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Abstract
This paper consist of the inverse thermoelastic

problem of heat conduction with internal heat
generation for the determination of unknown
temperature, displacement and stress function by
using finite Hankel transform and Finite fourier
cosine integral transform. The results are obtained in
the form of infinite series.
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1. Introduction

Nowacki, W. investigated the state of stress in a thick
circular plate due to a temperature field. Noda etc
determined the thermal stesses in circular
plate.Recently N.W.Khobragade and Hamna parveen
investigated the thermal stresses of thick circular
plate due to heat generation. N.L.Khobragade and
K.C.Deshmukh determined thermal deformation in a
thin circualr plate due to partially distributed heat
supply.Gaikwad and Ghadle determined an inverse
quasi-static thermoelastic problem in a circular plate
using the Hankel transform technique. The result are
obtained in series form in terms of Bessel’s function.

2. Statement of the problem

Consider a thin circular plate of thickness h
occupying the space

D:0<r<a,0<z<h. The differential equation
governing the displacement function U(r, z) as

a%u | 10U

sz t-5-=0+v)aT (1)
WithU =0atr=0andr =a

v and a, are the Poissio’s ratio and the linear
coefficient of the thermal expansion of the material
of the disc respectively and T(r, z) is the temperature
of the disc satisfying the differential equation
92T | 10T | 82 T+g(rzt) 10T
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Where k and a thermal conductivity and thermal
diffusivity of the material of the disc subject to the
initial conditions

T(r,z,0) =T, (3)
The boundary conditions and interior condition are
[0T (r,2,t)] _

e F (zt) (4)
TE2 =R (1) (5)
L Jr 1=

[0T (r,2,t)] _

o o T F3 (r,t) (6)
75| = f & DiKknown) 7)

[T(r,z, t)]Z —n =G(r,ht) (Unknown) (8)
The stress functions o,,. and gy, are given by

19U

Oy = —ZM;; (9)
92U

Ogg = —2,[1_ (10)

Where u is the Lame’s constant, while each of stress
function a,., , 0,,, gy, are zero within the plate in the
plane state of stress.

The equations (1) to (10) constitute the mathematical
formulation of the problem under consideration.

3. Solution of the problem

If f(x) satisfies Dirchlet’s condition in the interval
(0,a) then its finite Hankel transform in that range is
defined to be

fa@a) = fg xf (oA x)dx (12)
Where A, is the root of the transcendental equation ,
Ja(Aqa) =0 (12)

Then at any point of (0,a) at which the function f(x)
is continuous
]|(7\ X)

Where the sum is taken over aII the positive roots of
the equation (12),
An operational property is given by,
10T of of
Hl[ ;ar] ~ [—Ha- 1{ }+Hl+1{ 3
(14)
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If f(z) satisfies Dirichelet’s condition in the interval
(0,h) and if for that range its finite Fourier Cosine
transform is defined to be

fo(m) = fohf(z)cosmhﬂdz (15)

Then at each point (0,h) at which f(z) is continuous,
Inverse finite Fourier Cosine transform is given by

f@ =L 425w fm)cos™  (16)

Applying finite Hankel transform again finite cosine
transform and then their inverses stated in (11) to
(16), to equations (2) to (8) ones obtain

2 2 2 2
4 . o a—z—t a—z—t
T = a2_€22n=1 Zm=1[ ¢ fe ¢dt
cosmmnz Ja(riy)
+ Ty - [ ¢pdt] T X TR (17)
m2n2 mznz
4 . © —a—5—t a——t
G = manl Ym=ile & [e & ¢dt
cosmm h Ja(rin)
+ Ty - [ ¢dt] ; THRCTRYE (18)
Where , ¢ = 06[ [—Hp_1{F1} + Ha41{F,}]

—x

m£x g_
D = B+ ]

and, f* denotes the finite cosine transform of f and £
denotes the finite Hankel transform of 'f’. g* denotes
the finite cosine transform of g and g denotes the
finite Hankel transform of ‘g’

4. Determination of thermoelastic
displacement
Substituting the value of T from (17) in (1) it gets,

U(r,zt) =

m2m?

4 © © —a——t
_(1 + V)at manl Zmzl[e ¢

gt _ cosmnz Ja(rdy)
Je pat+ To- [ $pdt] ==X 7705

(19)
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5. Determination of stress functions
Using (19) in (9) and (10) the stress functions are
obtained as

48(1+v) _amir
+v)a —2—
Orr = razfz —— [Zn 1Zm 1[

am cosmnz /171], 2 (" dn)
[e" T pdt+T, - [ pdt] e X U’(Annz
mznz ‘I’nZT[2 .
o » —a—gt a——t ,,
+ Zn—l Zm 1[ f e ¢ ¢ dt  +

Ja(ran)
To=J $'d) = X G e (20

Ogg =
22 22

48(1+v) a—z—t a—z—t
ngat[zn 12m 1[ fe ¢dt
A" gran)
+ T _ dt cosmmnz x ,
0-J ¢dt] £ U g(ain)]?
_ mznzt 2 Zt
z;'f=1z;';_1[e e [T par
nJ’(ra )
dt cosmmnz k
o=/ ¢’ : 7 a(aln)]?
mznz mZHZ
— t t
Yo Yo e [T gt +
cosmnz A a(rdy)

T rt I
o-J¢'dt] ¢ U'm(adn)]?
_ mznzt a min zt
Sro1 Tmle " F [e" T gldr +
11 4.4 COSMTTZ Ju(rdy)

Where, ¢’ —a[ [—Hp_1{F1} + Hg41{F,}]

Dn Gy -+ 9
and, ¢"' = “[%n [—Hg-1{F1} + Hg1{F>}]
T o IpRCRk
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7. Special case

f(r,z,t) = Tye?r®h(a — 1) (22)
gr,z,t) =6(r —ry)d(z — z5)6(t — ty) (23)
Where § is Dirac delta function.

Applying finite Hankel transform and then finite
cosine transform to (22) and (23) it gets,

a™1h?Jp 40 (@) [(=1)™ e 1]
fr= Ay (R24+m?272) (24)
gr=A (25)
Substituting values from (24) and (25) in (17) to (21)
it obtains

m2n2 m2n2

aTt aTt
Zn 1Zm 1[ fe ¢

a[% [—Hg—1{F1} + Ho11{F>}]
=)™ {a+1h2]+t;(;in")l[z(,:zl))m6h_l]} _F,
]dt+ To - fa —- [—Ho-1{F1} + Hp41{F2}]
oo
Ak - U{ ((c:j;]z (26)

2{2

m2n2 m2n2

a—z—t a——t
2271 1Zm 1[ fe d

“[% [—Hg-1{F1} + Ha11{F}]
con P cre)
]d“' To- f“ ' [—Hp 1 {Fy} + Hg1 {Fo)]
+(—1)m{ zlzzt}(lc;i,;)l[z(;zl))meh—l -
é]dt Cosrgn h U]((;ig]z o)

Thermoelastic displacement is given by
U(r,zt) =

m2m?

4 o » - t

—a(1+ V)t oz Tt Tmale ™ F

m2r2

—t Ay
[T a[ 2 [~Hp_1{F1} + Hps1 (F2}]

A+142 m_ h

_aymg@ h%Jg41(ady)[(=1)™e"—1] _

=DM An (h2+m2n2) Y= F

An
]dt+ Ty ‘f“ —t[~Hg-1{F1} + Hp1{F:}]
.+1h2]' (a/ln) (_1)meh_1
WEWE ;:th2+m[znz) b+
é]d cosmnz Ja(rdy) (28)

§ U'n(adn)]?
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Stress functions are given by
WLZTI2
4-I(1+v)at

_z_t
Orr = razfz [Zn 1Zm 1[
mznz

[e” ¢dt+T0—f¢dt

cosmnz Anl (T”An)
| X 2
¢ U aladn)]
mznz ‘I’nZT[2
© ) —a—yt a—zt
— —1le e +
+ n=14m=1 § § dt

Jo ()
To=J $'d) = X g e 29)

Ogg =
22 22

4l(1+v)at [2 12 1[ a—z—t f ea—z—t ¢dt
n= m=

raZEZ
cosmnz ()" a(ryn)

Ty - X -
* 0= J bdt] = THNCISIE
—am—Z—ant a—z—z 2t
2?5;1 Ym=1le ¢ o Je p'dt  +
n] 7(7"1 )
dt cosmmnz !
fd) & U a(@dy)]?

- t t
Y Y e [e“ T pldt  +

cosmnz _ AnJ'a(rdy)

T 9 I
o[ ¢'dt] ¢ U'm(adn)]?
_ mznzt a min zt
Yot Tmle [e" T ¢ dr +
11 4.4 COSMTTZ Ju(rdy)

Where, ¢’ —a[ [—Ha-1{F1} + Ha1{F2}]

CxN\/ (g )
HEDMFY - Fly 5]
n An
and, ¢" = a[5 [~Hp-1{F1} + Hp41 {F2}]
. G*)II
DM =y ]
= _ a?" 2 1 (ady)[(-D) e 1]
fr= Ay (h24+m?2m2)
g =4
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8.Numerical Results:
Take a=3m, h=5m, &=1.5m, k=0.014 then,

4 mznzt mZT[Zt
—a a
T = 32152 2?10=1 Z%:ﬂe 15 f e 15

An
a[7 [—Hg—1{F1} + Hg41{F>}]

3215241 (32,0 [(-D™ e 1]
—1)ym _
+( 1) { ln(52+m27'c2) } F3 +
A An
Toraldt + To- [ a [5[=Ha-1{F1} + Hpy1{F2}]
3015241 (32,0 [(=D™ e 1]

—1)ym _

+( 1) { ln(52+m27'c2) } F3 +

A ] cosmnz Ja(rin)
0.014 0.014 [J'a(32)]2

9.Conclusion:

In this paper temperature, distribution thermoelasic
displacement, thermal stresses have been determined
for thin circular plate with internal heat generation.
Temperature distribution and thermal stresses have
been investigated by using Hankel transform and
finite fourier cosine transform. The results are
obtained in the form of Bessel’s function and infinite
series.
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