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Abstract
This paper presents a Gauss Legendre quadrature over a unit circle region

{(x,y) / 0<x<1, 0<y<+v1—x2}, are derived using transformation of variables new
Gaussian points and corresponding weights are calculated. The numerical evaluation of the unit
circle domain integrals of any arbitrary functions is illustrated with some numerical examples.
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1. Introduction

The finite element method is essentially a numerical method for the approximate solution of
practical problems arising in engineering and scientific analysis. The advantages of the finite
element technique over other alternatives are more fully appreciated in two dimensional
situations. Surface integrals are used in multiple areas of physics and engineering. In particular,
they are used for Problems involving calculations of mass of a shell, center of mass and moments
of inertia of a shell, fluid flow and mass flow across a surface, electric charge distributed over a
surface, plate bending, plane strain, heat conduction over a plate, and similar problems in other
areas of engineering which are very difficult to analyse using analytical techniques, These
problems can be solved using the finite element method.

From the literature review we may realize that several works in numerical integration using
Gaussian quadrature over triangle region and linear convex quadrilateral region have been
carried out [1-6,12]. The both Gaussian and Szego quadrature formulae depend on the location
of the singularities of the integrand f(z) with respect to the unit circle given in [8-9]

The paper is organized as follows. In Section 2 we will introduce the Gauss Legendre
quadrature formula over unit circle region and In Section 3 we compare the numerical results
with some illustrative examples.

2. Formulation of integrals over a unit circle

The Numerical integration of an arbitrary function f over the unit circle is given by

1= ff, fydcdy = (1 r@nay)ax = (57 fepaday @
Where A is the unit circle { (0,0), (1,0), (0,1) } in the xy - plane

The integral of the egn.(1) can be transformed to r@ — plane. Transformation is

IJERTV21S90441 www.ijert.org 1043



International Journal of Engineering Research & Technology (IJERT)

ISSN: 2278-0181
Vol. 2 Issue 9, September - 2013
b—a b+a

r=(57) ¢+ (%) @
o =(5")n +(5) @
a=0, b=1land a=0, B=xn/2 eqn.(2) and egn.(3) becomes

r=% .0 =M+ Dn/s
Transform the rectangle in to the standard square 1< ¢ ,n < —1. by change of variables it
follows that
X =rcosf = (fzi) cosif(n + 1n/4) 4)
y=rsinf = (szl) sinff{n + D)n/4) (5)
we have

1 (V1—x2 1 (1

I=fy Jy ~ feoy)dxdy = [ [2, f((€,m),y(E,m) ] d§dn (6)

Where J (¢, 1) is the Jacobians of the transformation
% % _ e+
JEmM =13 3l="%
an  0On

From eqn. (6) , we can write as

_ 1l E+1 n+m E+1\ . ((+Dm E+D)n
= f—lf—lf((T)Cos( 4 ) ’ (T)Sm( 4 )) e dédn

n n itn

=Zi=12j=1(g 1-6) wiw; f(x(filnj):J’(Szi:nj)) (7)
Where ¢&; n; are Gaussian points and w;, w; are corresponding weights. We can rewrite eqn.
(7) as
=X~ ar f (o, i) 8
Where a; = (51:61)” ww; (8a)

i 1 e
X = (€T+) cos:.fé(r]]- +1)n/4) , (8b)
i 1 N ]

Vi = (€T+) sm:._fé(r]]- +1)n/4) , (8c)

if k=123-————, ij=123————
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we find out new Gaussian points x;, , y, and weights coefficients a; of various order
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N =5,10,15,20 by using eqn.(8a),(8b) and(8c) and tabulated in Table 1

Table 1. Gaussian Points and weighting coefficient over the region A for N =5

Xk Yk ag
0.04678278193197457 | 0.00345349702889218 | 0.001034081387155891
0.23013914053182605 | 0.01698883232754596 | 0.010276459848115595
0.49864320092023384 | 0.03680975653306203 | 0.026464987076637744
0.76714726130864160 | 0.05663068073857810 | 0.034255616016519705
0.95050361990849350 | 0.07016601603723191 | 0.021009825862875650
0.04386178550298574 | 0.01663427484182355 | 0.002089003109145616
0.21576984525046589 | 0.08182920205630174 | 0.020760026087276687
0.46750920355886550 | 0.17729958992551350 | 0.053463335645804765
0.71924856186726520 | 0.27276997779472530 | 0.069201601782065640
0.89115662161474560 | 0.33796490500920360 | 0.042443072755489704
0.03317043357436901 | 0.03317043357436901 | 0.002482949164761447
0.16317574027498855 | 0.16317574027498850 | 0.024674970184659700
0.35355339060000000 | 0.35355339060000000 | 0.063545498810389080
0.54393104091155890 | 0.54393104091155890 | 0.082251701106949830
0.67393634761217880 | 0.67393634761217880 | 0.050447024988514070
0.01663427484182356 | 0.04386178550298574 | 0.002089003109145616
0.08182920205630176 | 0.21576984525046589 | 0.020760026087276687
0.17729958992551353 | 0.46750920355886550 | 0.053463335645804765
0.27276997779472534 | 0.71924856186726520 | 0.069201601782065640
0.33796490500920370 | 0.89115662161474560 | 0.042443072755489704
0.00345349702889215 | 0.04678278193197457 | 0.001034081387155891
0.01698883232754580 | 0.23013914053182605 | 0.010276459848115595
0.03680975653306168 | 0.49864320092023384 | 0.026464987076637744
0.05663068073857757 | 0.76714726130864160 | 0.034255616016519705
0.07016601603723124 | 0.95050361990849350 | 0.021009825862875650
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3. Numerical results

Exact value Order Computed value

id gy N=5 | 0.1657006169130470

0[] =dydx = 0.1666666667 N=10 | 0.1665461244505496

° 0 yl-y N=15 | 0.1665743377735694

N=20 | 0.1666497582248984

e N=5 | 0.5443959985924995

2) | | ————5dydx = 0.5443965226 N=10 | 0.5447587157947142

0 o 1exT+y N=15 | 0.5445440217870158

N=20 | 0.5443965510242446

e N=5 | 0.4339594454705387

3) | [ e sin(x+y)dydx =0.4339584397 N=10 |0.4355817866124337
0 0

N=15 | 0.4336350226254936
N=20 | 0.4339585168822540
— N=5 0.523598773172042
VX +y“dydx = 0.5235987756 N=10 | 0.526152432804568
N=15 | 0.523273240355146
N=20 | 0.523598898977512
Syt gy N=5 0.176121028788965
1oy dydx = 0.1761129344 N=10 | 0.177904823327757
N=15 | 0.176094429817746

N=20 |0.176112985432682

1-y? . - N=5 0.093765742603105
A X° + ¥y sin(10x)dydx = 0.08799717224 N=10 0.082329251719011
N=15 0.088395981414517
N=20 0.087997185681533

9]

4. Conclusions

In this paper we have derived Gauss Legendre quadrature method for calculating integral over
a unit circle region {(x, y) /0<x<1 0<y<+vV1-x? } new Gaussian points and its
weights are calculated of various order N = 5, 10,15,20. We have then evaluate the typical

integrals governed by the proposed method. The results obtained are in excellent agreement with
the exact value
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