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Abstract:- In this paper we have introduced a subclass
A(n,q,l,a) of meromorphic univalent functions with MAIN RESULTS
positive  coefficients in  the punctured unit disk We establish the following ten properties for a function f(Z)

U= {Z eC:0< |Z| <1}. Coefficient estimate, distortion  belonging to 2 in the class A(n,q,/l,a) defined under

theorem, radii of starlikeness and convexity, closure theorems condition given in (5.1.4)
and Hadamard product of functions belonging to this class are . .
obtained. Further properties using integral operators are also ~ Coefficient Estimate

obtained for the same class. Theorem-1 : Let the function f (Z) defined by (5.1.1) be in the
Let 2 denote the class of meromorphic functions in the punctured class X . Then the function f (Z) belong to the class
wnit disk U™ = {z € C : 0<[2| <1} of the form Aln, CM Of) if and only if
o n
1 & (k+i o (k+a-ala,
7)= ;+Zakzk Z‘(k
k1 <(-1f q (/t q-1) +q-a) (521
a >0;keN={,2,. (511

(@, 12.3) G (0<a<1+q;220:n,qeN,)

Foreach f (Z) € 2 we define the following differential
operator Proof: Let us suppose that the inequality (5.2.1) hold true. Then in

D] f(q)(Z) =D[D]* f(q)(Z)] view of condition given in (5.1.4) and |Z| < 1we have
A-q-1] & nf @ (7))
g0 e K gas oo |,
2% (k= )' D" f @ (z) (+a)
..(5.1.2)
(g,neN,) where f(q)(Z) is the Q" derivative of () i (A+k—-q)"(k +1)a,
defined in (5.1.1) and < a (k- )'
A ' n
D[f(z)]= Zzzgz) ...(5.1.3) -)*(A1-q-1" ql+z (k— )' -q)"a,
<(A+g-a)

With help of the differential operator DE , we say that a Therefore the values of the functions
function f(Z) belongs to X is in the class A(n,q,ﬂ,,a) if and z(D“ f (Q)(z))
only if D(z)= == (522

’ Dl f (Z)
Rel_ D19°@) | > & (5.14)
DI f9(z) lie in a circle which is a centered at @ = (1+ q) and

where zeU™; 1>0; 0<a<1+q; n,qe N, and D! whose radius is (1+q_a).
is defined in (5.1.2) Hence the function satisfies the condition given in (5.1.4).
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Now conversely, assume that the function f(Z) is in the class

A(n, g, 4, a). Then, we have

K (i+k a)'(k-q)a,z"* >a

(A+k-q)az*

)|
..(5.2.3)

a(0<a<1+Q9;420;n,ge N;) and

for some

Z eU” choose value of Z on the real axis so that q)(Z) given
by (5.2.2) is real. Upon clearing the denominator in (5.2.3) and

letting Z —> 1" through the real values we can see that inequality in
(5.2.3) lead to inequality (5.2.1). It completes the proof of
Theorem-1.

Theorem -2 : Let the function f(Z) defined by (5.1.1) be in the
class A(n,q,l,a).Then

D91 -g-)"(l+g-a)

e K k=g (k+a—q) e
(k—a)!
(k>1;9,neN,;1>0)
The result is sharp for the function f (Z) given by
f(z)_ (I?q M2-9-1"A+q-a) « (526
RGN q)

(k>1 g,ne Ny, A>0)

Proof: As f(Z) IS A(n,q,ﬂ,,a) therefore in (5.2.1) K™ term

will be less then equal to the sum on L.H.S. of (5.2.1). Therefore
(5.2.5) is true for the function defined in (5.2.6).

Distortion Theorem
Theorem-3 : If the function f(Z) defined by (5.1.1) is in the class

A(n,q, 4, ) then

\f<m>(z)\ >
o™ 1)qq!(/1—q—1)”(1+q—a)‘z‘ 2" 527
\Z\ A+A-9)"A+ax—q)

and

‘f(m)(z)‘ {( 1)m ( 1)qq!(/1_q_1)n(1+q_a)Z}|Z|—m

|z \ @+A-9)"A+a-q)
. (5.2.8)
(zeU;0<a<(1+q);q,nmeN,;1>0)

The result is sharp for the function f (Z) given by

(-1'a(A-q-1)"@A+q-a)A-q),
@+2A-9)"U+a—Qq)
...(52.9)

f@)=1+

Proof: The function f(Z) is in the class A(n, q,ﬂ,a) then in
view of the assertion (5.2.1) of Theorem-1 we can see that

@+A-9)"0+a—-q) <
TEETREP I

Si(kE!q)!(/1+k—q)”(k+a—q)ak

< (-1 'q(1-q-1)"1+q-c)

which evidently yields

ik!ak < (-1)'q'(2-9-)"(+q-a)2-0q)!
k=t 1+1-9)"A+a—q)

...(5.2.10)

Now on differentiating both sides of (5 2.1) m times , we have

£ (7 -1 > ke kem
(2)= (D" i é(k_q)!akz
(52,11

Now taking the modulus of both sides of (5.2.11) and
using (5.2.10) we at once arrive at the desired results in (5.2.7) and
(5.2.8).

This completes the proof of Theorem-3.

Radii of Starlikeness and Convexity
Theorem — 4: Let the function defined by (5.1.1) be in the class
A(n, q,4, a). Then
i f (Z) is meromoriphically starlike of order \P(O <Y< 1) in
|Z| = I}, where
1
= Inf k2 +k—q)'(k +a—q) (1—‘1’)}“
2 ((k-al(-1f(2-g-1)all+q-a) (k+2-F)
...(5.2.12)

(k>1;9,neN,;120)

i) f (Z) is meromoriphically convex of order ‘{"(0 <Y< 1) in
|Z| <, , where
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f= 1nf K(A+k-q)'(k+a-q) a-v) }kl
e |(k-ak(-1(2-a-1 'ql+g-a) k(k+2-F)
(52.13)
(k>1;9,neN,;420)

Each of these results is sharp for the function f (Z) given
by (5.2.6)

Proof: Let f (Z) S A(n, g, Z,, 0{). Then by Theorem-2 we have

o0 < CU(2-q-1)@+q-a) (5.2.14)
KTk .
m(ﬂ+k—q) (@+k-q)

To obtain the radius of starlike function (5.1.1) given in (5.2.12) it is
sufficient to show that

m+ < (1-Y) .(5.2.15)
f(2)
The L.H.S. of (5.2.15):
, Z k+1az| > (k+1)a |z
@ | _|& &
1@ 1 ;

+2.8z 1_2‘3‘k|z|k+1

0
k=1 k=1

Then in view of (5.2.15) this will be bounded by (1— ') therefore
on

k+1

Zmz W, |7

..(5.2.16
1-¥) ( )

In view of (5.2.14) it follows that the inequality in (5.2.16)
is true if

(k+2-¥)
(1-¥)
kI(4

(k-g)!(-

Zk+1 <

+k-q)'(k+a-q)
V' (2-9-1t+q-a)

.(5.2.17)

Setting |Z| = I} in (5.2.17) we get desired result in (5.2.12).

Similarly, to prove that f (Z) is meromorphically convex of
order ' it is sufficient to show that
zf"(z
@, ,
f(z)
(k=>1;q,neN,;120)

for radius |Z| =1, givenin (5.2.13).

< (1-¥)

Closure Theorems
Theorem-5: Letthe function f;(z) (j=1.2,...

by

.) defined

- 3 z for zeU (52.18)
Z 3z

be in the class A(n,q,i,a) forevery j=12,..,m.
Then the function F(Z) defined by

Z) = 1, ibkzk
Z a

belongs to the class A(n, q,4, a) where

1 o0
b, = — E a .
J

miz

Proof: since f;(z) € A(n,q,ﬁ,a), it follows from
Theorem-1 that

(k e N)

< (-)'qi(A-q-1)"(1+q-a)

...(5.2.19)

i(k )(ﬂ+k q)"(k+a— a3, ;

forevery j =1,2,..,m. Hence

K (A+k—q)(a+k—-q) by
& (k-o)

Zm: {i = )|/1+k q) (a+k—q)akyj}

j=1 k 1
< D' (A-g-D)"(L+g-a)
By Theorem — 1, it follows that F( )

_1
m

A(n,g, 4, ).

Theorem —6: The class A(n, q,4, a) is closed under
convex linear combination.

Proof: Let the functions f;(z) ( 12) defined by

(5.2.18) be in the class A(n, a, A, a). It is sufficient to show that
the function

H(z) =t f,(2) + @-1)f,(2)
is also belongs to the class A(n, g, 4, 0().
Since (0 <t< 1)

(0<t<1)

+Z [ta,, +(1-t)a, 12"
k=1
We observe that

K (1ik-qf (@rk-q){ B (-t}
k=1 (k- Q)'

=ty (- q)|/1+k q)'(@+k-q)a,,
k=1
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) gk af @ k-a)a,

< (-D'g(1-9-1)"A+gq-0)
By Theorem —1, it follows that H (Z) € A(n,q,l,a).

1
Theorem-7: Let f, (Z) == and
z

fk(z):1+ (_1)q(/1—q—1)n(1+q—a)q! /K
2 M (ek—qf(a+k-0)
(k—q)!
for K=1,2,.... Then f(Z)e A(n,q,/I,a) if and

only if f (Z) canbe  expressed in the form

f(Z) = i Hy fk(z)

k=0
Z,Uk =1
k=0

Proof: Let f(Z) :iﬂk f(2)

where £4, >0 and

Then in view of i/‘ _1 We have
=

f(z)_1 f: ( J(2-a-1) @+q-a)at

k= T )'(/1+k q)' (¢ +k-q)

Now we have

= (A+k=a)(@+k-0q)"

K!
i )(/1 q-1'@+g-a) (k-q)!
-4-)"0+q-a)g!

S (Aek-q)(ark-q) DG

(k- Q)'

= Z,Uk =1-u <1
k=1
Therefore from equation (5.2.20) we conclude in view of

Theorem-1 that f(Z) e A(n, q,/l,a).

...(5.2.20)

Conversely : As f(Z) € A(n,q,ﬂ,(x)then in view of Theorem-2
we have

(-10'(A-q-1) @+qg-a)!

k!
(k )I(A+k q) (e +k-q)
(ke N)
On setting

gt ek-a)

-1'(2-9-1) Q+q-a)!
We have iﬂk -1

IA

8

a, .,

k —

therefore it is true that

Nowy, it follows that
f(Z) - Z,Uk fk(z)
k=0
This completes the proof of Theorem-7.
Integral Operator for function
Theorem —8: Let the function f (Z) given by (5.1.1) be in

A(n, q,4, a). Then the integral operator
1
= cJ'uC f (uz)du .(5221)
0

(O<u<L0<c<w)
is in A(n,q,}t,é) where

5 = (@+a-g)l+g)c+2)-(A-g)l+g-ak (52.22)
cl+q-a)+(c+2)l+a—-q)
The result is sharp for the function f (Z) given by
f(z)=1+(—1)“(/1—q—1)”q!(1+q—a)z ...(5.2.23)
z 1+24-q)0+a-
a_wﬁ a)’( a)

Proof : Let f(z)e A(n,q, A,a). Then for
F(z) :c.l[ucf(uz)du

we have

F (¢ azf

( ) z kzi‘(c+k+1j “

Since f(Z) (n g, 4, a) We have from Theorem.-1
A=) (k+a-q),

i.e. (= 1(
(- ﬂ(ﬂ q-1)'q'l+q-a)

<1

Now for function F (Z) in view of Theorem —1, It is sufficient to

show that the largest O satisfies

&k c
Z(k q)I(kJrA q) (k+§fq{m)ak

(PG Teta-a)

...(5.2.24)
Therefore, the value of O satisfies the range

(k+5—q)[ c Js(km—q)

..(5.2.25)
@+g-o)\c+k+1) (+q-a)

for each K € N . From (5.2.25), we obtain

5 < (k+a—q)l+q)c+k+1)-ck-q)l+q-a) =
cl+q-a)+(c+k+1)k +a—q)

H (k)
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We see that H (k) is increasing therefore H (k) >H(1) Now in the light of inequality (5.2.30) we have

n . .(5.2.31
itmeans = H(1) < H(k) C1'(2-a-1)qt+q-a) _(k+a-gli+q-05) ( )
- ' . . L(k+17 Pk +a— )_(k+5—q)(1+q—a)
Now the result in (5.2.21) follows immediately. (k—q) q @-q
On simplifying the inequality (5.2.31) we obtain
Modified Hadamard Product P f}égge(k) quality ( )
Theorem-9: Let the function fj(Z)(j :1,2) defined by (5.2.18) where the function G(k) is
be in the class A(n, q,/I,a). Then the modified Hadamard G(k) =(1+q)
i ...(5232
product (or convolution) of fl(Z) and fz(Z) by i (1 (i-q-1 g+ q-af (K +1) ( )
1 & k! n n
(f,*f,X2) =+ ;ak,lak,zzk --(5.2.26) m(ka) (k+a-af +(-1)'(2-g-1) 'l +q-af
(f1 % f2 )(Z)e A(n q,A 5) where We see that G k) is an increasing function of K,
o=(1+0q) therefore G(1) < G(k)
ie. 0 =G
...(5.2.27) . S .
2-1(1-q-1qil+q-a) which means in view of (5.2.32) at k=1 gives (5.2.27).

B 1 n 2 n 2

gtV lra-af Yl -a-Yala-a) 53  APPLICATIONS

The result is sharp for the functions fi (Z) (J :1'2) As application of the theorems established in this section contain
given by certain known and new results for the known class " (¢) of
1 (-1)'A-9-1)"9l+g-«a ‘ -(5.2.28) univalent meromorphic functions with positive coefficients.
£ (2) = q g\l+q
J(Z)_Tr k! N z We illustrate some results deduced from our main theorems as
(k_q)!(k+/1—q) (k+a-a) follows:

(k e N) ()  For the choice of N=0=A4=0 in Theorem-1, we get

known corollary due to Kavitha et al [3, p.111].

Proof: In order to prove Theorem —9, we have to find the largest O
in view of Theorem —2 and (5.2.26) i.e. (i)  Ifin Theorem-2 we put N =0 =4 =0 then it reduces to the

! known corollary due to Kavitha et al [3, p.111].

(k+1-q)'(k+5-q)

(k —q)! a . <1 ...(52.29)
(-1)'(A-gq-1"q+q-a) "7 @iy For n=q=A4=0 and M=0in Theorem-3, we get the
Since fl(Z) and fz(Z) are in A(n,q,l,a) then for fl(Z) following corollary:
and fz(Z) we have the following inequalities Corollary-1. If f(Z) e 3 (a) then
S k!
———(k+2-0qf(k+a-q) 1 1
& c—a) n <1 = lac|f(z) s —+12@ 53
(-1(21-a-1 ql+q-a) 2| 1+a 7l 1+a
e U 0<a<1
1 Ze 0<a<
Zi(k+ﬂ—q)"(k+a—q) ( _ ) _ o
= (k-q)! a. <1 The result is sharp for the function f(Z) given in
(-)'(2-q-1)'q@+q-a) ¥~ (5.4.5).
Now by Cauchy — Schwartz inequality and then in view of (iv) At N=0 = A =0 in Theorem-4 provides the
Theli)'rem -2, we have following corollary:
kill(kaﬁ—Q)n(kaa—Q) o .
( —(j) : rm-ak,z <1 ..(5.2.30) Corollary-2. Let the function (Z) defined by (5.2.1)
1'(2-9-1)"q(t+q-a) be in the class X (a)
Then for the convolution fl(z) and fz(z) in class Then f(Z) is meromorphically starlike of order
A(n,q, A, c) in view of (5.2.29) and (5.2.30) we have W0 <W <1)in |2 <1, where

< (k+a-q)ft+q-95)

V&G, = = Inf {(k+a) 1-v) }klﬂ ...(53.2)

k+o-qfl+g-c —
( afi+q-a) k1 | (l-a) (k+2-%)
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given by
1 4_
fi(z)==+122 4 (534)
Z k+a
(k eN)
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