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Abstract: In this Paper, | have defined Nijenhuis tensor in Para Almost F-3 Structure Manifold and decompositions of Nijenhuis
tensor have also been done in this manifold.

1. INTRODUCTION
Let F, Xx=212,3 be three structures on V,, such that
X

rank ((F)) = r, everywhere, (1.1)

(F)’F =-— €., FF+6F, xnotsummed, (1.2)a
X y Xz xy X

F(F)? =-— €, FF+0F, ynotsummed. (1.2)b
Xy 2y Wy

Then F is called Para almost F-3 structure.
X

Consequently,
F°—F =0 in Para almost F-3 structure manifold. (1.3)
X X

2. NIJENHUIS TENSOR
The Nijenhuis tensor with respect to F is defined as
X

N(X,Y)=[F X,FY]+F’[X,Y]-F[F X,Y]-F[X,FY]. .1)
Theorem (2.1). In Para almost F-3 structure manifold, we have
2 _ 2r2 _ _ 2
N(F"X,Y) =[F X, EY]+ F[F° X, Y]-F[F X,Y]-F[F" X,FY], (22)a
2 _ 2 21 21
2 2 _ 2r=2 2y 2
N X ETY) =[F X EY]+FIE X ETY]=FIF X, F7Y]
—~F[F?X,FY], (22)c
11 1
2 _ 22 _ _
NP X.Y)=[EFX,EY]+F P X.Y]-F[FF X,Y]-F[X,EFY], (2.2)d
2y 2 2y 21
N(X,EZY) =[F X, FEY]+F X, FOY]-F[F X, F7Y]-F[X,FFV], (2.2)e
N(F*X,F?Y)=[FF X,FFY]+F’[F*X,F?*Y]-F[FF X,F?Y]
1 2 2 3 2 3 2 1 2 2 13 2 2
2
~F[F* X, FFY], 22)f
N(F?X,Y)=[FF X,FY]+F?[F?X,Y]-F[FF X,Y]-F[F* X,FY], 2.2)g
2 1 31 2 2 1 2 31 2 1 2

N(F*X,F?Y)=[FF X,FFY]+F*[F*X,F?Y]-F[FF X,F?Y]
2 1 1 31 31 2 1 1 2 31 1
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—F[F*X,FFY], (22)h
21 31
2vy _ 2 2 2y 2
—F[X,FF?Y], (22)i
2 23
N(F?X,F?Y)=—[FF X,FY]+F’[F*X,F?Y]+F[FF X,F?Y]
2 3 2 13 2 2 3 2 213 2
~F[F? X,FY], 2.2)]
23 2
N(F?X,Y)=-FF X,FY]+F*[F? X,Y]+F[FF X,Y]-F[F* X,FY], (2.2 k
31 21 3 3 1 3 21 31 3

N(F?X,F>Y)=[FF X,FY]+F’[F* X,F?Y]-F[FF X,F?Y]
32 3 12 3 3 2 3 3712 3
—F[F?X,FY]. 221
372 3
Proof. Operating Ifz on X (or Y or X and Y together) in equation (2.1) and using the equation (1.3) in the resulting equations

then we obtain the equations (2.2)a, (2.2)b and (2.2)c. Operating 52 on X for X =1 in equation (2.1), then using the equation
(1.2)b, we get
2 _ 2 2r-2 _ 2 _ 2
=[FFX,FY]+F’[F?X,Y]+F[FF X,Y]-F[F* X,FY],
32 1 1 2 1732 12 1
which is the equation (2.2)d. Similarly, we can obtain the equations (2.2)e and (2.2)f.

Now, operating If ?on X for X =2in equation (2.1) and using the equation (1.2) b, we get (2.2) g. Proof of the equations
22)h,..oo.o.il , (2.2) I follows similarly.

Theorem (2.2). If we put

P(X,Y)=[F X,FY]-F[F X,Y]. 2.3)
o } PR X%
If(llzzX,Y):[IfX,IfY]—If[IfX,Y], (24)a
E’(X,IlzzY):[lfX,IfY]—If[IfX,IfZY], 2.4)b
P(F* X, F?Y) =[F X,FY]-F[F X,F*Y], @4
P(E*X.Y)=-[FFEX,EY]+F[FEX,Y], (24)d
F;(X,lfzv)z—[lfx,lgEY]-If[lfx,EZY], (4)e
PE X =EEXEEVIHEIEEX.Ev] o
I?(IlzzX,I;ZY):—[lfX,I?I;Y]—If[le,l;ZY], (24) 9
ERE" X, B2Y) = —FIE X, ERYI-FIE X, B7Y], @A
FR(EX,BY) = —FIE" X, ERVI-FIIE" X, BoY], @A
P(X,F*Y)=[F X,FFY]-F[F X,F*Y], (24)]
PES X ) = [E X EEYI-FIEX E2Y], eak
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P(X,F?Y)=—F X,FFY]-F[F X,F®Y], 2.4) 1
P(X,E7Y)=—EX,FEY]-F[F X, E7Y] (2.4)
P(F?X,F?Y)=—F X,FFY]-F[F X,F?Y], @24)m
2 2 3 2 13 2 2 3
P(X,F?Y)=—F X,FFY]-F[F X,F?Y], 2.4)n
3 1 3 21 3 3 1
P(F* X,F?Y)=—F X,FFY]-F[F X,F®Y], (2.4) 0
33 1 3 21 3 3 1
P(X,F?Y)=[F X,FFY]-F[F X,F?Y], (2.4)p
3 2 3 12 3 3 2
P(F? X,F?Y)=[F X,FFY]-F[F X,F?Y]. 2.4)q
3 3 2 3 12 3 3 2
Consequently
P(X,Y)=P(F* X,Y) =[F X,FY]-F[F X,Y], (25)a
2y 2 2y _ 2
2y 2 2y _ 2
PG =RE X E —EXERYI-REXEYL @9
2 2 2 2
P(X,EZY)=P(E" X, F7Y) =[F X, EEY]-F[F X, E7Y], (25)d
P(X,F?Y)=P(F?X,F*Y)=—F X,FFY]-F[F X,F?Y] 25)e
2 3 2 2 3 2 13 2 2 3
P(X,F?Y)=P(F? X,F®Y)=—F X,FFY]-F[F X,F?Y], (2.5) f
3 1 3 3 1 3 21 3 3 1
P(X,F?Y)=P(F?X,F?Y)=[F X,FFY]-F[F X,F?Y]. (25)g
3 2 3 3 2 3 12 3 3 2

Proof. Operating Ifz on X (or Y or X and Y together) for X =1 in equation (2.3) and using the equation (1.3), we get (2.4)a,
(2.4)b and (2.4)c. Similarly, operating I;Z on X (or Y or X and Y together) for X =1and using (1.2)b, we obtain the equations

(2.4)d, (2.4)e and (2.4)f. Equation (2.4)g is obtained by operating lfzon X and I;z onY for X =1 then using the equation

(1.2)b in the resulting equation. Proof of the equations (2.4)h, ....................., (2.4)0 follows similarly.
Comparing the equations (2.4)a and (2.4)b, we get (2.5)a. Equation (2.5)b is obtained by comparing the equations (2.4)c
and (2.4)d. Similarly, we can obtain the remaining equations.

Theorem (2.3). If we put

Q(X,Y) =F?*[X,Y]-F[X,FY]. (2.6).
Then
Q(F* X,Y)=F[F* X,Y]-F[F* X,FY], (27)a
1
2 2 _ =2re2 2y 2
(l?(lf X,ETY)=FF X, F7Y]-F[F" X,FY], 27)b
EZQ(X,Y):IfZ[X,Y]—If[X,IfY], @7)c
1
EZ?(X,EZY)=EZ[X,IfZY]—If[X,IfY], 2.7)d
2 2 . 2 2r2 2
(l?(lf X,E2Y)=F[F" X, FEY]+F[F° X, FV], @7)e
2 2 _ 2re2 2 2
?(E X,EEY)=F[F° X, EOY]+F[F° X, FEY], @7 f
F?>X,F?Y)=F*[F*X,F*Y]-F[F* X,FFY .
(1?(2 EIY)=EE° X, ETY]-F[F* X, FEY], 27)9
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Q(F* X,F%Y)=F*[F? X,F*Y]-F[F* X,FFY],
2 2 1 2 2 1 2 2 31
2 2yy _ 2rc2 2 2
QE" X EP ) =EIE" X EFVI+ELE X £ EY)
F>X,F?Y)=F’[F? X,F*Y]+F[F*X,FFY
?(3 "1 ) 3 [3 "1 ]+3[3 21 ]
Q(F?X,F%Y)=F*[F? X,F’Y]-F[F* X,FFY]
3 3 2 3 3 2 3 3 12
FZQ(F*X,F?Y)=F?[F*X,F’Y]-F[F* X,FFY]
1 1 2 3 1 2 1 2 23
2 2 2 2 2 2 _ 2
£ Q" X EMY) = B X BTV EET X EEY)
2 2 2 2 2 2 2
£ Q" X, M) = B X EPYI B X EEY)
F®Q(F*X,F?Y)=F?[F*X,F’Y]+F[F* X,FFY]
3 3 3 1 3 3 1 3°3 21

Consequently
Q(F*X,Y)=F?*Q(F*X,Y)=F’[X,F*Y]-F[X,FY],
1 1 1 1 1 1 1 1

[

1

2
X,F2Y]-F[X,EV],

1

2 2y 2 2 22 2y 2
QF X, E?Y) = F*Q(F X, E7Y) = F'[E7 X, E* Y] - F[E" X, FY],

3

Q(F* X,F?Y)=F*Q(F*X,F?Y) =F’[F* X,F*Y]+F[F* X,FFV],
3 3 1 3 3 3 1 3 3 1

QFZX,F2Y)=F2Q(F*X,F2Y)=F’[F* X,F?Y]-F[F* X,FFY].
3 3 2 3 3 3 2 3 3 12

3 3 2
Proof. The proof follows the pattern of the proof of the theorem (2.2).

Corollary (2.1). In the Para almost F-3 structure manifold, we have
2 _ 2 2 _ 2 2
QUE X, E*¥) ==F P(E" X, EY) =E[E X E EYI+ETE X E7Y].

2 2 _ 2 — 2 2 2 2
QUE* X, EY) == F P(E X E2Y) = FIE* X Y1+ IR X, B5Y],
FZP(FX,FY)=Q(F*X,F?Y)=F?[F*X,F*Y]-F[F? X,FY],

1 11 1 1 1 1 1 1 1 11 1
P(F>X,Y)+Q(F* X,Y)=N(F?X,Y)

171 11 11
P(X,F2Y)+Q(X,F?Y)=N(X,F?Y),

1 1 1 1 1 1

2 2 2 2vy 2 2
P(E X E )+ QUE X E ) = N(E7 X.E7Y),

F>X,F°Y)=F*Q(F*X,F?Y)=F?’[F? X,F?Y]-F[F*X,FFY
Q(z "3 ) 1 ?(2 "3 ) 1[2 ’ ] 1[2 "2 3 1

Q(F? X,F?Y)=F?Q(F* X,F?Y) = F*[F? X,F?Y]-F[F? X,FFY],
2 1 2 9 2 1 2 2 2 2 31

@27)h
@7)i
27)]
@2.7)k
@71
@7)m
@27)n
@70

(27)p

(2.8)a
2.8)b
238)c
(2.8)d
2.8)e
(2.8)
(2.8) g

(2.8) h

(29)a
29)b
(29) ¢
2.9)d
(29)e

2.9) f
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P(F?X,Y)+Q(F? X,Y)=N(F? X,Y), (2.9) g
1°2 12 172

2 2 2 2y 2 2
P(E" X.F Y)+?(|§ X,ETY)=N(E" X, F7Y). (29)h

Proof. Comparing the equations (2.4)h and (2.7)h, we get (2.9)a. Similarly comparing (2.4)i and (2.7)i, we get (2.9)b. Operating
F on X and Y in(2.3) for X =1, we get
1

P(FX,FY)=[F*X,F2Y]-F[F? X,FY]. (2.10)
1 1 1 1 1 1 1 1

Operating F % in (2.10) throughout and using (1.3) then comparing the resulting equation with (2.7)c, we obtain (2.9)c. Adding
1

the equations (2.4)a and (2.7)a then comparing the resulting equation with (2.2)g, we get (2.9)d. Proof of the remaining
equations follows similarly.
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