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Abstract: This paper is devoted for the analytic study of two dimensional generalized half
canonical cosine transform and some properties of two dimensional half canonical cosine

transform.
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Introduction: Integral transforms had provided a well establish and valuable method for solving
problems in several areas of both Physics and Applied Mathematics. This method proved to be of
great importance, in the initial and final value problems for partial differential equations. Due to
wide spread applicability of this method for partial differential equations involving distributional
boundary conditions, many of the integral transforms are extended to generalized functions.

In the past decade, FRFT has attracted much attention of the signal processing
community. As the generalization of FT, the relevant theory has been developed including
uncertainty principle, sampling theory, convolution theorem. However, FRFT can be further
generalized to obtain the linear canonical transform LCT [3]. In fact LCT is not only the
generalization of the FRFT, but also the generalization of the many other integral transforms,
like Fresnel transform, Chirp transform etc. Later on numbers of integral transforms are extended
in its fractional domain. For examples Almeida [2] had studied fractional Fourier transform,
Akay [1] developed fractional Mellin transform, A. S. Gudadhe, A.V. Joshi [4], On Generalized
Half Canonical Cosine Transform.

This paper emphasizes defining two dimensional half canonical cosine transform, and
deriving its inversion theorem, then some properties of the two dimensional half canonical cosine
transform are discussed and finally conclusions are given.

1. Testing Function Space E:

An infinitely differentiable complex valued function ¢ on R" belongs to E(R"), if for each

compact set, | — S where Sa —{t:teR", t|<a,a >0} and for k eR",

e IO =, [D'90)] <o

Note that space E is complete and a Frechet space, let E’ denotes the dual space of E.
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2. Two Dimensional Half Canonical Cosine Transform:

2.1 Definition:
The two dimensional generalized Half Canonical Cosine Transform f € E‘(R") can be

defined by, {HCCT f (t, 2)} (s, u) = < f(t), K yc1 (t, S) K yez2 (z, u) > where,
i[dJsz i(ajtz.
K C (t,S)=,/i_~e2 b -e2 b cos(ftj , whenb=0 and
1 7ib b
7(cds j
=/d.e2 5(t—ds) . whenb=0
- S
- |42 g2\b) | S
KHCZ(Z‘U)_ —b e e cos(sz , whenb=0 and
f(cdu j
=Jd.e2 5(z-du) . whenb=0

Hence the two dimensional generalized half canonical cosine transform of #€ E‘R") can be
defined by,

{ HCCTf(t,z) }(s,u) = \/7 \/7 ! Telm e? (bj cos{%t} cos(b j f(t,z) dtdz

The two dimensional generalized half canonical cosine transform.
2.1.1 Inversion theorem for two dimensional Half Canonical Cosine Transform:

If {HCCT f(t,z)}(s,u) two dimensional half canonical cosine transform of f(t ,z) is

Gven bY. { cetr() K- |2 [ 2ot et et el cof 2t|-cof 2102 e
then LI 1 Pt i et e S u
f(t,z):\/;\/;-e e ”e e co{btjco{sz {HCCT f(t,2)} (s,u) dsdu
00

Proof: The two dimensional half canonical cosine transform of f(t, z) is given by

{ HCCTf (t,2) ¥s,u) = \F \F g I %E ¢ lo)” {Zt).co{‘;zj.f(t,z) dtdz
i(d)g2 P(d)2 @ Pfa)2 Qfa).
Frce (S,U) = /7:b /7:b eE[Ejs ez(b] !{ez(b] eZ[bj cos(;tjcos(ﬁzj f(t,z)dt.dz
Ficc (S,U )\/7\/7 el 2w :IIeQ(ZJ‘Ze;(Z]ZZ Co{ztj Co{b j f(t, z)dtdz
I S u
=B, (s,u) =” ol(t, z)~co{btjco{b z)dtdz
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Where' B]_ (S, U) — FHCC (S, u)@@.e;[sjsze;(i)uz and g(t, Z) — e%[gjtz e%(%}ltz ' f (t, Z).

B,(s,u) = ﬁ g(t, 2) -cos(%t) cos%J z)dtdz = TT g(t,z)-cos(t)cosfz) dndy.

(%):77 and (%j=w:dn=%ds and dz//=%du
where,

By using inverse formula, g, 2) = TT B, (5,u)-cos(zt) cos@z) dndy
00

eli(%]tz e%[gjzz -f(t,2) =TTBl(s,u)@ﬁe_;[bjsze_;(b]uz -cos(.t) cosyz) dndy

a i(d i(d

f(t,z)=e7%(3]tze I2[Z]ZZTTFHCCC (s,u) 7212b 7212b efi[gjsz e?[gjuz cos(yt)cos(yz) dndy.
00

() _ifa)emm o (o iAo _1(d)
f(t,Z):e_Z(bjt ° Z(bj '(['([ m?b@e Z[bJ 3 Z(b) FHCC(S’U)CO{%'[)CO{%Z)%ds%du.

f(t,2) =\/Z\/i-e_;@tz e_é(gjzz T'Te_;["JSQe_;[bjuz co{;t)co{z z) {HCCT f(t, z)}(s,u) dsdu

3. Property of two dimensional half canonical cosine transform.

3.1.1 Linearity property of two dimensional half canonical cosine transform:

If P, ,P, are constants and {HCCT fi(t ,2)}(s, u), {HCCT fo(t ,2)}(s, u) denotes
generalized two dimensional half canonical cosines transform of fi(t, z) , fa(t, z) respectively then
{HCCT (P, f,(t,2) + P, f,(t,2)) }(s,u) = P, {HCCT f(t,z)}(s,u)+P, {HCCT f(t,z)}(s,u)

3.1.2 Shifting property of two dimensional half canonical cosine transform:

If {HCCT f(t,z)}(s,u) denotes generalized two dimensional half canonical cosine

transform, then,

a

{HCCT [ (t - p, 2 - Q)]}6,U) = e%[%](pw[”{ﬁ ij{ij{HCCTf (x, y)e.[gjwq’ }@' u)- is‘”[ﬁ Pj”{ij{ms"” (x, y)eim(xpw }(S,u)

i co{% pjsin(% qj{HCCSTf x y)ei[EJ“MQ) }(s, u)— sin[% pjsin(% qJ{HCSTf (x, y)ei[E]“"”q’ }(s, Wil
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3.1.3 Scaling property of two dimensional half canonical cosine transform:
If {HCCT f(t)}(s) denotes generalized two dimensional half canonical cosine transform,

then,
e[l‘ikj%[%)sz e[l'ikz]é[%juz [HCCT { f(, z)e[%_l]%[b%]tz e[kil}g[m} H( B

{HCCT [f (k;t, k,2)]}(s,u) = . bk, " bk,

Proof: We have,

{HCCT f(klt,kzz)}(s,u)=\/z \/Z eé(g)sz eé[gjuzﬁeé(atzeé(gjzz co{;tho{b J f (k.t, k,2)dtdz

Putting, k=T :»dt:kidT, k,z=2 :»dz:kidz

1 2

{HCCT F(kyt kM5, ) = = 2e;(f’j“em“zﬁeém 7 cod 5 1) ood 27 )12y T 2
s 7ib \ 7 ,J bk, bkz k, k,

sz 1[1]52 1(gjuz ,[L] 2
/ f bk1 ez bk, e2lb) g 2{ bl e

TTe;[th " I[M)Tzel[bil]Tz e;[t;zzjzze_;[kﬂi}zze;[t;z]zz Co{bikl-r].co{iz} £(T, Z)d_Td_Z

bk, k, k,

{HCCT [f(k,t,k,2)]}s,u) =

kK, bk, bk,

L f ) [ [HCCT { N - U C £ H(s U

4. Parseval’s Identity for two dimensional half canonical cosine transforms:
If f(t, z) and g(t, z) are the inversion canonical two dimensional half cosine transform of
Faoprcce(S, u) and Gapucc(S, U) respectively, then

(1) II f(t,2).9(t 2) dtdz = ’jII Frice (5,U)G oc (5, u) dsdu and

(2) Tiﬁf(t,l) ‘ dtdz:ﬂiTT‘FHcc(snu) \stdu
00 449

Proof: By definition of two dimensional HCCT

wE T I 2 b & S
{HCCT g(t, z)}(s,u) = \F\F J Je {btjco{b ) g(t, z) dt.dz B

(4.1.1)
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Using the inversion formula

O A0 1A o2 o
g(t.2)= \F\F He e Co{btjco{bszHCC(s,u)dsdu

Taking complex conjugate we get

e i o
2\ Z 2 2 S U V=

g(t,z) =, |—— o ‘/ o © Mez (b] co{gtjco{gzj G (S,U) dsdu

II f(t,2).0(t,z) dtdz = II f (t’z)dtdz[\/f\/fez b tz eiz b ZZ IIe;(bjsze;(bjuz CO{;t]CO{EZj Gpicc (5,u) dsdu}

Changing the order of integration, we get,

sz(t,z).m dtdz = FFJIGHCC(S u) dsdu \/—\/—[\/7\/7 Z Ize; JSze%(%]uz co{thco{b )f(t z)dtdzJ

2 0 ®

II f(t, z).m dtdz = %!_([GHCC (s,u) .F e (s,u)dsdu

00 00 2 0w
IIfal)gal)dwz=??jjﬁmc@¢06mx(&u)dxw
00 00

Hence proved
(it) Putting f(t,z) = g(t,z) in equation (4.1.2), we get

|

2

2 o0
If(t,2) | dtdz:%.[.ﬂFHCC (s,u) |*dsdu
00

ot—38

Table for two dimensional half canonical cosine transform

f(t, z) Frcer(s, U)

P {HCCT f(t,2)}(s,u)+P, {HCCT f(t,z)}(s,u)
{RAt2) + P, (t 2)(s,u)

(HeCTITt-pz-ql}6w cos(E pjcos(E q] HCCTf (x, y)el“ﬂ(xwm (s,u)—isin[E p] cos{E q) HCSCTf (x, y)e‘lg}(xpim) (s,u)
Yol AP b b b
e2b)

—i co{% p)sin[;q]{HCCSTf (X, y)el[ﬂ(xwm }(s, u) —sin[% pjsin(;q}[HCSTf (%, y)el[EJ(xwm }(s, u)

kik, bk, bk,

(ORI | 1 oo [ ke [ {m S () H( o

Conclusion: In this paper, brief introduction of the generalized two dimensional half canonical
cosine transform is given and Inversion theorem for two dimensional half canonical cosine
transform proved. Properties of two dimensional half canonical cosine transform are also
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obtained which will be useful in solving differential equations occurring in signal processing and
many other branches of engineering.

References:

[1] Akay O. and Bertels, (1998): Fractional Mellin Transformation: An extension of fractional
frequency concept for scale, 8th IEEE, Dig. Sign. Proc. Workshop, Bryce Canyan, Utah.

[2] Almeida, L.B., (1994): The fractional Fourier Transform and time- frequency
representations, IEEE. Trans. on Sign. Proc., Vol. 42, No.11, 3084-3091.

[3] Bhosale B.N., Choudhary M.S. (2002): Fractional Fourier transform of distributions of
compact support, Bull. Cal. Math. Soc., Vol. 94, No.5, 349-358.

[4] Gudadhe A. S., Joshi A.V.(2013): On Generalized Half Canonical Cosine Transform, IOSR-
JM Volume X, Issue X.

www.ijert.org 6



