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ABSTRACT

Canonical polynomials play a remarkable roles in Lanczos’ Recursive
formulation of the tau method. Meanwhile, their construction are done
for individual cases, and the problems of indeterminate ones are most of
the time overwhelming, if not impossible for overdetermined cases. In this
paper, we shall present a derived formula for a general class of m-th order
overdetermined ODEs. As their derivatives are of equal level of imporatnce,
a general formula for that is also reported in this paper. The principle
of mathematical induction is employed to establish the validity of the two
formulae.
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1.0 INTRODUCTION

Ortiz [8] gave a step-by-step account of Lanczos [6] Tau method and
its applications in solving both initial value problems (IVPs) and boundary
value problems (BVPs). The essential of the Tau method (Lanczos [6] and
Ortiz [8]) is to perturb the given differential problem in such a way that its
exact solution becomes a polynomial. To achieve this, a polynomial pertur-
bation term is added to the right hand side of the differential equation. The
derived Tau approximation is written in terms of a special polynomial ba-
sis, uniquely associated with the given differential operator L (see Ortiz [8])
which defines the given problem. Such basis does not depend on the degree
of approximation. The order of the approximation can be increased by just
adding one or more canonical polynomials to those already generated and
updating the coefficients affecting them.

2.0 PROBLEM STATEMENT AND METHODOLOGY

In this paper, we intend to obtain a general formula for the canonical
polynomials and the derivatives of such polynomials for overdetermined m-
th order initial value problems (IVPs)

m F
Ly(x) :== Z {Z Pz } (x) = Zfrxr (2.1a)
r=0 r=0
m F
Ly(z) ==Y {Z P } ()=> fra" (2.1a)
r=0 (k=0 r=0
m—1
y(zrk) Ak fUrk = ay, E=1(1)m (2.1b)
r=0

where N,., F' are given non-negative integers and a,r, ,x, k, fr, Prr are
given real numbers by seeking an approximant

n
= Zarxr, n < 400 (2.2)
r=0

which is the exact solution of the corresponding perturbed problem

Lyn(z Z fra” + Hy( (2.3a)

L*yn(xrk) =ag, k= 1(1)m (2'3b)
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where

m+s—1

Hy(z) = Z Tmts—r Ln—m+r+1(Z) (2.4)
r=0

is the perturbation term. The parameters 7., r = 1(1)m + s, are to be
determined,

20 —a— S
T,(x) = Cos [7“003_1 {mb—aabH C,g )2k (2.5)
=0

o

is the Chebyshev polynomial valid in the interval [a, b] (assuming that (2.1)
is defined in this interval) and

s=max{N, —r |0 <r<m} (2.6)

2.1 THE GENERALIZED CANONICAL POLYNOMIAL FOR
OVERDETERMINED m —th ORDER ODEs

The canonical polynomials for the initial value problems (2.1) will be ob-
tained in this section for cases m = 1, 2,3 and 4 before the general formula is
obtained. Since we shall be considering overdetermined cases, the formulae
for s = 1,2 and 3 will be presented before that of general s (s is the number
of overdetermination).

Casem=1,s=1

F
(Poo + Pogx)y(z) + (Pro+ Praz + Prax®) o/ (z) = Z fra", F <n (2.7)
r=0

d
L= (Pio+Paz+ P1,2£U2) T + (Poo + Poix)

La" = (Pig+ Pz + Prax®) "t + (Poo + Pojz) 2"

La" =rPy oz ! + (rPii+ Pyo)z" + (rPia+ Poq) a
La" = rPgLQr—1(x) + (rPr1 + Poo) LQy(z) + (rPi2 + Po1) LQry1(x)
La" = L(rP1oQr—1(x) + (rPig+ Pop) Qr(z) + (rPi2 + Po1) Qry1(z))

Due to the existence of L™! as a result of linearity of L,

2" =rPoQr_1(x) + (rPr1+ Poo) Qr(x) + (rPr2+ Po1) Qry1(x)
From where Q,41(z) is obtained as

a" —rP1oQr1(x) — (rPy1 + Poo) Qr()
rPio+ Py ’

Qry1(x) = r>0 (2.8)
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when r = 0,
1 Py

Qi1(z) = H,l - m@o(m)
r=1,
x P14+ FPopo
Qa(z) = -
Po+ Py FPoi(Pi2+ FPoy)
Poo(Pig+ Poo) — FPoiPip Qo(x)
Po1(Pia+ Poq)
r =2,
Qs(x) z? 2P 1+ Py
x) = — x
’ 2P o+ Po1  (Pia+ FPoa1)(2Pia+ Poa)
(2P11 + Pop) (P + Pop) — Pro(Pi2+ Po)
Po1(Pia+Po1)(2Pi2+ Poq)
R0 (2Pia+ Poo) (Pra+ Poo) — PoaPro (2P + PO’())Ql(:v)
Poi(Pi2+Poq1)(2Pia+ Poa)
PioF
SR V1< TS

Po1(2Pi2+ Po)

Casem=2,s=1
(Po0 + Po1z + Pooa® + Pa3a®) y' (z) + (Pro + Praz + Prga®) y/ (2)

r=0
+ (Poo + Poiz) y(x) = Z fra” (2.9)
F

Following the same procedure as in the case m = 1, we have

2" —r(r—1)PyoQr_a(x) — [r(r—1)Pa1 +7P10]Qr—1(x)
r (7“ — 1) P273 + T'PLQ + P071
B [T‘ (T‘ — 1) Pyo+1rPiq+ P070]Q7~(l')

r (7“ — 1) Pg,g + TPLQ + PO,l

QT+1 ($> =

>0 (2.10)
Casem=3,s=1

* (PQ’O + Rzt P272x2 + P2,3553) y"(z) + (P170 + Praz+ P1,2962) y ()

r=0
+ (Poo+ Pogz)y(z) = > fra (2.11)
F
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The Q,+1(z) for this case is obtained as

Qv (z) = " —[r(r—1)(r—2)P30]Qr—3(x)
r+l Por1+rPio+r(r—1)Pys+r(r—1)(r—2) P34
B r(r—1)(r—2)P31+7r(r—1)PplQr—2(x)
Poi+rPio+r(r—1)Pas+r(r—1)(r—2)Ps4
Crr=1)(r=2)Pso+r(r—1)P +rPiolQr-1(z)
Poa+rPia+r(r—1)Pes+r(r—1)(r—2)Psy4
B [7“ (7“ — 1) (7“ — 2) P3,3 +7r (’l“ — 1) P272 — ’I“P1,1 — PO,U]QT(.CL‘)
Po1+rPio+r(r—1)Pys+r(r—1)(r—2)Ps4

(2.12)

Studying the pattern of @Q,1(x) for m = 1, 2, and 3 above, we arrived at
general formula for case s =1 as:

xr__§:Z¥1<§:i?kj!6)fydfk>(gT*de
> o K () Pkt
LN 11SA Y 2Ny ,
ij:o] (]Z JJQ (‘T)’r Z 0 (213)
ko k! (k)PkJH‘l

Now for s = 2 cases, Q4+2(z) we obtained:

Qr-‘rl (JU) =

DV <Z§‘n:k 7' Pj,j—k) Qr—1(2)
> ko k! (12) Pl 1
- lec:O (Z;nzo j! (;) PjJ—l) Qr41(z)
ko B! (3) Pr1

We equally obtained for case s = 3:

2" = Y0 (St () Pris ) Qrrl@)
reo K1 () Pe s
~ im0 (E}n:o 3'(5) Pj,j+2) Qr+2()
21:0 k!(lZ)Pk,k-&-Q

Continuing with these process, we derived for case m = m and s = s the
general canonical polynomial

o = S0 (S ) Pk ) Qo)
ZZLZO k! (Z) Pk,kJrs
= Y06 (X703 () Prgsr ) Qren(@)

ZL:O k! (12) P s

Qr+2 (.%') =

>0 (2.14)

QH—S (JU) =

>0 (2.15)

Qr—i-s («T) =

>0 (2.16)
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THEOREM

Let m be the order of the ODE (1.1) and let s be the number of overdeter-
minations, then the canonical polynomial associated with the DE is

DY (E;n:k]'(;) Pj,j#c) Qr—k(x)

Qr s\T) = m r
M ( ) Zk:O k!(k)Pk’»kJrS
o0 (S0 ) i) Qrente)
SRR, 20 B
PROOF:

We shall employ the principles of mathematical induction over the summa-
tion variables m and s to establish the validity of (2.17).This will be achieved
by varying one of these variables at a time while the other is fixed. Firstly,
let s be fixed at one in (2.17) so that

D Dy (Z;ﬂ:k 3'(5) Pj,j—k) Qr—k()
Z?:o k! (l:) P k41
S (316) Prgsr ) @r(@)

— - = ,7>0 (2.18)
k=0 k!(k)kak'i'l

We use induction on m for fixed s = 1. We shall show that the formula
(2.18) holds for m = 1:

QT+1 ($> =

2 = Yher (SJoi 216) Pik) Qe ()

Qry1(z) = Z}C:O k'(;) Py k41
Z}:O <]|(;)Pj73+k> Qr+k($) >0 2.19
B SR T ST -
Qri1(x) = a" —rPoQr-1(z) — (Poo +1P11) Qr(x) (2.20)

Poy1+7Prio

which is the same as Q,+1(x) in (2.13). Hence the formula (2.17) is true for
m = 1. Now assume that (1.2) is true for m = n. Thus (2.17) becomes

DY <Z?:k]'(;) Pj,j#c) Qr—i(x)
> h—o k! () Pris1
50 (316) Prs) Qrl@)

- >0 2.21)
> o k! (3) Pr et (

Qry1(z) =

www.ijert.org

ISSN: 2278-0181
Vol. 1 Issue 6, August - 2012



International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 1 Issue 6, August - 2012

We now show that the formula (2.17) holds for m =n + 1.
From our construction of Q,41(x) in (2.18) for m =1 up to m =n+ 1, we
have

2" = St (S5 () i) Qe-i(2)
> i—o K1 (h) Prps1 + Pogimga (n+1)1(,5)
(Pn+1 n—k+1 (n +1)! (n+1)) Qr—k(x)
> i—0 K1 (5) Prps1 + Povimga (n+1)1(,0)
570 (316) Pis) Qu(a) + Parnsn (04 D1(,5,) Q)

_ Zk Ok'( )Pk; k+1 + Pn+1 n+2 (n + 1) ( ) (222)

Qri1(z) =

" = (Shes (S5 d Q) Py )
St k() Pre
(Posiner (4 DY) ) Qrila)
St o KU(3) Pekn
— (200 (1O Pig ) + P (0 +1)1(,7) ) @u)
St B () Prer

QT‘+1 (.7}) =

(2.23)

Dk, <Z?+1ij (T)Pj,jfk> Qr—r(x)
Sitok k! (},) Pr ket

n+1
P (1-(> 1) Q) -
S0 KN Prga

Thus, (2.17) holds for m = n + 1 and hence, from the above steps, for all
positive integral values of m.
Next, we assume that (2.17) holds for s = n, that is

Qr-i-l (JU) =

2" = Sy (S 3G P k) @ror(a)
Zn:o k!(r)PkJﬁLn
Sih (z;“ 0 (ﬂ(?“) Pijir)) Qriu(a)

_ T (2.25)

Qrin (m) =
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International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 1 Issue 6, August - 2012

and then show that it holds for s = n + 1, that is

2" =3 i (Z;n:kj'(;) Pj,j—k> Qr—k(2)
>0 (B1(R) Prgst + KL () Prognt1)
(528 (im0 (110) Prgie) ) Qrin(@)) Qrania(@)
Do (K1) Prjer1 + K () Progetnt)
(ZT:O j!(;)Pjvj+n+1) Qrint1(z)

Qriny1(x) =

i (B Pegr + k() Pokanin) (2.26)
Q (2) = "~ i (Z?:kj!(g)Pj,j—k) Qr—rk ()
T ZL:O k'(i) P kt+n+1
B > k=0 (Z}nzo (j!(g)Pj,j—Fk)) Qrik(x) .

oo k' (3) Prognat

Thus, (2.17) holds for all m and s.
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3.0 THE n — th DERIVATIVES OF THE CANONICAL
POLYNOMIALS OF m —th ORDER OVERDETERMINED
ORDINARY DIFFERENTIAL EQUATIONS ODES

The n — th derivatives of the canonical polynomials presented in section 2
above are presented in this section. This is achieved by first obtaining the
derivatives for individual cases and from that, now seek the general n — th
derivatives for all cases. As in the previous sections, m shall be the order
of the differential equation, s the number of overdetermination and n, the
order of the derivatives.

Casem=1,s=1,n=1

/ ra”t — ’I“Pl,()Q;,_l(iL') — (Poo+rPria) Q. (z)

_ > 1
QrJrl(:C) PO,l n ’I“P172 , T = 0 (3 )

Casem=1,s=1,n=2

" r(r—1)a"2 —rPoQ,_i(x) — (Poo +rPr1) Q. (2)
Qr—i-l(x) = T >0
Po1+1rPio
(3.2)

Casem=1,s=1,n=3
" r(r—1)(r—=2)z" 3 —rP " (x) — (Pog + 1P "z
Q" (@) = (r—1)(r—2) 1,0Q,—1 (%) — (Poo 11) @ ( >,r20
P0,1+TP172
(3.3)

If we continue with this process, we shall have for case n = n,
Casem=1,s=1,n=n

n!(1)a"" —rPoQr_ (z) — (Pop 4 rPu1) Q) (x)

n(p) — >0
r+1 (.%') 13071 T TP1’2 r =

(3.4)

Following the same procedure, we shall obtain the following results for the
specific cases.
Casem=1,s=2,n=n

n! (;) " — 1P Q) (x)

n —_
r2(@) = Pyo+ 1P
Poo+1P11) QF(x) — (Poy +rPr2) Q)
B (FPoo +7P11) QF () — (Pog +rP12) Q74 (2) >0 (3.5)
Pyo+1rP3
Casem=1,s=3,n=n
" () = n!(;)x“" —rP Q) (x)
T3\ T Py3+1rPiy
_ (P070 + TPLI) Q?(l’) — (P0,2 + TPL?)) Q?—&-l(x) > 0 (36)
Poz+1P1y
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So that the first derivative for the case m = m and s = s is
L ¥ (S0 3G Pisr) @ _y(@)
€T pry
e ZL:O k! (2) P kv
—1 . ’
S0 X (316) Pin) Q@)

— - 3.7
o ! (k) P s (37)
The second derivative:
. r(r—1) a2 — ZZ’:l Zm:kj!(r)Pj,jfk Q:—k($)
Qryslz) = (Zi ) 1)
i (S50 21G) Prasr) @) yi(a) .

o %! (1) Pr s
The third derivative:

"

IR L L > (S5 d () i) Q) (@)
S o () P

o (S0 d1() Prer) Qale)

ST () P 39
Thus, the n — th derivative is obtained as
oy = " Nl (7 () Prr) Q@)
e o K1 () Prers
s (Z}n:oﬂ(;) Pj,j+k> in)k(x)
— ?:0 i (Z) Porss (3.10)
THEOREM

If the generalized canonical polynomials associated with m—th order overde-
termined ODE is given as

2" = S0 (73 () Pk ) @r(@)
ZZLO k! (2) P+
10 (701 Prger) Qrin(a)

- 0 >0 (3.11)
> ko ! (k) P gy s

Qris(z) =
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Then its n — th derivative is

nl(D)a" " = Sy (S 3 () Pryx) QU (o)

QY (x) = ) P,
s (Z;‘n:oﬂ(;) Pj,j+k> in)k(x)
. ok () P 12
PROOF

We shall employ here again the principle of mathematical induction over the
summation variables m and s to establish the validity of (3.12). We shall
vary one of these variables at a time while the other is fixed.

Firstly, let us fix s at one in (3.12) so that

n'(;) " =3 (E;n:kj'(g) Pj,j7k> Qi@k(gj)
Z;cnzo k!(l:)Pth
> im0 (j (%) Pj,j+k> Q" (x)

_ 3.13
i KU (3) Prer1 (8.13)

We use induction on m for s = 1. We shall show that the formula holds for
m = 1;

Q™ (z) =

w3 = Yy (X0 () Pigr) Q@)

()
Qr—i—l(x) legzo k'(;)PkJH_l
R (j \(5) P j,j+k> Qi (@) 10
S ko K () Projest '
@) = T PR @)~ (P RO Q)

Py1+7rPio

which is the same as Q,41(z) in (3.4). Hence the formula (3.13) is true for
m=1.
Now assume that is true for m = ¢. Thus (3.13) becomes

nl(p)ar " = iy (S0 () Prgr) Q@)
> h—o *! (1) Prp1
0 (ﬂ ()P j,j+k) QY (@)

_ 3.16
TR P (316)

Q1(a7jr)1 (z) =

www.ijert.org 11
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We now show that the formula (3.13) holds fpr m = ¢ + 1.
From our construction of @', (x) in (3.4) for m = 1 up to m = ¢ + 1, we
have

Q™) () — ()" = ( k=1 ( ik j!(r)P}j—k) @ k(x)>
! feo K1) Pt + Povigro (@ + D)

((Pq+17q k+1 (g + 1)) Q7 (= ))
Zk 0 k'( )Pk k+1 + Pq+1,q+2 (q + 1) (q+1)

o (116) PraQr @) + (Posig (a+ DY, 1) ) @)
Lo k! ( )Pk ki1 + Pyrigi2 (@ + 1)) (q+1)

(3.17)

”!(Z)ﬁ_n_( z—1< j= kj Pjj—k )
k Ok ( )Pk k+1 JrPq+1,q+2 (qJF 1)'(;{-1)
(Pyt1,g-k+1 (@ + 1)) Q7 (2)
Zk 0 K1 (5) Pejerr + Potgr2 (Q+ )'(q+1)
< JO<‘() Py Q7 (x) + (q+1,q+1 q+1)! q+1>>

_ 3.18
D obeo KH(Ge) Pt + Pyragra (g + DI(0) (3.18)

Q™ (x) =

n(p)ar " = I (S ) Pigr) Q@)
S KN} P
S (116)P) @ @)
SR (E) Prst

Thus (3.12) holds for m = ¢ + 1 and hence, from the steps above, for all
integral values of m.
Next we assume that (3.12) holds for s=g, that is

QM (z) =

(3.19)

vy e = S (SR () Prk) Q)
- k0 B (1) P
10 (370 (310 Prger) QU (@)

_ 3.20
D heo k! (1:) Py k41 ( )

www.ijert.org 12
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and the show that it holds for s = ¢ + 1, that is,

. QO (S5 1) Pr-r) Q@)

Qrpgi1(®) = o k' (3) Pret-g+1
o (B i
S0 kN3 Prokrgrt

Now, by our construction of QT g (),

(n) n'(r) T_H—ZZL1(ZTM'() 7= k) Q(n)( )

st = TS @) s + B () Pl r)
(T (S 16) i) Qi)
2 ko ( ( )PkkH +k'( )Pkk+q+1)
((ijoj'(')Pjﬁqurl) Q£’+)q+1($))
>kt (BN() Prsr + KL (L) Proggr1)

. (s - T (St Q) Pk ) Q4 ()

Qoprir(@) = ro k! () Prkrqr
B Zk:o (ijoj-(j)Pj,jJrk) in)k(ib)

ko K () Prrat1

Thus, (3.12) holds for all m and s.
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(3.21)

(3.22)

(3.23)
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CONCLUSION

The derivation of a general formula for the canonical polynomials asso-
ciated with m-th order overdetermined linear ODE together with its associ-
ated n-th order derivative has been presented.

The recursive nature of the formulae makes for easy determination of
particular cases for which m will be specified. The fact that the determi-
nation of canonical pollynomials is independent of the boundary conditions
makes it attractive in the Tau approximation problem to the solution of
ODEs, and when Tau approximations of higher degrees are needed, the pro-
cess of their determination does not begin from scratch.

The polynomial reported above will, in the subsequent work, be incor-

porated into the Tau method for purpose of generalizing the recursive for-
mulation of the Tau method itself.
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