discussed the case when the Newtonian fluid is
confined between two infinite torsionally oscillating
discs?. Sharma & Gupta® have considered a general case
of a second-order fluid between two infinite torsionally
oscillating discs. Thereafter Sharma & Singh® extended the
same problem for the case of porous discs subjected to
uniform suction and injection. Hayat® has considered non-
Newtonian flows over an oscillating plate with variable
suction. Chawla” has considered flow past of a torsionally
oscillating plane Riley & Wybrow® have considered the
flow induced by the torsional oscillations of an elliptic
cylinder. Bluckburn® has considered a study of two-
dimensional flow past of an oscillating cylinder. Sadhna
Kahrel® studied the steady flow between a rotating and
porous stationary disc in the presence of transverse

magnetic field. B. B. Singh and Anil Kumar® have
considered the flow of a second-order fluid due to the
rotation of an infinite porous disc near a stationary parallel
porous disc. Present paper is extended work of Reshu
Agarwal*® who has considered Flow of a Non-Newtonian
Second-Order Fluid over an Enclosed Torsionally
Oscillating Disc.

Due to complexity of the differential equations
and tedious calculations of the solutions, no one has tried to
solve the most practical problems of enclosed torsionally
oscillating discs so far. The authors have considered the
present problem of flow of a non-Newtonian second-order
fluid over an enclosed torsionally oscillating disc in the
presence of the magnetic field and calculated successfully
the steady and unsteady part both of the flow functions.
The flow functions are expanded in the powers of the
amplitude e (assumed to be small) of the oscillations of the
disc. The non-Newtonian effects are exhibited through two
dimensionless parameters ti(=npo/pi) and ta(=nps/pi),
where i, po, ps are coefficient of Newtonian viscosity,
elastico-viscosity and cross-viscosity. n being the uniform
frequency of the oscillation. The variation of radial,
transverse and axial velocities with elastico-viscous
parameter ti, Cross-viscous parameter t,, Reynolds number
R, magnetic field m; at different phase difference t is
shown graphically.

2 FORMULATION OF THE PROBLEM

The constitutive equation of an incompressible second-
order fluid as suggested by Colemann and Noll*? can be
written as:

Tij = - POjj + 2pudyj + 2pei + 4psCy e (1)
where
dij = Y2 (Uij + Uji),
eij = ¥2(aij + &) + Ui,
Cij= dimd™,  -=-mmmem- (2)

p is the hydrostatic pressure, i is the stress-tensor, u; and
a; are the velocity and acceleration vector.

The equation (1) together with the momentum equation for
no extraneous force

p (Oui/ot + u™ Uim) = tMim (3)
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and the equation of continuity for incompressible fluid

Ui,i =0 ( 4 )
where p is the density of the fluid and comma (,) represents
covariant differentiation, form the set of governing
equations.

In the three dimensional cylindrical set of co-
ordinates (r, 6, z) the system consists of a finite disc of
radius rs (coinciding with the plane z = 0) performing
rotatory oscillations on the type rQCost of small amplitude
€, about the perpendicular axis r = 0 with angular velocity
Q in an incompressible second-order fluid forming the part
of a cylindrical casing or housing. The top of the casing
(coinciding with the plane z = zo< rs) may be considered as
a stationary disc (stator) placed parallel to and at a distance
equal to gap length zo from the oscillating disc. The
symmetrical radial steady outflow has a small mass rate
‘m’ of radial outflow ( ‘-m’ for net radial inflow). The inlet
condition is taken as a simple radial source flow along z-
axis starting from radius ro. A constant magnetic field By is
applied normal to the plane of the oscillating disc. The
induced magnetic field is neglected.

Assuming (u, v, w) as the velocity components
along the cylindrical system of axes (r, 6, z)the boundary
conditions of the problem are:
z=0, u=0, v=rQe"“(Realpart),

w =0,
Z=2y, u=0, v=0,w=0,

where the gap zo is assumed small in comparison with the
disc radius rs. The velocity components for the
axisymmetric flow compatible with the continuity criterion
can be taken as 4.

= -EH'(GD) + Ra/R;) M'(G1)/E
V=E6(61) + RUR)L(G L,
W = 2H(E,7). (6)

where U = u/Qz, V = Vv /Qzo, W =W /Qz0, E=1 120, C, T
are dimensionless quantities and H({,t), G({,1), L(C,1),
M’(¢,7) are dimensionless function of the dimensionless
variables { = z/zp and © = nt. Rn(=m/2I1pz ov 1), RL
(=L/2T1pzev1) are dimensionless number to be called the
Reynolds number of net outflow and circulatory flow
respectively. R,(=Qz?/v1) be the flow Reynolds number.
The small mass rate ‘m’ of the radial outflow is represented
by

Z9
m=2IIp [rudz
0

Using expression (6), the boundary condition (5) transform
for G, L & H into the following form:

G(0,7) = Real(e"), G(1,7) =0,
L(0,7) = 0, L(1,7) =0,
H(0,7) =0, H(1,7) = 0,
H'(0,7) = 0, H'(1,7) = 0.

The conditions on M on the boundaries are obtainable form
the eq.(7) for m as follows:

M(1,7) - M(0,7) = 1, (9)
which on choosing the discs as streamlines reduces to
M(1,7) =1, M(0,7) =0
(10)

Using egs.(1) and expression (6)in equation (3) and
neglecting the squares & higher powers of Rin/R; (assumed
small), we have the following equations in dimensionless
form:
- (Upzo)(0plOE) = - NQZo{EOH" -(Rm/R,) (OM'IE)}+ Q%20
§(H'? -2HH""-G?)
+0%20(Rm/R,)2HM"[E)—~
Q?20(RUR,)(2LG/E)+(viQzo){H"""E-
(Rn/R)(M"'[E)}—(2v2lz0)[(n€Y2)

{( Rw/R)(oM"""[E)—-& OH'""}
+ Q2E(H"2 — HHY) + (Rm/R,)( QYE)
(H""M'+H"M"+H'M""+ HMVY) ( RU/R;) (2Q%E)(L'G’ +
LG"")]-(4vaQ%z0) {(Rm/R)(L/2E) (H"'M’ +H'M"" +H""M"")
—(RUR)(L2E)(2L'G’ + LG") + (E/4)(H""? — G"?-
2H'H") }+(6Bo2Qzolp){-EH'+ (Rm/R)(M'/E)} - - (11)

0 = -nQ2e{£0G + (RLIR;)(OLIE)}-20220F) (HG'-H'G)-Q%20
(Ru/R2)(2M'GIE) —Q220(RLIR,) (2HL'IE)+ (vizo){EG" +
(RUR:)(L"IEV}+ (2valzo)[(NQ2) {E0G+(
RUR:)(AL"1E)}+ (RURL)( QYE) (H'L +H"" L+ HL™
+HL") +(Q%E) (HG'"'- H''G')+( Ru/R)(2Q2/E)
(M'G"+M"G')]+(2vsQzo){E(H'G" —H"'G')+(
RURL)(L/E)(H'L’ + H"'L + H'L")+( Ru/R)(L/E) MG’ +
M'G") - (6Bo?Qzo/p){EG+(RL/R,)(L/E)} —(12)

-(1/pZo)(ap/6§) = ZHQZoaH+4QZZoHH'— 2viQOH"[z9 —
(2valZo){NQOH""+ 2Q2E% (H'"H""+G'G")+Q%(22H'H"" +
2HH")  —( Rm/R)2Q% (H"M""+H"'"M") + (RU/R;)
2Q2(L'G" + L"G")}—(2vaQ¥z0) {E2(H"H"" + G'G"") +
14H'H" — (Rn/R,) (H'M"" + H""M") + (RU/R,)(L'G" +
ey e (13)
where By and o are intensity of the magnetic field and
conductivity of the fluid considered. R (=nzo?/v1) is the
Reynolds number, t1(=nva/v1), t2(=nvslvi) and e(=Q/n) are
the dimensionless parameter, m? = c Bo?z¢’/u1 is the
dimensionless magnetic field.

Differentiating (11) w.r.t. £ and (13 ) w.r.t. & and then
eliminating &2p/6¢.0¢ from the equation thus obtained. We
get

-NQZe{EOH""~(Rn/R,)OM "' [E}-202Zo (HH'"'+GG")
+(Rm/R;)(2Q%2/E) (H'M""+HM""")~(RUR,)(20%20/E)
(LG"+L'G)-(viQzo){(Rm/R) (MM/E)-EHV}— (2v2/Z0)
[(NQY2){(Rn/R2)(OMW/E) — EOHMI-Q2E(2H"'H" '+ H'HV+
HHY+4G'G"")+ (Rm/R,)( Q%E) (2H'M"'+
HYM'+2H""M"""+2H'MY+HM")—(RL/R,) (2Q2/€)
(CL'G"+L"G'+LG"""]-
(2v3Q%20){(Rm/R,) (1/E) (HVM ™ +2H""M "'+ 2H"'M"""+
H'M™) -(RL/R)(1/€) (BL'G""+2L"G"+LG""")-E(H'HV +
3G'G"+2H"H"")} + (cBo?Qzolp)
{-EH"+(Rw/R)(M"/E)}=0 (14)

(8) On equating the coefficients of & and 1/¢ from the equation
(12) & (14), we get the following equations:
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G" = RAG + 2eR(HG'~H'G)-1:0G""-2 ety (HG""-H"G")-

2e1,(H'G"-H"G’) +m?G

L"” = ROL+2eR(M’G + HL')-t16L"-

2ety(H"L/+H"/L+HL"+H'L"+2M'G""+
2M"'G")-2eto(H"L+H""L+H'L"+2M"'G’ +M'G") +m?L

------------- (16)

HIV = ROH""+2eR(HH"""+GG)-t10H-

2ety(H'HV+HHV+2H""H""+4G'G")- 2et, (H'HY

+2H""H""+3G G"") +m2H"’ (17)

MV = ROM"+2eR(H'M"+HM""-LG"-L'G)-1:0M -

2ey(2H" "M " +HVM' +

2H"M"" +2H'MV+HM"-4L'G"-2L"'G"-2LG"")-

2T (HYM'+2H" "M "+

2H"M"" +H'MV-3L'G"-2L"G"-LG"") +m2M" ----- (18)

3. SOLUTION OF THE PROBLEM
Assuming the relationship m? = em;?, equations (15)- (18)
becomes
G" = R6G + 2eR(HG'-H'G)-1,6G"-2 et (HG""-H"'G")-2 e to(H'G" -
H"G")
+em2G (19)
L" = RoL+2eR(M’G + HL')-t;0L"-
2eny(H L+H""L+HL"+H'L"+2M'G""+ 2M"G)-
2ty (H L'+H"L+H'L"+2M "G’ +M'G") +em;2L - (20)
HYV = ROH"+2eR(HH""+GG")-1,5H"-
2ety(HHY+HH"“2H""H""+4G'G")- 21, (H'HY+2H"H""+3G'G") +
em?H" S — (21)
MW = RoM""+2eR(H'M"+HM"""-LG"-L'G)-t:0M"¥-2 14 (2H""M""+H"M’
+

2H"M"”" +2H'MV+HMY-4L'G"-2L"G"-2LG"")-2eTo(H"M"+2H" "M "'+
2H"M""+H'MY-3L'G"-2L"G-LG"") + em?M”  —-eeeeeeev (22)
Substituting the expressions

G(&t) =2eN Gy (&7)

L(&t)=ZeN Ly (Gr)

H(E,t) = 2eN Hy (G7)

M(&,t) = ZeN My (&,7) (23)
into (19) to (22) neglecting the terms with coefficient of €2
(assumed negligible small) and equating the terms
independent of € and coefficient of €, we get the
following equations:

Go” =R 660/61 -T1 6Gg”/6t """ ( 24)
G1” =R aGllaT-zR(H()’Go"HoGo’)"ClaGf7/6‘['2‘[1(H0G0’”-Ho”Go’)'
215(Ho'Go”- Ho’Go’) + my?Ge - (25)

Lo” =R 6Lo/61: -T1 6L0”/8t """" ( 26 )

Ll,, = R6L1/61-2R(M0’Go + HoLo’)"Cl 6L1”/61-
2t(Ho”’LotHo’Lo’+Ho’ Lo’

+HoLo " +2My”’ Gy’ + ZM()’G()")'ZTZ(HO"’L0+H()"L0,+H0,L0”+2M0”G0,
+M0,G0”) + m12L0 """""" ( 27 )

Ho" = RoHy** /ot - 11 0Hot --(28)
Hi" = RoH;*/0t+2R(HoHo ™ +GoGo’)-110H1/0t-271(Ho Ho™
+HoHo"+2Ho"Ho™”” +4Go’Go™)-
212(3Go’ Gy +Ho Ho"+2Ho"Hy’ ) + My2Hg” ------=------ (29)

Moiv =R 6M0”/ar -T1 aMoiv/a‘L'
-------------------- (30)
M;" = ROM;**/dt + 2R(Ho’Mp”*+ HoMo*>*-Lo’ Go-LoGo) -
w?Mf"/&r - 2T1(2H0”5M0” +H0ivMo’+ 2H0”M0”7- 4L07G0”-
2L0”G0"2 LoGo’_”*HoMov"' 2Ho’M0iV)'2Tz
(2Ho>’ Mo’ +Ho"Mo +2Ho’ My’ 3o’ Gy’ 2L Go - LoGo’”’
+ HO,MON) + mleo” ------------------ (31)
Taking Gn(£,7)= Gns(C)+ €"Gn(©)
Ln(6,1)= Las(O)+ €"La(€)
Hi(G,7)= Hus(Q)+ €2"Hu(C)
Mn(G,7)= Mis(0)+ eZiTMnt(C) """"""""" (32)

Using (23) and (32), the boundary conditions (8) & (10) for N =0, 1
transforms to

Gos(0) =0, Gu(0) =1, Gy(0) =0, Gu(0) =0,

Gos(1) =0, Gu(1) =0, Gis(1) =0, Gu(1) =0,

Hos(0) =0, Ha(0) =0, Hi5(0) =0, Hx(0) =0,

Hos(1) =0, Hao(1) =0, His(1) =0, Hyu(1) =0,

H’os(0) =0, Ho(0)=0, H’15(0) =0, H’(0) =0,

H’os(1) =0, Ho(1)=0, H’i5(1) =0, H’14(1) =0,

Los(0) =0, Lo(0) =0, L1s(0) =0, Lx(0) =0,

Los(1) =0, La(1) =0, Lis(1) =0, Lx(1) =0,

M’4s(0) =0, M’o(0)=0, M’35(0) =0,

M,n(o) =0,

M’es(1) =0, M’a(1)=0, M’15(1) =0,

M’(1) =0,

Mos(0) =0, Mu(0) =0, M3,(0) =0, My(0) =

Mos(1) =1, Ma(1) =0,  My(1) =0, My(1) = 0.
------ (33)

Applying (32) & (33) in egs. (24) to (31), we get

Gos(6) = G1s(€) =0,

Go(€) = [sinh {d(1-C)}]/sinh d,

where d = {iR/(1+it)}2 = [R{t1+(1+1.)Y2Y {2(1+1,:2)}Y? + i
[R{(1+t)"*u: }{2(1+1,9)}]¥*= A+ iB,

Go(L,7) = Real{e" Gu(Q)},
= [cost.{cosh{(2-C)A}.cosB( - coshAL.cos{(2-£)B}} —sin
T.{sinhAL. sin {(2-C)B}- sinh{(2-C)A}.sinB(}] /(cosh2A-cosh2B),

Gu(€) = [(my?Sinh dC)/{2d(L+iw;) Sinh*d}] — [{my*¢ Cosh d(1-0)}/
{2d(1+ity) Sinh d}],

Gi(¢,7) = Real{e"™ Gu(0)},
= (m12/2){(a17—§a19).(:05 T- (am—qazo).Sin ‘E},
where, a; = CosBL.SinhAC,
ap = SinBL.CoshA(L,
a3 = (Cos2B.Cosh2A-1)/2,
a4 = (Sin2B.Sinh2A)/2,
as = CosB(1-€).CoshA(1-C),
06 = SINB(1-0).SinhA(L-C),
o7 = CosB.SinhA,
ag = SinB.CoshA,
Og = ACL3 - BCL4,
a0 = Bag + Aay,
o1 = A(X7 - B(Xg,
o2 = B(X.7 + A(la,
013 = Olg = T10L10,
Q14 = Oy + T10L,
Ol15 = Ol11 - T10l2,
Ol16 = Ol12 + T1041,
o7 = (ouous + apoua) (s audd),
oug = ((12(113 - (11(114)/ (0l132 + (1142),
0o = (505 + Oe0tis)/ (01 + 016?)
Q20 = ((16(115 - (15(115)/ ((1152 + (1152),
G(&1) = Go(&,7) + £ Ga(E1).
Los(©) = La(©) = Lis() = O,
L1(€) = -{sinh d& /sinh d}[{(A—As)/2}(1/2d%- 1/6d)+ Ax/2d?]
+ cosh{d(1-0)} [{(A1 — As)/2{¢/208 - C32d + £3/3d} + (AsC/2d 2Y] +
sinh{d(1-)}
(AL~ A))/2H(C*C)/2d}+ Ay(C>-C)/2d],
where, Aq = 12R/{(1+ity)sinh d},
A, = 24(t1+1,)d/{(1+i7,)Sinh d},
As= 602(411+21,)/ {(1+ity)Sinh d},
Li(G ) = Real{e" Lu(Q)},
= (N7+N9-N5).COS T- (N3+N10'N5).Siﬂ T,

where, N; = [{6R-(121,+61,)(A2-B?)}(cosB.sinhA-t;sinB.coshA)—
2AB(121,+67,) (t1.cosB.sinhA+sinB.coshA)]
/[(cosB.sinhA-t;5inB.coshA)? + (t1.cosB.sinhA+sinB.coshA)?],
N, = [{6R-(121,+61,)(A%-B?)}(1,c0sB.sinhA+sinB.coshA)—
2AB(121,+67,) (cosB.sinhA - 11.8inB.coshA)]
/[(cosB.sinhA-t;sinB.coshA) 2+

(t1.cosB.sinhA+sinB.coshA)?],
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N3 = [24A(t1+72)(cosB.sinhA-1;5inB.coshA)+24B(t1+1,)
(t1.c08B.sinhA+sinB.coshA)] /[(cosB.sinhA-t;sinB.coshA) 2 +
(t1.cosB.sinhA+sinB.coshA)?],

N4 = [24B(t1+12)(cosB.sinhA-1:5inB.coshA)-24A(t1+12)
(t1.cosB.sinhA+sinB.coshA)] /[(cosB.sinhA-t;sinB.coshA)? +
(t1.cosB.sinhA+sinB.coshA)?],

I = (cosBC.sinhAL.cosB.sinhA +sinBL.coshAL.sinB.coshA)/
(sin?B+sinh?A),

I, = (sinBC.coshAL.cosB.sinhA-cosBC.sinhAL.sinB.coshA)/

(sin?B+sinh?A),

I3 = [3(A%+B?)( A%-3AB?)-A{(A3-3AB?)%*+ (3A?B-B®)?}] / [6(A%+B?)

{(A3-3AB?%+ (3A?B-B%)?}],

1, = [B(A3-3AB?)? +(3A%B-B%?} -3(A%+B?) (3A?B-B®) | / [6(A*+B?)

{(A3-3AB??+ (3A?B-B%)?}],

Is = {(A%-B?)N3s+2N,ABY [2{( A%-B?)?+ 4A?B?}],

Is = {(A%-B?)N,-2N:ABY [2{( A%-B??+ 4A?B?}],

I; = [3¢( A%+B?)( A-3AB?)-(3AL%-2AL){(A3-3AB?)*+ (3A?B-B%)?%}] /

[6( A>+B?){ (A®-3AB?)?+(3AB%-B%?}],

Is = [-3¢( A%+B?)(3A%B-B3)+(3BL*-2BL3){(A3-3AB?)%+ (3A?B-B%)?}] /
[6( A%+B*){ (A*-3AB?)? +(3AB*-B%],

lg = [({N3(A%-B%)+2ABN,}] / [2{( A%>-B?) +4A?B?}],

lio = [¢{N4(A%-B?)-2ABN}] / [2{( A%-B?) 2+4A’B?}],

li; = (A%-BY)/[(A%-B?)*+4A%B?,

l1; = 2AB/[(A>-B?)*+4A%B?],

|13 = (AN3+BN4)/( A2+Bz),

|14 = (ANA-BN?,)/( A2+BZ),

Ns = (N1lils+Nalylat 11 15-Nalola+No o 15- o),

Ng = (N1lals+Nalals+ oI5+ N1 l114-Noly s+ 11lg),

N; = (N117+N2|a+|g)COSB(1-C_,).COShA(l-C_’)f(NﬂB-Nz|7+|1o) sinB(l—

€).sinhA(1-8),

Ns = (Nllg-Nz|7+|10)COSB(1-C).COShA(l-C)+(N1|7+N2|g+|9) SinB(l-

€).sinhA(1-8),

Ny = [(N1|11-N2|12+|13)COSB(1-C) .sinhA(l—Q)+(N2I11+N1I12—I14) sinB(l—

€).coshA(L-0)](C*¢/2),

Ny = [(N1|11'N2|12+|13)SinB(l'q).COShA(l'C)-(Nz|11+N1|12-|14)

cosB(1-¢).sinhA(1-0)1(C*¢/2),

L&) = Lo(G1) + & La(G1) = ela(Go0).

Hos(€) = Ha(§) = Hu(€) =0,

Hi(€) = c1€7C/ F2 + oo/ £2 + Agsinh 2d(1-)/{8d2(4d%-f2)} + c3C + Ca,
Where,

1 = [{ca(1-e)/(1-e" )} + Aqf(cosh 2d-1}]/{4d(4d>-f?)(1-e"),

¢ = Aff [f(1 — e)(2d.cosh2d-sinh 2d) — 2d(1+f-e" )(cosh 2d -1)]/{8d? (4d?-

) (4-2eT- 2" - fe + fel),
c3 = (Uf)[co — c1 + {fAscosh 2d /{4d(4d>-f2)}],
Ca = (L 3)[c1 + ¢ + {A4f %sinh 2d/ {8d%(4d*-f)}],
Ay = [(8t1 + 615)d® — 2Rd]/{(1+2ity) sinh?d},
f = (2iR/(1+2it,}*?
= [2R{21,+(1+41:%) Y2} {2(1+41, 2} M2
+ [2R{(1+41.?)-2u,} {2(1+4t,H)}*
=C+iD,
Hi(,t) = Real{e*" Hu(¢)},
= (J1+J3HJs+7 ).cos 21 - (Jo+
\]4+\]s+.]g).5in 21,
where, X; = (81:+61,)(A%-3AB2)-2RA,
X, = (811+67,)(3A?B-B°)-2RB,
Y = (cos2B.cosh2A-1-21;5in2B
.sinh2A)/2.
Y, = {211(cos2B.cosh2A-1)+
sin2B.sinh2A}/2.
Q1 = (X1 Y1+ XY ) (Y2+Y ),
Q2= (XY 1=-X1Y2)/(Y12+Y3),
Wi =Q:C-Q:2D,
W, = Q.C+Q1D,
W; = C(1-e%cosD)+DeSsinD,
W, = D(1-ecosD)-CeSsinD,
W5 = 2Ac0s2B.cosh2A-
2Bsin2B.sinh2A,
W = 2Bcos2B.cosh2A+
2Asin2B.sinh2A,

W; = cos2B.sinh2A,
Ws = sin2B.cosh2A,
W, = 2A(cos2B.cosh2A-1)—
2Bsin2B.sinh2A,
Wi = 2B(c0s2B.cosh2A-1)+
2Asin2B.sinh2A,
Wi, = 1+C-eScosD,
Wi, = D-€SsinD,
Wiz = Wa(Ws-W7)-W4(We-We)-
WoWi11+WioWiy,
Wis = Wa(Ws-W-)+W3(We-Ws)-
W1oWi1-WoWay,
Wis = WiWiz-WoWyy,
Wig = WoWis+WiWig,
W7 = 4A%-4B2-C?+D?,
W13 = SAB-ZCD,
W19 = W17(8A2-882)-16ABW13,
Wzo = W13(8A2-882)+16ABW17,
Wy, = 4-e¢{(C+2).cosD + D.sinD}
+e{(C-2).cosD-DsinD},
W,;, = e¢{(C-2).sinD + D.cosD}
- {DcosD-(C+2).sinD},
Wasz = WioWa1-WooWay,
Was = WaoWor+WioWos,
Qs = (W1s W23+ W16Wos)/ (Wos?+Wos?),
Q4 = 0N16W23'W15W24)/(W232+W242),
X3 = Q3(1-e"CcosD)-Q4esinD,
X4 = Qu(1-eCcosD)+QsesinD,
Xs = (1-e%cosD),
Xg = -€%sinD,
X7 = (XaXs+XaXe) (Xs2+Xe);
Xg = (X4X5-X3Xe)/(X52+X52);
Xo = W1Wg-W, Wy,
Xi0 = WoWg+W; Wi,
Xi1 = WigXs-WooXs,
X2 = WooXs+WieXs,
Xiz = (XeXu1+X10X12)/ (X1’ +X12D),
Xia = (X10X11-XeX12)/ (Xa1?+X122),
Y3 = {C(Qs-Qs)+D(Q4-Qe)}/(C*+D?),
Y4 ={C(QsQs)-D(Q3-Qs)Y/(C*+D?),
Ys = Q;c0s2B.cosh2A-Q,sin2B.sinh2A,
Ys = Q2c082B.cosh2A+Q;sin2B.sinh2A,
Y7 = 4AW17-4BW13,
Ya = 4BW17+4AW13,
Yo = (YsY7+YeYa)/(Y2+Y3),
Y10 = (YeY7-YsYe)/ (Y72+Ye?),
Qs = X7+ X3,
Qs = Xg+X14,
Q7= Y3+Yy,
Qs = Y4+ Y,
Y11 = [(Qs+Qs)(C*D?)+2CD(Q4+Qe])/
[(CZ_ D2)2+4C2D2] ,
Y12 = [(Qs+Qs)(C*-D?)-2CD(Qs+Qs])/
[(CZ-D2)2+4C2D2],
Y13 = [Wio(Q:1W7-Q2Wg)+Woo
(QaW7+Q1Ws)] /(W1e™+Wao?),
Y14 = ['WZQ(Q1W7'Q2W8)+W19
(Q2Wo+Q1Wa)] /(W1g*+Woo?),
Qo = (Y1t VY1a),
Q10 = -(Y12+Y1a4),
01 = e%(QscosDE-QesinDE),
0, = e%4(QecosDL+QssiNDY),
03 = e4(Qac0sDL+QusinDY),
0, = e°4(Q,c0sDE-QssinDC),
J1 = [Ol(CZ-D2)+2CDOZ]/[(C2-
D2)2+4C2D2],
Ja = [04(C?-D?)-2CDO,J/[(C*D?) %+
4C?D?,

J; = [04(C2-D?)+2CDO,]/[(C?-D?)2+
4C2D7),

3, = [04(C2-D?)-2CDO3]/[(C?-D?)2+
4C2D7),

J5 = Q78+Qq,
Js = Qal+Quo,
Y15 = cos{2B(1-£)}.sinh{2A(1-0)},
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Y16 = sin{2B(1-C)}.cosh{2A(1-0)},
J7= [Wio(Q1Y15-Q2Y 16)Wao(Q2 Y15+
Q1Y 16))/ {Wig?+ W%},
Js = ["W20(Q1Y15-Q2Y 16)+Wio(Q2 Y15+
Q1Y 16)J{Wis?+ W27},
H(C.,”T) = HO(C,T) te Hl(crt) = ‘SHl(CvT)'
Mo(G,7) = Mos(£) = - 26% + 382,
Mo(8) = Mu(§) =0,
Mu(G,7) = Mi(8) = - (Mi¥20)(28>-55*+453-C7),
M(&7) = Mo(§,7) + € My(G1).

4.RESULTS AND CONCLUSION

For Rm = RL = 0, the results are in good agreement
with those obtained by Sharma and Gupta® (for s; = s; = 1
and Bo = 0) and Sharma and Singh® (for s;= s,=1 and
suction parameter = 0).

The variation of the radial velocity with £ for
different values of elastico-viscous parameter 11 = -0.5, -
0.4, -0.3; when cross-viscous parameter 1, =2, My =2, R =
0.5, Rm=0.05, RL=0.049, R, = 2, € =0.02, { =5 at phase
difference t = 2n/3, n/3 and 0 is shown in fig(1), fig(4) and
fig(7) respectively. In all these figures, the behaviour of the
radial velocity is being represented through the
approximate parabolic curve with vertex upward. It is
evident from fig (1) that the radial velocity decreases with
an increase in 11 before the common point of intersection
which is just before the line = 0.5 while it increases with
an increase in 11 after this common point of intersection
and from fig (4) & fig (7), the radial velocity increases with
an increase in 11 before the common point of intersection
and decreases with an increase in t, after this common
point of intersection. The value of the radial velocity is
same approximately in the middle of the gap-length for all
the values of elastico-viscous and phase difference
parameters. In fig (1) the point of maxima of radial velocity
is little beyond the half of the gap-length whenever in
fig(4) it is in the middle of the gap-length and in fig(7) it is
being shifted a little towards the oscillating disc from the
middle of the gap-length.

The variation of the transverse velocity with ¢ for
different values of elastico-viscosity parameter t; = -0.5,
-0.4, -0.3; when cross-viscous parameter o =2, my = 2, R
= 0.5, Rn=0.05 R.=0.049, R, =2, € =0.02, { =5 at
phase difference © = 2n/3, /3 and 0 is shown in fig(2),
fig(5) and fig(8) respectively. In fig (2), the transverse
velocity increases linearly and in fig(5) & fig(8), it
decreases linearly throughout the gap-length. It is also
evident from fig (2) and fig (5) that the transverse velocity
increases with increase in t1 and from fig(8), the transverse
velocity decreases with increase in t; throughout the gap-
length.

The variation of the axial velocity with ¢ for
different values of elastico-viscous parameter t; = -0.5, -
0.4, -0.3; when cross-viscous parameter 1, =2, m; =2, R =
0.5, Rm=0.05, R.=0.049, R, =2, € = 0.02, £ =5 at phase
difference t = 27/3, ©/3 and 0 is shown in fig(3), fig(6) and
fig(9) respectively. In fig(3), the axial velocity increases in
the first half and then decreases in the second half of the
gap-length and forming the bell shape curve with point of
maxima at ¢ = 0.5. It is also evident that the axial velocity

increases with increase in t: throughout the gap-length. In
fig (6) the behaviour of the axial velocity is being
represented through the bell shape curve with point of
maxima at § = 0.5 for 1 = -0.5 & -0.4 whenever point of
minima at £ = 0.5 for 7, = -0.3. It is also evident that the
axial velocity decreases with increase in t1 and values of
the axial velocity remains negative throughout the gap-
length for 1 = -0.3. In fig(9), the behaviour of the axial
velocity is being represented through the bell shape curve
with of minima at £ = 0.5. It is also evident that the axial
velocity decreases with an increase in t; and remains
negative throughout the gap-length.

The variation of the radial velocity with £ for
different values of cross-viscous parameter t, = 30, 20, 6;
when elastico-viscous parameter 13 = -2, m; = 2, R =
0.5Rm=10.05 RL=0.049, R, =2, € =0.02, ¢ = 5 at phase
difference © = 2n/3, /3 and 0 is shown in fig(10), fig(13)
and fig(16) respectively. It is evident from fig (10) and
fig(16) that the radial velocity increases with increase in 1.
before the common point of intersection and it decreases
with an increase in t, after the common point of
intersection while in fig (13), the radial velocity decreases
with increase in t, before the common point of intersection
(lying approximately the middle of the gap-length) and
increases with an increase in 1, after the common point of
intersection. The value of the radial velocity is same
approximately in the middle of the gap-length for all the
values of cross-viscous and phase difference parameters. In
fig (10) the point of maxima of the radial velocity is
approximately in the middle of the gap-length whenever in
fig(13) it is little beyond the half of the gap-length and in
fig(16) it is being shifted a little towards the oscillating disc
from the middle of the gap-length.

The variation of the transverse velocity with ¢ for
different values of cross-viscous parameter t, = 30, 20, 6;
when cross-viscous parameter 1, = -2, m; =2, R = 0.5, Ry
= 0.05 RL.=0.049, R, = 2, € = 0.02, § =5 at phase
difference t = 2n/3, ©/3 and 0 is shown in fig(11), fig(14)
and fig(17) respectively. In fig(11), the transverse velocity
increases linearly and in fig(14) & fig(17), it decreases
linearly throughout the gap-length. It is also evident from
fig(11) & fig(14) that the transverse velocity slightly
increases with increase in 12 in the first half and decreases
with increase in 72 in the second half of the gap-length
whenever in fig(17) the transverse velocity slightly
decreases with increase in 1. in the first half and increases
with increase in 1, in the second half of the gap-length.
Because of their slightly increment or decrement, these
figures are being overlapped.

The variation of the axial velocity with ¢ at
different values of cross-viscous parameter t, = 30, 20, 6;
when elastico-viscous parameter 11 = -2, m; = 2, R = 0.5,
Rm = 0.05, RL = 0.049, R, = 2, € = 0.02, £ = 5, phase
difference T = 2n/3, n/3 and 0 is shown in fig(12), fig(15)
and fig(18) respectively. In above three figures, axial
velocity increases in the first half and then decreases in the
second half throughout the gap-length. It is also evident
from figure (12), the axial velocity decreases with increase
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in 2 and from fig (15) & fig (18) the axial velocity
increases with increase in t,. the behaviour of the axial
velocity is being represented through the normal curve
symmetric about £ = 0.5 line.

The variation of the radial velocity, transverse
velocity and axial velocity with ¢ at different Reynolds
number R =1, 0.5, 0.1; when cross-viscous parameter t, =
10, elastico-viscous parameter t; = -2, my = 2, R = 0.05,
RL=10.049, R, = 2, € = 0.02, & = 5, phase difference t =
n/3 is shown in fig(19), fig(20) and fig(21) respectively. It
is evident from fig (19) that the radial velocity decreases
with an increase in Reynolds number R before the common
point of intersection while increases with an increase in
Reynolds number R after the common point of intersection.
In fig (20), transverse velocity decreases linearly
throughout the gap-length. It is also evident from this
figure that transverse velocity increases with increase in
Reynolds number R. In fig (21), the axial velocity increases
in the first half and decreases in the second half of the gap-
length. It is also evident from this figure that axial velocity
increases with increase in Reynolds number R.

The variation of the radial velocity and transverse
velocity with ¢ at different magnetic field m; = 1, 30, 40;
when cross-viscous parameter 1, = 10, elastico-viscous
parameter t; = -2, Reynolds number R = 0.5, Rn= 0.05, R.
=0.049, R,= 2, € =0.02, § =5, phase difference t = /3 is
shown in fig(22) and fig(23) respectively. It is seen from
this figure that the radial velocity increases with increase in
my upto ¢ = 0.28, then it decreases with increase in m; upto
¢ = 0.75 and then it increases with increase in my upto ¢ =
1.

In fig (23), the transverse velocity decreases
linearly for m; =1, it increases upto £ = 0.28 and decreases
thereafter for m; = 30, 40. it is also seen from this figure
that transverse velocity increases with increase in my.

There is no magnetic field term in axial velocity so
variation of axial velocity at different my is not possible.
The transverse shearing stress on the lower and upper discs
respectively is obtained as ;

(to2) z = 0 = w[-(&/z 0){1/(cosh2A- cos2B)}H (A sinh2A+
Bsin2B).cost +

(A sinh2B - Bsin2A).sint} + (RU/R,) (1/€z o) e{N7'+Ny'-

Ns'}e=0. COST
- (Ng'+N10'-N6") ¢=0.5inT]
and
(tz) 2 = 20 = w[-(2&/z o){l/(cosh2A- cos2B)H(A

sinhA.cosB+ BsinB coshA).cost + (A coshA.sinB —
BsinhA cosB).sint} + (RU/R;)(1/Ez ¢) e{N7'+Ng'-
Ns'}r;:]_. COStT - (N3'+Nlo'-N6’) g:l.Sin‘E].
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