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Abstract: This paper studies extended fractional Fourier transform, which is generalization
of fractional Fourier transform with two more parameters. Here we have illustrated some
properties of kernel. Also we have proved some operational formulae. We also deal with
parsevel’s relation.
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1. Introduction: The Fourier transform(FT) is a most popular transform in the theory of
optics, signal processing and many other branches of engineering. The concept of FT of
fractional ordered is introduced by Namias [5] in 1980 which is known as fractional Fourier
transform (FrFT) given by

e[i(n_fa)] ( —i[i( t2+u2)cota —tucsca |
PO = e [ F(oat (1.1

—00

Due to the vast applicability of FrFT in signal filtering [6], optics [4], quantum
mechanics[5], number of scientists extended the definition of FrFT in different manners. Shih
C. in 1995 [8] used the integer ordered Fourier transform as basis and fractionalized Fourier
transform in a different way. In 2008 Zhou et al [9] defined complex fractional Fourier
transform and extended it. Pei, Liu and Lai [7] in 2012 had given extended versions of FrFT
by using four generalizations of Hermite Gaussian function.

Lohmann [3] suggested a new definition,

b ,(t2+u2) —2imtu

FELF(6)](w) = f o " Ifstana eAfssina f(£)dt (1.2)

—00

This definition ensures the involvement of the wavelength A and focal length f as
fs = f sing.

In the same paper [3], he had also given the definition,

[ee]

F [f(O]w) = F%, (W) = f ein[(a2t2+b2u2)cotcx —2abtucsca | F(t)dt (1.3)

—0o0

1JERTV 215120601 www.ijert.org 1189



International Journal of Engineering Research & Technology (IJERT)

ISSN: 2278-0181
Vol. 2 Issue 12, December - 2013

- f FOKE, (6, wdt

where K“b (t,w) = ein[(a2t2+b2u2)cota —2abtucsca |
a, )
Particularly when a = b = — it gives (1.2) where as a =b = |— gives (1.1).
y NEY? 9 7w Y

In [2] we have enhanced the domain of extended FrFT to the spaces of generalized functions
and obtained its inversion as,

f(t) = abcsca f ap WK, p (t,u)du (1.4)
where K‘Z‘ (t u) = e—iﬂ(a2t2+b2u2)cottx +2imabtucsca
a, )

Here we put forward some operation transform formulae concerning to this extended FrFT.
2. Operations on extended fractional Fourier transform:
In this section we proved properties on extended fractional Fourier transform.

2.1 Theorem (Time shift property): If FJ,[f(t)](u) is extended fractional Fourier
transform of f(t) then

c?,b [f(t + ’l')](u) — ein[aZTZCosa'sina +2abtusina ]Fc‘lx,b (u 4 %TCOSCZ)

Proof: By (1.3)

o0

ng [f(t + T)](u) — j eirr[(azt2+b2u2)cota —2abtucsca | f(t + T)dt (2.1)

Letwetake t + 7 = T then t = T — 7 therefore dt = dT

Therefore equation (2.1) will be

o0

ng [f(t +T)](u) — feirt[(az(T—‘r)z+b2u2)cota —2ab(T—r)ucsca]f(T)dT

—00

ira?

o0
2 . : 2724 12,2 —2a2 -
=e T°cota +2imabtucsca fem[(a T“+b“u“)cota —2a“tTcota —2abTucsca | f(T)dT
—00

o8]
) . : 22 4 32,2 _ a
— eln'a T4cota +2imabtucsca felﬂ.'[(a T“+b“u )Cota 2ab(u+b‘rcosa )TCSC(X]f(T)dT
—o0
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0
i 02,2 ; ir[a2T? — a i h2 a 2
— gima’t?cota +2imrabtucsca em[a T“cota —2ab u+typrcosa Tcsca]em'b (u+b‘rcosa) cota
—0o0

. a
e—lﬂbz(u+FTCOS(Z )ZCOt(Z eianuzcota f(T)dT
o0
_ einazrzcota +2imabtucsca f ein(a2T2+b2(u+%rcasa )2)cota' —2imab (u+%‘rcosa )Tcsca
—00

e—inb 2 (%Tcosa Y2cota —2imb zu%‘[cosacota f(T)dT (2.2)

Here we can write extended fractional Fourier transform with parameter (u +%Tcosa) as

o0

Fg.b [f(t + T)] (u + %TCOSCI) — j ein(a2t2+b2(u+%rcosa )2)cota —2imab (u-i-%rcosa)tcsca f(t)dt

Therefore (2.2) will be

, a .
Fab [f(t + T)] (u) — einaz‘rzcota +2imabtucsca e—mb2 (F‘rcosa )Zcota —2imabutcosacota

a
a —
Fiulf(®)] (u + 3 Tcosa)
— ein’az‘rzcotcx (1—c052a)+2inabrucsca (1—cosza) Fg,b [f(t)] (u + %TCOSCZ)

Therefore

2cosasina +2imabtusina Fg,b [f(t)] (u + ETCOSCZ)

F&Lf (e + DI (w) = et -

2.2 Theorem: If F, [f ()] (w) is extended fractional Fourier transform of £ (t) then

. 2b v vsina
i LT |—uvcosax——- SsSinacosa
Py [ (Ot () = e lawreose oo (S

Proof: As
Fg,b [f(t)ezmvt](u) — f eiﬂ[(a2t2+b2u2)cota —2abtucsca | f(t)eZimit dt
—0o0
imb%u?cot ( ira®t?cota —2imabt (M—M)Csca
= elﬂ' u“cota e b f(t)dt

[ee]
. 2 . .
_ einbzuzcota feinaztzcota +inb2(u—%) cota —2imabt (u—vsalga)cscae—inbz(u—vsalza) cota f(t)dt
—o0
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o0 . 2 .
; 2 . vsina vsina

. 2(Vsina . 2uvsina in[a2t2+b2 U—ap— ]Cot(x —2imabt (u—
e ith (—ab ) cota +2imh ahcota je ( ab ) ( ab )
—0o0

csca f(t)dt

Therefore

. 1 v vsina
g,b [f(t)ez”“’t](u) — em[ o uveosa azsmacosa ]Fg,b [f(t)] (u _ )

ab

2.3 Theorem: If F, [f(t)](w) is extended fractional Fourier transform of £ (t) then

1 a ,
Faplf (D1(w) = 2imabusinaFg, (u) + 5 cosa Fyf, (W)
Proof: As

[e'e]

Fab Ij”'(t)](u) — fein[(a2t2+b2u2)cota —2abtucsca | f,(t)dt
a,

—0o0

= —2inma’cota f einl(a®t?+b*u?)cota —2abtucsca 1 ¢ f£(¢)dt + 2irabucscaFd, (w) (2.3)

Differentiating (1.3) with respect to u we get
F o lf (O1w) = Fj (W)

= j einl(@®t?+b*u?)cota —2abtucsca | [2imh2ycota — 2imabtcscaf(t)dt

o0

= 2imtabcsca f ein[(a2t2+b2u2)cota —2abtucsca | t.f(t)dt

—0o0

o0
— 2inb2ucotcx f ein[(a2t2+b2u2)cota —Zabtucsca]f(t)dt _ FC;% (u)
—Qo0

Therefore
) . 12 a _pa
j eiﬂ[(a2t2+b2u2)com —2abtucsca | t.f(t)dt — 2imh UCOtaFa,b (u) Fa,b (u) (2.4)
2imabcsca

Applying (2.4) in (2.3) then

2imb?ucotaF%, (w) — F,% (w)

2imabcsca

b [f (O](w) = —2ima?cota + 2imabucscaFg, (u)

= 2imabucscaF{, (wW)[—cos?a + 1] + %cosaF,;tffj (u)

Therefore
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b [f (Olw) = %cosaFc;f’ﬁ, (w) + 2imabusinaFg , (u) (2.5)

2.4 Theorem: If FZ, [f ()] (w) is extended fractional Fourier transform of £ (t) then

a

d n
~cosa a] F& [F (O] (w)

b [%f(t)] (w) = [Zinabusina +

Proof: By (2.5)
a

FEylf 01 = 3

cosaFcll‘j, (w) + 2imabusinaFg , (u)

Let we take 11" order derivative extended FrFT will be

[o0]

Fab [f” (t)] (u) — J ein[(a2t2+b2u2)cota —2abtucsca | f” (t)dt
a,

—0o0

— ein[(a2t2+b2u2)cota —2abtucsca ]f’ (t)l @

_ f ein[(a2t2+b2u2)cota —2abtucsca | 2irr[a2tcota _ abucsca]f’(t)dt
—o0

o0
— (Zinazcota)z f ein[(a2t2+b2u2)cota —2abtucsca | tzf(t)dt

—00

—2(4i2n2a3bucotacsca) feirr[(azt2+b2u2)cota—Zabtucsca]tf(t)dt

—0o0

+[2imra?cota + (Limabucsca)?] f eiml(a®t?+b*u®)cota —2abtucsca | £ (1) dt (2.6)

By (1.3) differentiation of extended FrFT with respect to u will be

d , [
@Fcﬁb U(t)](u) = Fa% (w) = 2ith?%cota j elﬂ[(a2t2+b2u2)cota —2abtucsca ]Uf(t)dt

o0
—2imabtcsca fein[(a2t2+b2u2)cota—Zabtucsca]f(t)dt
—o0

Differentiating one more time with respect to u then

[e'e]

2

d " .
e Fc?,b [f(t)](u) — Fa,% (u) — (Ziﬂ'bZCOt(X)Z f em[(azt2+b2u2)cot(x —2abtucsca ]f(t)dt

—00
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o0
—Z(Zin)zab3ucotacsca jein[(a2t2+b2u2)cota—Zabtucsca]tf(t)dt
—o0

+2iTL’b2COtC¥ Jein[(a2t2+b2u2)cot¢x—2abtucsca]f(t)dt
—o0

o0

+(2inabcsca)2 fein[(a2t2+b2u2)cota—Zabtucsca]tZ f(t)dt

—00

Therefore

o0
f ein[(a2t2+b2u2)cota—2abtucsca ]tZ f(t)dt
—o0

1 2

- (2irabcsca)?

2 (1)

du2 %P

o0

_ (ZiﬂbZCOtCZ)Z j ein[(a2t2+b2u2)cota —2abtucsca ]f(t)dt

—0o0

+ 2(2i7r)2ab3ucotacsca f ein[(a2t2+b2u2)cota —2abtucsca ]tf(t)dt

0

_ ZiTl'bZCOta’ f eirt[(azt2+b2u2)cota —2abtucsca ]f(t)dt] (27)

Therefore by using (2.4) and (2.7) in (2.6) we get
F&ylf (1)

_ (2ima®*cota)?

"~ (2imabcsca)?

[ng (w) — 2imb*ucota)?Fg, () — 2imb?cotaFg, (w)

2imb?ucotaF%, (w) — F,% (u)]
2itabcsca

2itb*ucotaFg, (w) — F,5 (u)
2imabcsca

+ [2ima®cota + (Zinabucsca)z]Fo‘l’fb (w)

+ 2(2im)?ab3ucotacsca

— 2(2im)?a®bucotacsca

= [(2imabu)?sin*a + 2ima*cosasinalFY, (w)

a’cos’a d?

d
+2(2im)a’ucosasina = F&,w) + a2 F&,w)
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Therefore

2
F3p [f (Ol = [Zinabusina + %cosa ;—u] Fgp(u) (2.8)

From (2.5) and (2.8) we get the n™ order derivative as

a

d n
}, cosa @] Fgp(u)

dam ‘ )
b [Wf(t)] (w) = [Zmabusma +
Hence proved.

2.5 Theorem: If F7,[f(t)](u) is extended fractional Fourier transform of f(t) then

b sina d 1"
FE I F 010 = [Zucosa -~ ] Eg, o
Proof: By (2.4)
b ina d
FE, [ (D)) = [Zucosa — oo ] R, [F (D10 .

Also from (2.7)

Fgy [t f(0)](w)
1
- (2irabcsca)?
+ 2(2im)?ab3ucosacsc?aFy, [tf ()]1(w)]

[F. % (w) = [2inb?cota + (2imb*ucota)?|Fg, (u)

b?u?cos’*a “ ucosasina
=——7  FopW) —————F3 (W)
cosasina F (u) + sina F”“( )
2ima? a,b U (2imab)?~ *P U
_[b sina d]zFa W 210
~ %% " Zizab aul "'t (2.10)
Similarly F%, [t3f(0)](w) = [Eucosa _ Sina irF“ (w) (2.11)
y ab a 2imab du ab ’
From (2.9), (2.10) and (2.11) general form of product by an integral variable extended FrFT
will be
F& [t f(O)](uw) = [éucosa’ _ sSina i ’ F%, (w)
ab " la 2imab dul 4P

2.6 Theorem (Primitive property): If FZ, [f(t)](w) is extended fractional Fourier
transform of f(t) then
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. b _ |
ab [J f(t)] (W) = e~imb*u*tana asecang'b [F ()] (w) eimb’w?tana gy 4 co—imb’u?tana

If a — g is not multiplied 7

Proof: We have derivative property of the extended fractional Fourier transform as
FZp [f' (O](w) = 2imabusinaFg ,[f ()] (w) + % Cosoch’l‘O;j [f(O)](w)

Let us assume that g (t) as f(t), thatis g (t) = f(t) therefore g(t) = [ f(t) dt

Therefore from derivative property we get the differential equation as

F&,[g (0)](w) = 2irabusinaF%,[g(©)](w) + gcosaF;?; [g(O](w)

ISt

Consider this as I” order differential equation, its solution will be

[ b ’ .
F&y[g(©)](w) = e~ I 2imbPutanadu UasecaF;{b [g' ()] (w) ef 2imb utanadu gy 4 C]

. b , ’
ab [f f(t)] (w) = einb*uitana aSecaf F& [F (1) eimb?ultana gy, 4 cp—inb?u’tana
If « — = is not multiplied =

2.7 Theorem (Time inversion): If F7,[f(t)](w) is extended fractional Fourier transform of
f(t) then

Fap[f (=D](w) = Fgp (—u)
Proof: Being very simple proof is omitted.

2.8 Theorem (Parity): If F7,[f(t)](w) is extended fractional Fourier transform of f(t) then

Fapl—f(=D]w) = —F7, (—w)
Proof: Proof is simple hence omitted.

3. Parseval relation property: F;,[f(t)](u) is the extended fractional Fourier transform
then

o0

j f(t) g (t)dt = abcsca f Fp(w)Ga% (u) du

—00

Proof: As (1.3) let we take an extended FrFT of function g(t) as

(;x,b [g(t)](u’) = Gl(lx.b (u) - J eiﬂ[(a2t2+b2u2)cot¢x —2abtucsca | g(t)dt

—0o0
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Inversion of G, (u) will be

0]

g(t) = abcsca je—in[(a2t2+b2u2)cotcx—Zabtucsca]G‘tlx’b(u) du
Then conjugation of above g(t) is

o0

g*(t) = abcsca f ein[(a2t2+b2u2)cota —2abtucsca ]G;% (u) du

—0o0

Therefore
jf(t) g (O)dt = f F(O) [abcsca f ein[(a2t2+b2u2)com —2abtucsca ]G;% (w) du] dt
= abcsca f G*Oll) (u){ f ein[(a2t2+b2u2)cot(x —2abtucsca ]f(t)dt} du
a,
f f() g*(t)dt = abcsca j Fip(wG,5 ) du

Table of extended fractional Fourier properties:

Si. No. ) Extended fractional Fourier transform
1 f(t) j ein[(a2t2+b2u2)com —2abtucsca | f(t)dt
. . , a
2 f(t + T) em[az-[zcosasma +2abtusina ]Fﬁllx,b [f(t)](u + ETCOS(X)
2invt in [&uvcosa—ﬁsinacosa ] vsina
3 f(®e "l 22 F&, [F(D)] (u — )
’ a '
4 f (@) 2imabusinaFg, (u) + 5 cosaF,% (u)
" [2' busina + — d]nF“()
5 v f(t) lranusina b cosa du ab u
6 n b sina d 1"
Cre [ ueose — o] Fir @
b ) . .
7 ff(t) dt Eseca e—mbzuztana jembzuztana F(;l,b (Wdu + Ce—mbzuztana
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8 f(=t) Fgp(—u)

Conclusion: In this paper we have established several operation transform formulae for the
extended fractional Fourier transform which will be useful for application of the transform to
solve partial differential equation. Moreover Parseval’s identity is also obtained. Also note
that similar results for fractional Fourier transform are special cases of these results with
a=b=1.
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