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Abstract-In this work, the frequency equation of vibration of elastic hollow cylinder in a magnetic field under large deformation is
obtained for a semi-linear material. Also, the natural frequencies are numerically calculated and the effect of the magnetic field on the
frequency modes are considered. We describe the problem using the equations of elasticity and the Maxwell equations of
electromagnetism taking into consideration the effect of the magnetic field on the frequency of vibration of the cylinder. We invoke the
appropriate boundary conditions on the Maxwell stress tensor within and on the surface of the cylinder. In the result, the obtained
frequency equation showed that it is a generalization of the frequency equation obtained for small deformation theory. The natural
frequency of the body increases as the magnetic intensity increases.
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1. INTRODUCTION

The phenomenon of vibration involves an alternating interchange of potential energy to kinetic energy and vice-versa. Any body
having mass and elasticity is capable of oscillatory motion. In engineering, an understanding of the vibratory behavior of
mechanical and structural systems is important for the safe design, construction and operation of variety of machines and
structures. The failure of most mechanical and structural elements and systems can be associated with vibration. Rumerman and
Raynor (1971) considered the natural frequencies of axially symmetric longitudinal vibration of circular cylinders. Laura et al
(1974) derived the frequency equation of a cantilever beam that has additional mass attach to it, which is considered as shear force
that acted on the free end of the beam. Hutchinson and El-Azhari (1986) developed a series solution of the general three-
dimensional equations of linear elasticity which was used to find the natural frequencies of the vibration of hollow elastic cylinders
with traction free surfaces. Oz and Ozkaya (2005) investigated the natural frequencies of transverse vibration of beam-mass
systems for different boundary conditions. Abbas (2006) examined the natural frequencies of vibration of a poroelastic hollow
cylinder. Yazdanparast (2011) investigated the vibrations of hollow cylinder in rotation. Abd-Alla (2012) examined the effect of
magnetic field and non-homogeneity on the radial vibrations in hollow elastic cylinder under rotation. Yahya and Abd-Alla (2014)
considered the radial vibrations of an isotropic elastic rotating hollow cylinder. Using Biot’s extension theory, Perati and Gurijala
(2015) investigated the torsional vibrations in thick walled hollow poroelastic cylinder. Ebenezer and Ravichandran (2015)
considered the free and forced vibrations of hollow elastic cylinders of finite length. Wang et al (2017) examined the frequency
equation of flexural vibration of a cantilever beam considering the rotary inertial moment of an attached mass. The objective of
this work is to derive the frequency equation of vibration of a magnetoelastic hollow cylinder in a magnetic field under large
deformation for a semi-linear material in form of a determinant. Also, the natural frequencies for the modes of a magnetoelastic
hollow cylinder were numerically calculated and the effect of the magnetic field on the frequency modes are considered.

2. PROBLEM SETTING
2.1 Geometry of deformation
Let Q be the subset of a three-dimensional Euclidean space E3 (i.e Q C E®) occupied an isotropic semi-linear elastic body with
r; and r, as the inner and outer radii respectively of the hollow cylinder.
We seek for the plane finite deformation of Q from an initial configuration of Q; into a current configuration of Q. by the action,
say, of externally applied magnetic field.
The transformation from the initial configuration Q; into the current configuration (. is the form
R=R(rt), =0, Z =z, 1)

Where (r, 6, z) are the material coordinates in the initial configuration Q; and (R, ¢, Z) are the material coordinate in the current
configuration (.
The position vectors of every particle in the initial configuration Q; and the current configuration Q. are respectively given as

#=re, +ze,, R =R(r t)e, +Ze,, )
where ¢;, eg, e, are the orthogonal local basis vectors associated with the cylindrical coordinates (r, 6, z) in Q; and eg, ey, e, are
the corresponding local basis vector associated with the cylindrical coordinates (R, ¢,Z) in Q..
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Let the geometry of deformation of Q from initial configuration Q; to current configuration Q. be the deformation gradient VR,
where V is the gradient operator in the initial configuration Q;.
The governing equations of the magneto-elasticity problem we are considering are given as
V.ﬁ + 5 = pattl'_-\;,
V.E = 4mp*,
V.B=0, ®)
V x E = _C_latB_:
VxH = 4nj,

where E is the electric field intensity vector, G is the Lorentz force, H is the magnetic intensity, B is the magnetic induction
vector, ¢ is the speed of light, j is the current density vector, p is the mass density, p* is the charge density, and P is the Piola-
Kirchhoff stress tensor.
The component form of the equation of motion in equation (3), are
_Prr+ 69PT9+ (P‘rr P99)+ Prz+G _PatzR(r ),
a

5 Por + ——Pee + —(Pre Per) +t3, Prz +G =0, (4)

2 Py 2o Prg + 2Py + o PZZ+G—0

where G,, Gg and G, are components of Lorentz force G acting on the body.

2.2 Energy function and Piolar-kirchhoff stress tensor

(John, 1960) constructed the energy function for isotropic semi-linear material under large deformation which is given as
W = pul, (T - E)* +2212(0 - ), )

where I, (T — E) is the first invariant of the tensor (T — E) and U is the right stretch tensor.

We invoke the hypothesis of hyperelasticity and take the Frechet derivative of the energy function (5) with respect to the

deformation gradient VR to obtain the first Piola-Kirchhoff stress tensor P which is given as

~ — d ~ ~\2 1 ~ ~
P(rVR) = 55 un(0 - E)’ +2212(0 - )], ©6)
P(# VR) = 2uVR + (AL, (T — E) — 2u)0 . ©)
The set of equations in (3) above are complemented with constitutive relations given as
j= a(l_zz+li§x§)
P(7,VR) = 2uVR + (A1, (T - E) — 2u)0, ®)
B= ueH
where 0 is the second rank rotation tensor and i, is the magnetic permeability of the body.
For a perfect conductor (¢ — o), Ohm’s law written as equation (8), becomes
E=12RxB 9)

2.3 Radial vibration in perfect conductor
For radial vibration, the radial component of the displacement does not vanish identically, i.e

U, =uu,=ug =0 (10)
Let the magnetic field H be such that

H=Hy+h, (11)

where ﬁg (constant) is the externally applied magnetic field acting parallel to the axis of the cylinder and h= ﬁ(r, t) is the
perturbation in the magnetic field due to deformation in the electrically conducting cylinder. Substituting equation (9) into
equation (3), of Faraday's law and making use of equation (11) we have,

h——H0+V><(R><HO)+V><f( Rxh)dt. 12)
In component form, equation (12) can be expressed as
h=(0,0,h), (13)
where h satisfies the equation
h=—H — ﬂi - li 9
h= =ty =22 (1R 0) =22 (rh 2 RC ) ) dt (14)
The Lorentz force G actlng on the body is
G =p xHy, (15)
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substituting the Ampere-Maxwell equation in (3)s into equation (15) and using equation (11) yields

G=Z—Z(Vxﬁ)xm. (16)
Introducing h = h(r, t)k in V X h gives
Vxh= (o, —Zh(r 1), o,o) = =2 h(r,t)e . 17
Using equation (17) in equation (16) gives
G = (——Ho—h(r £, oo) (18)
so that
G =—2HyZh(r,t), Gy=0, G,=0. (19)
Substituting equation (19) into equation (4), we have
2 B 2= Prg + 3 (Py — Pog) + 2= By — Y2 Hy - h(r,t) = pOy R,
:—rper ;a—Pee + —(Pre - Per) + iPez =0, (20)

a

;PZT PZG+ P29+ PZZ_O'
Substituting the components of P|ola stress tensor in equation (20), (Olokuntoye et al, 2020) obtained the wave equation in the
magnetoelastic semi-linear cylinder as

A a a =
G ( 2 (rR(r, c))) e Hoa—h(r, £) = 0,R (21)

h(r,6) = —Hy — 22 (rR(, t))———f(rh(r 2R, t))dt 22)

3. STRESS FIELDS IN THE CYLINDER
(Olokuntoye et al., 2020) obtained the solution of equation (21) by taking the first approximation of equation (22) i.e by
approximating h(r,t) as —H, . The solution was given as
R(r,t) = (ci)i(ar) + Yy (ar) et (23)

3.1 Zeroth-level stress field in the cylinder
In order to obtain the stress fields associated with solution (23), we employ the relations

< Jh(ar) = —aj,(ar) + 2]y (ar) (24)
%Yl (ar) = —aY,(ar) + %Yl (ar) . (25)
The non zero components P, , Pgg and P,,  of Piola-Kirchhoff’s stress tensor P are
B = Qu+ D 2R, 6) + 2522 — 2+ 2), (26)
Ppy = (2u + 1) X2 R(T 24250 u+ ), 7)
P. =M=R(, t) LR -2). (28)

Substituting the wave solution (23) in equations (26)-(28) and using the relations (24) and (25), we obtain
P, =Qu+2 [:—T (cuh(ar) + e, Yy (ar))eiwt — 1] + A%(clll(ar) + Yy (ar))e™t,
P = Cu + D[-a(cfo(ar) + c;Yo(ar))el®t — 1] + 2(u + 1) % (cuh(ar) + c,Yi(ar))ei@t, (29)
Pgo = (2u + A)%(Cljl(ar) + Yy (ar))elet + A;—r(cljl(ar) + e Yi(ar))elt — 2u+ 1),
Pog = —al(ci),(ar) + e, Yy (ar))et + 2(u + 2) % (cth(ar) + c Yy (ar))eit — 2u+ 1), (30)
P,=2 (aa_r (cui(ar) + c Yy (ar))elet + %(Clj1 (ar) + c,Yy(ar))e«t — 2) ,
)y = A (—a(cljz(ar) + Yy (ar))etet + %(Cljl(O(T) + .Yy (ar))eit — 2) . (31)
The current density 7 electric field intensity el and Maxwell’s stress M,,. generated in the body as a result of h(r,t) =
ho(r,t) = —H, are

i= —VxH(rt) ——Vx(Ho+h)= (32)
= 1R _ = EaR
E=—-—xB=-F= x (Ho+h) =0, (33)
and
Mrr = Z_;Hoh = Z_;Hg ' (34)

respectively.
3.2 First-level stress field in the cylinder
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(Olokuntoye et al., 2020) obtained the first Ievel solution of equation (21) by taking the second approximation of equation (22)

i.e by approximating h(r,t) as — Hy — —— (rR (r, t)) The solution obtained was given as
R(r,t) = (C1]1(ﬁ7') + Czyl(ﬁr))elm = ; (35)
_w 2 2u+d | peHE
where g = —and ¥? = (— P +4m;’)

C,,C, are constantsand J,(Br), Y;(Br) are Bessel functions of first and second kinds of order one respectively.
Using the relation in equation (24) and (25), the non-zero Piola-Kirchhoff stresses B, Pgg and F,, are B., =

@+ D[=B(Cof2(B) + CY(Br))e™ — 1] + 2(u + D)5 (CI1(Br) + CY1(Br))e™,  (36)
Pog = —BA(Cu2(Br) + C2Y2(Br)e™ + 2(u + D)= (CU1(BT) + CYy (Br))et — 2u+ ), (37)

e = A (=B(CUL(B) + Yo (Br))et + 2 (Cuy (Br) + CoYi (Br) et —2). (38)
The current density j = (0, j, 0) and the electric field E = (0,E,0) generated in the cylinder under consideration are
> 1 0h 10
]_411:6r Z_E;<_ ___( R(T t))>
> _Hy 0
J= 41 Or <r or (T‘R (T‘ t))> (39)
and
E= “—eﬂ—R( )= (rR(r t), (40)

c
where R(r,t) is the solution of wave equation (21)

4. BOUNDARY CONDITIONS AND FREQUENCY EQUATION
In this section, we are going to obtain the frequency equation for the boundary conditions of an electrically conducting hollow
cylinder.

4.1 Zeroth-level frequency equation
We proceed to construct the zeroth-level frequency equation which describes various modes of vibration of an electrically
conducting semi-linear elastic cylinder. For this, we employ this set of boundary conditions compatible with the problem under
consideration:
P+ M, +Xo=M; atr=a andr=>»b, (41)
E=E"atr=a andr=»b, (42)

where X, is a given prescribed stress at the boundary of the cylinder, M,..(r, t), is the Maxwell’s stress inside the cylinder,
M;..(r, t) is the Maxwell’s stress in the vacuum, E = E(r, t) is the electric wave generated in the cylinder, E*(r, t) is the electric

wave in the vacuum, and P.,.(r, t) is the radial component of the Piola-Kirchhoff stress P.
We recall that the magnetic wave h*(r, t) and E*(r, t) in vacuum satisfy the electromagnetic field equations

v =120, (43)
vE =12F, (44)
VxR =12F (45)
VXE =12h (46)

The solution of equation (43) is

B0 = @@ = (do (27) + da¥y (27)) et (47)
where d,, d, are constantsand J, (% r) Y (% r) are the Bessel function of the first and second kinds of order zero respectively.
Using equation (47) in equation (46) we obtain

E*(rt) = i%j—r(dljo (27) + a¥, (%r)) giot, (48)

For the purpose of the nature of the problem under consideration we set

diJo (%r) et when r<a
h*(r,t) = (49)

d,Y, (%r) et when r=>b,
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and
—id,J, (gr) et when r<a
E*(r,t) = ol (50)
—id,Y; (Er) et whenr=b.
The Maxwell’s stresses M,..(r, t) and M;,.(r, t) in equation (41) are defined as
My, (r,6) = =2 Hoh(r,0), (51)
M7 (r,t) = =S Hoh'(r, 1), (52)
where h(r,t), h*(r,t) are the magnetic waves in the cylindrical body and vacuum respectively.
Introducing equation (49) in equation (52) gives
—Leqy.d,J, (er) et when r <a
ML ={ " oy (53)
—ﬁHOdZY0 (Er) e, where r=b.
Setting X, as
Xo=Q@u+2) - 22HF (54)
we obtain the following from equations (41) and (42)
X1161 + X126, =0, Xpq¢1 + X3¢, =0, (55)
d,=d,=0, (56)
where the coefficient X, 4, X;,, X», and X, in equation (55) are defined as
2w+ 2)
X1 = —au + Dy (aa) + Th(a’a)'
2w+ 2)
X1z = —au+ DY, (aa) + —a Y:(aa),
2+
X1 = —au+ )], (ab) + Th(“b);
and
2w+ 2
Xy = —au + DY, (ab) + #Yl(ab);
respectively.
For non-zero solution ¢, ¢, in equation (55), we set
X X
A= 011 121 — o 57
X1 X ")

Equation (57) is the zeroth-level frequency equation of an electrically conducting semi-linear elastic cylinder.
4.2 First-level frequency equation

In order to obtain the frequency equation at first-level of approximation, we employ the boundary conditions:

P+ M, +Xy=M, at r=aandr =>b, (58)
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and
h(r,t) + Hy = h*(r,t) atr=a andr=b. (59)

The solution of the electromagnetic field equations are

D/, (%r) elwt, whenr < a
h*(r,t) = ® , (60)
D,Y, (Er) et when r =b
and
: @ iwt
—iDJ; (ET) e'vt, whenr < a
E*(r,t) = ' » ] (61)
—iD,Y; (ET) et whenr =b.
The associated Maxwell’s stress in vacuum is
—EenyDiJo (%r) elwt, whenr < a
M =4 0N e (62)
—EHODZY0 (Er) e when r = b
Equations (58) and (59) gives the system of linear equations in variables C,, C,, D, and D,
X11C1 +X12C2 + X13D1 + X14D2 = 0 y (63)
X21C1 + X250 + Xo3D1 + X540, =0, (64)
X31C1 + X3,0; + X33D; + X340, =0, (65)
X41C1 + X4Cy + X43Dy + X4uD, =0 . (66)

The coefficient of X;; X;, ..., X4, inthe above equation (63)-(66) are written as

2(m+2)

2
X1 =—-BQu+ 1, (Ba) + Th(ﬁa) + Z_:[Hg <a]1(ﬁa) - ﬁ]z(ﬁ‘ﬂ)

2+ A . (2
i = =B+ D60 + 2w g + e (216 - pr o)

Xi3 =2 Hyj (%a) X4 =0, X3=0, X0 =Jo (%b)

2 A
X1 = —=BQu+ A)J(Bb) + %

e 2
11 (Bb) + 5= 1 (511 ) - B]z(ﬁb)>

2 A 2
Xp2 = —BQRu+ DY,(Bb) + %Yﬂﬂb) + Z_:[Hg (a Y1(Bb) — BYZ(Bb))
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X4 = Z_;Hofo (%a), X23=0, X435=0, X33 =] (%a)
X31=Hy (2]1(.3‘1) - ﬁ]z(ﬁa))' X32=Hy G Y1(Ba) — ﬁyz(ﬁa))

X41=Hy (%]1(313) - B]z(ﬁb)): X4o=H, (% Y1(Bb) — ﬁyz(ﬁb))

For non-zero solution C; C, D; and D,

Xi3
0
X33
0

0

Xoa| _

X4—4—

(67)

Equation (67) is the first level frequency equation for a perfectly conducting semi-linear elastic hollow cylinder under

consideration.

5. NUMERICAL RESULTS

In this section, we evaluated the natural frequencies for the first four modes of an elastic hollow cylinder of various thickness
for two different values of externally applied magnetic field. The results are shown in the tables below

Table 1: First mode of Natural Frequencies of an magnetoelastic hollow cylinder of various thickness ({) for two different values of externally applied magnetic

field
¢ H, = 10° H, = 101
0.1 4.600489912 4.741371586
0.2 5.911873584 6.092304748
0.3 7.597071168 7.828151931
04 9.762639461 10.05858459
0.5 12.5455096 12.92452227
0.6 16.12164534 16.60703595
0.7 20.71716949 21.33878818
0.8 26.6226618 27.41873278
0.9 34.21153269 44.77870011
Table 2: Second mode of Natural Frequencies of magnetoelastic hollow cylinder of various thickness (¢) for two different values of externally applied magnetic
field

g H, = 10° Hy =101

0.1 12.20800396 12.7371271

0.2 15.68793269 16.52081535

0.3 20.15982573 21.42848523

04 25.9064455 27.79402647

0.5 33.29115675 36.05051403

0.6 42.78090245 46.75967202

0.7 54.97572909 60.65009019

0.8 70.64672824 78.66679301

0.9 119.4536756 128.6219678

Table 3: Third mode of Natural Frequencies of magnetoelastic hollow cylinder of various thickness () for two different values of externally applied magnetic

field
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¢ H, = 10° Hy = 101
0.1 20.43234346 20.80118
0.2 25.43096458 27.3854
0.3 32.68013854 36.05372
04 41.99571165 47.46582
0.5 53.96671726 62.49021
0.6 69.3500945 82.27028
0.7 89.11855032 108.3113
0.8 114.5220647 142.5952
0.9 185.3921045 199.6127
Table 4: Fourth mode of Natural Frequencies of magnetoelastic hollow cylinder of various thickness (¢) for two different values of externally applied magnetic
field

¢ H, = 10° H, = 101
0.1 27.3691174 27.930159
0.2 35.28349447 36.62412121
0.3 45.48648622 48.02429711
0.4 58.63989551 62.97306358
0.5 75.5968999 82.57500838
0.6 97.45739184 108.2785499
0.7 125.6393217 141.9829632
0.8 161.970671 186.17872
0.9 208.8080222 244.1315142

6. CONCLUSIONS

The frequency equation of vibration of a magnetoelastic hollow cylinder in a magnetic field under large deformation for a semi-
linear material was obtained. Also, the natural frequencies for the first four modes of a magnetoelastic hollow cylinder of various
thickness for two different values of externally applied magnetic field were numerically calculated. It is shown in the tables above
that the natural frequencies of the magnetoelastic hollow cylinder increases as the thickness of the hollow cylinder increases.
Furthermore, the effect of the magnetic field on the frequency modes were considered. It is clearly shown from the tables above
that the natural frequencies of the magnetoelastic hollow cylinder increases as the externally applied magnetic field intensity
increases. The results shows that the natural frequencies obtained are greater than the corresponding small deformation case.
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