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Abstract - The steady two-dimensional magneto hydrodynamic boundary layer flow and heat transfer to a Sisko nanofluid over a
non-linear stretching surface has been investigated in the concerned study. The governing partial differential equations are reduced
to a system of nonlinear ordinary differential equations using with appropriate similarity variables and solved numerically by using
Runge-Kutta fourth order method along with shooting technique. The physical significance of the flow features, heat and mass
transfer characteristics for different values of the parameters on the velocity, temperature and nanoparticle volume fraction profiles
are discussed through graphical interpretations. The impingement of physical parameters on local skin friction coefficient, and rate
of heat transfer are shown in tabulated form.

Keywords: Sisko fluid, heat transfer, MHD, nanofluid, nonlinear stretching sheet, Brownian motion, thermophoresis.

1. INTRODUCTION:

The boundary layer flow over a stretching surface is often encountered in some engineering disciplines. In particular, the flow
induced by a stretching boundary is important in the extrusion processes in plastic and metal industries. Magyari and Keller* was
first investigated the stretching problem of an incompressible fluid over a permeable wall. On the other hand, Gupta and Gupta®have
mentioned that the stretching of the sheet may not necessarily be linear. In view of this Vajravelu® studied the flow and heat transfer
in a viscous fluid over a nonlinear stretching sheet. Bhargava et al* examined the flow of a micro polar fluid over a nonlinear
stretching sheet. Recently, Prasad et al® studied the heat transfer analysis with the effect of mixed convection over a nonlinear
stretching surface with variable fluid properties. Keeping this in view, the effects of various parameters on the two dimensional

flow towards a nonlinearly stretching sheet have been studied by many authors®®,

The Sisko fluid model has much significance due to its adequate description of many non- Newtonian fluids over the most important
range of shear rates. Three parametric Sisko model can be considered as a generalization of Newtonian and power-law fluids which
predicts both dilatants and pseudo plastic nature of fluid. The Sisko fluid model was originally proposed for high shear rate
measurements on lubricating greases®®. The three constants in the model can be chosen with great ease for specific fluid and model
is found to be good in predicting the shear thinning and shear thickening behaviours. For the reason of their brilliant combined wetting
and diffusing nature, Sisko nanofluids are also essential for the production of nanostructured materials. Khan and Shahzad*'developed
the boundary layer equations for Sisko fluid over a flat stretching sheet and obtained the analytical solutions for only integral values
of the power-law index. Malik et al*? have studied the flow and heat transfer in Sisko fluid with convective boundary condition over
a non-isothermal nonlinearly stretching sheet in the presence of a uniform transverse magnetic field. Nonlinear radiative stagnation-

point flow and heat transfer to Sisko fluid past a stretching cylinder in the presence of convective boundary conditions has been
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analyzed by Khan et al*® Mallik et al** provided a numerical investigation on the partial slip effects on the flow and heat transfer of
an incompressible Sisko fluid over a nonlinear stretching sheet and stretching cylinder with variable thermal conductivity.

A nanofluid is a fluid possessing nanometer sized particles (1-100 nm diameters), called nanoparticles. The concept of nanofluid, has
been advanced by Choi*through an innovative technique that uses a mixture of solid nanoparticles (Au, Ag, Cu metals, CuO, TiO;
and Al»O3) having higher thermal conductivity and the base fluids (conventional liquids like water, engine oil, toluene, ethylene
glycol etc.) of lower thermal conductivity so as to develop advanced heat transfer fluids with substantial augmentation of thermal
conductivities. In other words, highest feasible thermophysical properties at the smallest feasible concentrations can be accomplished
by uniform dispersion and stable suspension of nanoparticles in base fluids. Xuan and Li%*implemented pure copper particles in the
study of convective heat transfer and flow features of nanofluids. They found in their study that the volume fraction, the particle
dimensions and material properties play significant role to achieve a substantial augmentation of heat transfer and viscosity.
Experimental studies have confirmed that with 1-5% volume of solid metallic or metallic oxide particles, the effective thermal
conductivity of the resulting mixture can be enhanced by 20% compared to that of the base fluid*"'°. The boundary layer flow
problems involving nanofluids have been studied by many researchers?®-%?in recent years.

The study of magneto-hydrodynamic (MHD) flow of an electrically conducting fluid is of considerable interest in modern
metallurgical and metal-working processes. The process of fusing of metals in an electrical furnace by applying a magnetic field and
the process of cooling of the wall inside a nuclear reactor containment vessel are good examples of such fields?®. Some important
applications of radiative heat transfer include MHD accelerators, high temperature plasmas, power generation systems and cooling
of nuclear reactors. Many processes in engineering areas occur at high temperatures and knowledge of radiation heat transfer becomes
very important for the design of pertinent equipment?*. In controlling momentum and heat transfers in the boundary layer flow of
different fluids over a stretching sheet, applied magnetic field may play an important role?®. Kumaran et al?®®investigated that magnetic
field makes the streamlines steeper which results in the velocity boundary layer being thinner. The heat transfer analysis of boundary
layer flow with radiation is also important in electrical power generation, astrophysical flows, solar power technology, space vehicle
re-entry and other industrial areas. Raptis et al®’ reported the effect of thermal radiation on the MHD flow of a viscous fluid past a
semi-infinite stationary plate.

Recently, Masood Khan, Rabia Malik et.al?® investigated the steady heat and mass transfer mechanisms in a MHD Sisko nanofluid
flow over a nonlinear stretching surface. The main emphasis of current paper deals with the two dimensional steady heat and mass
transfer mechanisms in a MHD Sisko nanofluid flow over a nonlinear stretching surface in the presence of convective boundary
condition. To achieve this study the suitable transformation is used to transform the partial differential equations to a system of
ordinary differential equations together with boundary Conditions the resulting system of ordinary differential equations are solved
using the well-known Runge-Kutta technique along with shooting method.

2. MATHEMATICAL FORMULATION:

Consider the laminar, two-dimensional, steady flow and heat transfer of the Sisko nanofluid in the region y > 0 driven by a sheet
stretching with power-law velocity U = cx™, where ¢ represents a non-negative real number and n > 0 represents the stretching rate
of the sheet. Thestretching sheet is assumed to be coinciding with the x- axis while the y-axis is perpendicular to the plane of the
sheet. A hot fluid with temperature Ty is utilized to heat up or cool down the surface of the sheet (to be determined later) by convective
heat transfer mode, which provides the heat transfer coefficienth,. We assume the uniform nanoparticle volume fraction of the surface
of the stretching sheet is C,,, whereas the ambient temperature and nanoparticle volume fraction are T,,andC,, respectively. Under
these assumptions along with boundary layer approximation the system of equations which governs the forced convective boundary

layer flow is given by

ou av
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Here U and Vv denotes the components of velocity along the x and y directions, B(x) = Byx 2 represents the non-uniform
magnetic field,v (z pi)stands for kinematic viscosity, p,for density of the base liquid, T for temperature, C for Nanoparticle
f

(pS)p

= ) is the ratio between the effective heat capacity of the nanoparticle material and heat capacity of the

volume fraction, 7 (

fluid, D, for thermophoresis diffusion constant, Dz for Brownian diffusivity constant, T for temperature, C for Nanoparticle volume
fraction, v (z pi)stands for kinematic viscosity, a <= p%)is the effective thermal diffusivity, k is the thermal conductivity of the
f D

fluid, p is the fluid density, c,, is the specific heat.

The associated boundary conditions are

0T(x y) D7 0T

u(x,y) =U, (x),v(x,y) =0,—-k —hl(Tf—T(x y)) DBay+——aty 0 5)
u—>O,T—>Too,C—>Cooasy—>oo

And Uy, (x) = cx™ here C shows the rate of the stretching surface, T the temperature of the stretching surface, n the power-

law index, T, for ambient fluid temperature, C,, the ambient fluid concentration,

Introducing the following similarity transformations
u=Uf'(m,v= —URe"+1 [{S(Zn -~ D+ 10 +{s@2—-n) - Unf' (],

o) = TT@ny Rei™, () = ()

By using above similarity transformations the equations (1), (2), (3) and (4) reduces to

AP (= 4 (BT £ = S = Mf = 0 (7)
90" + Pr (5(2’;&) FO' + NbO'¢ + Nto'? = 0....... (8)

¢" + LePr (“E2E) £ £ 207 = 0 )

and the boundary conditions (5) are reduces to

fI0] = 0,£'[0] = 1, 6'[0] = —y[1 — 6[0]], Nb¢'[0] + Nt6'[0] = 0,}
f'leo] = 0, 8[0] > 0, ¢[o0] - 0.

1
n+1

Where prime denotes the differentiation with respect to . A R;’; is the material parameter of the Sisko nanofluid,

a

1 1
Pr (z %Re{j“)and y <= % XRe "+1> are denotes the generalized Prandtl number and the generalized Biot number respectively,

with y — oo, the convective boundary condition reduces to the uniform surface temperature boundary condition,,Nt =
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and Le = Di represent the thermophoresis parameter, Brownian motion parameter and Lewis
B
number, respectively.

Expressions for the local skin friction co-efficient Cr,, local Nusselt number Nu, and local Sherwood number Sh, are

defined as,

_ 27w _ __ Xqw _ _ Xqm
Crx = pU?n'Nu" " keo(Tn—Teo)’ Shy = Dp(Cm—Cw) (11)

Where k, is the thermal conductivity of the nanofluid, in which wall shear stress 7, q,, and g,, are the heat and mass

flux, respectively given by

aul" 1\ o
rw=n0<(a+b|£ )%)

G = —ke (Z_Dyzo ............. (12)
m=-0s(%) )

Using Egs (6) and (7), the dimensionless parameters can be written in terms of the output of the local-similarity solutions as:

ReI*Cry = Af"(0) — (—f"(OD™,

1 1
Re,"™Nu, = —0'(0),Re, "'Sh, = —¢'(0).

Where Re, = @ is local Reynolds number

3. NUMERICAL RESULTS AND DISCUSSION:

This section deals with the theoretical and graphical behaviour of different physical quantities which are involving in the present
flow problem. The set of equations (10) - (12) are highly nonlinear and coupled hence it cannot be solved analytically. The numerical
solutions of equations (10) - (12) subject to the boundary conditions (13) are obtained using an efficient numerical shooting
technique with a fourth order Runge-Kutta scheme. For the purpose of discussing to provide physical insight into the present
problem, comprehensive numerical computations are carrying out for various values of the flow parameters which describe the flow

characteristics and the results are illustrated graphically. For computational purposes, the reason of integration 7 is consider as 0

to 77, is equivalent to (8), where 7, corresponds toz7 — oo which lies very well outside the momentum and thermal boundary

layer. The present results are compared with that of Masood Khan?®, Khan and Pop?°, Wang®, Gorla3!and found that were in good
agreement between those and presented in table 1.A representative set of graphical results for the velocity, temperature and
nanoparticle volume fraction as well as skin friction, local Nusselt number and local Sherwood number is present and discuss for

different flow parameter values.

Table I. Comparison of the present results of local Nusselt number -6'(0) for the case of Newtonian fluid for Nt=Nb=R=y=Le=M=0

with the results of, Masood Khan?®, Khan and Pop?, Wang®, Gorla3.
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Present Masood Khan Khan and Pop Gorla
Pr Wang [30]
study [28] [29] [31]
0.7 0.453932 0.45392 0.4539 0.4539 0.5349
2.0 0.911358 0.91135 0.9113 0.9114 0.9114
7.0 1.895403 1.89543 1.8954 1.8954 1.8905
20.0  3.353904 3.35395 3.3539 3.3539 3.3539

Figures1(a)-1(b),2(a)-2(b) and 3(a)-3(b) shows the effect of the material parameter of the Sisko fluid (A), on velocity,
temperature and concentration profiles for the power-law index n = 1 and n = 2, respectively. It is observed that for increases in the
value of material parameter (A), the dimensionless velocity and dimensionless concentration profiles increases for both cases. The
temperature distribution is decreases with an increasing material parameter (A) for both cases.

Figures 4(a)-4(b), 5(a)-5(b), 6(a)-6(b) purports the velocity, temperature and concentration profiles for different values
of magnetic parameter M in the cases of power-law index n =1 and n = 2, respectively. It is inferred from this figures that increasing
values of magnetic parameter M reduces the fluid velocity which causes the momentum boundary layer to shrink in both cases. It
is acknowledging the fact that the transverse magnetic field in interaction with conducting nanofluid develops a retarding force
called Lorentz force which decelerates the fluid motion. We would like to remark here that unless until the magnetic field were
applied to the conducting fluid it would not have been opposed by Lorentz force so that the deceleration of fluid motion would not
have been accomplished. However, the deceleration is well occasioned for higher strength of magnetic field. It implicates that
increasing values of M enhances the fluid temperature leading to thicker thermal boundary layer in the flow domain in both cases.

The effects of the non-linear stretching parameter s on velocity, temperature and concentration profiles are shown in
figures 7(a)-7(b), 8(a)-8(b), 9(a)-9(b) of power-law index n=1 and n=2 respectively. As increasing nonlinear stretching sheet
parameter s decelerate the fluid velocity and temperature profile. It can be noticed that concentration profile increases as increasing
in the non-linear stretching sheet parameter s. Furthermore, the temperature and concentration profiles are dependent on the non-
linear stretching sheet parameter. The effect of power-law parameter n on velocity and temperature shows the decreasing nature
where as it shows increasing nature in case of concentration profile when the value of n goes up. Fig. 10(a) and 10(b) represents the
influence of power-law index ‘n” on velocity profile f'(n) for the case of shear thinning (n < 1) and shear thickening (n > 1) fluids.
It is clearly observed that the velocity profile is diminishes with increase of power-law index ‘n’ which results in reduction of
boundary layer thickness for both the shear thinning and thickening fluids. In addition, the thickness of boundary layer is higher
for shear thinning (n < 1) fluids than that of shear thickening (n > 1) fluids. The effect of the power-law index ‘n’ on temperature
profile 6(n) are depicted in Fig. 11(a) and 11(b) reveals the increment in power-law index causes the diminishes the temperature
but the reverse trend is depicted in concentration profile which we can observe from the figures 12(a) and 12(b) for the both shear
thinning (n < 1) and shear thickening (n > 1) fluids.
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Fig. 1(a), 1(b).Velocity profile for A.
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Fig. 3(a), 3(b).Concentration profile for A.
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Fig. 6(a), 6(b).Concentration profile for M.
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Fig. 9(a), 9(b).Concentration profile for s.
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Fig. 10(a), 10(b).Velocity profile for n.
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Fig. 11(a), 11(b). Temperature profile for n.

Fig. 12(a), 12(b).Concentration profile for n.

The influence of Biot number (y) on temperature and concentration profiles are presented in figures 13(a)-13(b) and
14(a)-14(b) for the power-law index n = 1 and n = 2, respectively . We know that for high Biot number (y) convective heating
enhances and the isothermal surface (i.e6(0) = 1) is reproduced as y — oo. Indeed, higher generalized Biot number shows elevated
internal thermal resistance of the surface than the boundary layer thermal resistance. It can be noticed that temperature and
concentration profiles increases as increasing in the Biot number y in both cases. The variation of the concentration profiles ¢ (n)for
different values of the Lewis number Le are shown in Figs. 15(a) and 15(b) for the power-law index n = 1 and n = 2, respectively.
Generally Lewis number, is the ratio of thermal diffusivity to mass diffusivity, is used to characterize fluid flows where there is
simultaneous heat and mass transfer by convection. It is noticed that the concentration profile enhances with an increase in Le.

Figures 16(a)-16(b), 17(a)-17(b) shows the effect of Brownian motion parameter Nb on temperature and concentration
profiles for the power-law index n = 1 and n = 2 respectively. It is observed from figures that increasing values of Brownian motion

parameter Nb enhances the temperature profile in both cases. It is also noticed that the concentration decreases by accelerating the
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Brownian motion parameter Nb in both cases. This holds practically because with increase in Nb the random motion collusion of

the macroscopic particles of the fluid increases.

Figures 18(a)-18(b), 19(a)-19(b) reflects the effect of Thermophoresis parameter Nt on temperature and concentration
profiles for the power-law index n = 1 and n = 2 respectively. Thermophoresis mechanism in which small particles are pulled away
from hot surface to cold surface due to this the transportation temperature of the fluid arises. Therefore the effect of Thermophoresis
parameter Nt is to enhance the temperature profile in both cases. It can be observed that an enhancement in the Thermophoresis
parameter Nt produces a force which leads to the moment of nano particles from a hot region to cold region and hence the

concentration profile increases with an increasing in the values of Thermophoresis parameter Nt in both cases.

Figures 20(a)-20(b),21(a)-21(b) describes the behaviour of Prandtl number Pr on the temperature, concentration profiles
for the power-law index n = 1 and n = 2 respectively. It is noticed that increasing values of Pr decrease the thermal diffusivity
there by belittles the fluid temperature which in turn reduces thermal boundary layer thickness. It is also noticed that the

concentration profile decreases by uplifting the Prandtl number Pr and hence decreases concentration boundary layer thickness.

n=1
Le =5, 10, 15

dw
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Fig. 20(a), 20(b). Temperature profile for Pr.

15

Fig. 21(a), 21(b).Concentration profile for Pr.

Table 11. Computed values of Skin friction, local Nusselt number and local Sherwood number for various values of A, s, M, Pr, Nb,
Nt, Le, y

FrSi(l:tiir:)n Nusselt Number Sherwood number
A S M  Pr Nb Nt Le
n=1 n=2 n=1 n=2 n=1 n=2
0 1.043420 0.524609 0.506808 0.524609 0.655503 0.674587
0.5 0.508063 0.528855 0.508063 0.528855 0.656297 0.677105
1.0 0.508938 0.531149 0.508938 0.531149 0.656816 0.678363
0.5 0.487823 0.528855 0.487823 0.528855 0.644711 0.677105
1.0 0.498985 0.578240 0.498985 0578240 0.651512 0.723403
2.0 0.508063 0.641128 0.508063 0.641128 0.656297 0.777215
0.6 0.358977 0.376187 0.358977  0.376187 0.509204 0.529714
1.2 0.408225 0.427078 0.408225 0.427078 0.560636 0.581874
1.8 0.445687 0.465489 0.445687  0.465489  0.597788  0.619150
0.7 0.520274 0.540504 0.520274 0.540504 0.565615 0.585013
390
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1.0 0.470333 0.492751 0.470333 0.492751 0.588311 0.608107
13 0.404991 0.429689 0.404991 0.429689 0.769423  0.791882
0.1 0.521690 0.541753 0.521690 0.541753 0.720508 0.765513

0.5 0.461936 0.484820 0.461936  0.484820 0.743419 0.772041

1.0 0.373833 0.398048 0.373833  0.398048 0.610367 0.629609

0.1 0.091858 0.092432 0.091858 0.092432  0.656297  0.677105

0.5 0.341001 0.349793 0.341001 0.349793 0.625834  0.644652

1.0 0.508063 0.528855 0.508063 0.528855 0.576157  0.594105

1.2 0.532348 0.552058 0.532348 0.552058 0.111442 0.111704

1.5 0.518463 0.538964 0.518463 0.538964  0.425294  0.433397

2.0 0.508063 0.528855 0.508063 0.528855 0.656297  0.677105

0.1 0.508063 0.528855 0.508063 0.528855 0.623299  0.644680

0.5 0.507672 0.528432 0.507672  0.528432 0.637221  0.658405

1.0 0.507494 0.528225 0.507494  0.528225 0.656297 0.677105

4. CONCLUSIONS:

A numerical study was investigated for the mixed convection MHD boundary layer flow of a Sisko nanofluid over a
nonlinear permeable stretching sheet with the help of efficient numerical shooting technique with a fourth order Runge-Kutta
scheme along with shooting method. Following conclusions give the brief results of the present study.

1) Increase in the values of magnetic parameter decreases the velocity profile for both the power-law indexn =1 and n = 2.

2) Increase in nonlinear stretching parameter s decreases the velocity and temperature profiles for both the power-law index n =1
andn=2.

3) Itis found that larger values of Biot number (y) lead to increase the velocity and temperature profiles for the power-law index n
=landn=2.

4) Temperature is enhanced for the higher values of Brownian motion parameter (Nb), Thermophoresis parameter (Nt) for the
power-law index n =1 and n = 2.

5) Concentration profile is decreases by increasing the values of Brownian motion parameter (Nb), Thermophoresis parameter (Nt)
for the power-law indexn=1and n = 2.

5) Increase in the material parameter reduces the temperature for the power-law index n =1 and n = 2.

6) Velocity and concentration profiles are increases by the larger values of material parameter for the power-law indexn =1 and n
=2.

7) Concentration is enhanced for the higher values of Lewis number for the power-law index n =1 and n = 2.
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