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Abstract

In this paper, we discuss about an inventory model which is developed for deteriorating items. We have
considered Weibull distribution with two parameters as a deterioration rate. The demand rate is trapezoidal
type. Shortages are also considered in the model. Analytical solution of the model is obtained and the
analytical condition is also given to illustrate the model developed. The model is solved analytically by
minimizing the total cost.
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1. Introduction

Deterioration is defined as decay or change in the quantity of the inventory. Maximum physical goods endure
decay or deterioration over time. Fruits, vegetables and food items undergo from depletion by direct spoilage
while stored. Highly unstable liquids such as gasoline, alcohol and turpentine suffer physical depletion over time
through the process of evaporation. The deterioration rate is given in this paper is Weibull deterioration with
two parameters. Items of physical goods are one of the important factors in any inventory and production
system. The deteriorating items with shortages have received much attention of several researches in the recent
years because most of the physical goods undergo decay or deterioration over the period of time. Commaodities
such as fruits, vegetables and food stuffs get depleted by direct spoilage while kept in store. Ghare and Schrader
[5] developed a model for an exponentially decaying inventory. An order level inventory model for items
deteriorating at a constant rate was proposed by Aggarwal [6], Dave and Patel [1].Inventory models with a time
dependent rate of deterioration were considered by Covert and Philip [3]. The inventory model with ramp
type demand rate was proposed the first time by Hill (4). The ramp type demand is very
commonly seen when some fresh fruits come to the market. In case of ramp type demand rate,
the demand increases linearly at the beginning and then the market grows into a stable stage
such that the demand becomes a constant until the end of the inventory cycle. Mingbao
Cheng, Guoging Wang [2] developed “A note on the inventory model for deteriorating items with
trapezoidal type demand rate.” Hill first considered the inventory models for increasing demand
followed by a constant demand. He derived the exact solution to compare with the Silver-Meal
heuristic, and then resolved the similar problem by offering arigorous and efficient method
to derive the optimal solution. Mandal and Pal [10] extended the inventory model with
ramp type demand for deterioration items and allowing shortage. Rearchers can consult for
more work Aggarwal S.P and Jaggi C.K. [3] Benkherouf [16], Goswami and Chaudhuri [14],
Hariga [18], Panda, Senapati, and Basu [12]. Some of the significant recent work in this field have been
done by Chung and Ting [15], Giri [7] , Jalan [19] and Chaudhuri [7] extended the ramp type
demand inventory model with a more generalized Weibull deterioration distribution. Burwell
[9] developed economic lot size model for price-dependent demand under quantity and freight discounts.
Inventory model for ameliorating items for price dependent demand rate was proposed by Mandal et.al [10] and
inventory model with price and time dependent demand was developed by You [20]. In general holding cost is
assumed to be known and constant.

In the following, we extend Mingbao Cheng, Guoging Wang’s “A inventory model for
deteriorating items with trapezoidal demand rate”, where deterioration rate follows two-parameters
Weibull distribution. Assumption is that the inventory system consists of several
replenishments. In this rate, demand is considered as dependent on time. The demand rate for such
items increase with the time up to certain time and is ultimately stabilized and becomes
constant, and finally demand rate approximately decreases to a constant or zero.All the
ordering cycles have a fixed length, and consider only one of the ordering cycle in the paper.
We think that such type of demand rate is quite realistic and a useful inventory replenishment
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policy for such type of inventory model is also proposed. In this model shortages are allowed. We
consider that our work will provide a firm foundation for the further study of various
inventory models for Weibull distribution with trapezoidal type demand rate.

2. Assumptions and Notations
The fundamental assumptions are used to developed the model.

1.

The demand rate R(t) is dependent on time t, as follow

b]_t tS]/l
Rt) =3 Zo 1Sty
—bzt Y2 <t<T

y; is time point where increasing linearly demand changeto constant demand, and vy, is
time point where constant demand changeto decreasing linearly demand (see Fig. 1).
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I(t) is the inventory level attimet. 0 < t <T.

T is the length of the ordering cycle.

The ordering cost A is constant.

t; is the time when the inventory leavel reaches zero.

C.is the inventory holding cost per unit item per unit time.

The deterioration cost per unit item, per unit time is C,. & the deterioration rate is
proportional to time.

C; is the shortage cost per unit item per unit time.

S is the maximum inventory level for type ordering cycle such that S = 1(0).

The ordering quantity per cycle is g

The deterioration of time as follows by Weibull parameter (two) distribution 0 (t) = aft®#~1
where 0<a< 1 is The scale parameter and 3 >0 is the shape parameter.

¥1 time point changing from the increasing linearly demand to constant demand

y, time point changing from the constant demand to the decreasing linearly demand
P.(t,) is the total cost ,cost per unit time under the condition t; <y,

P,(t,) is the total cost ,cost per unit time under the condition Y1 <t <

Y2-
Ps(t,) is the total cost, cost per unit time under the condition y, <t; <T.

3. Formulation and solution

The length of the cycle is T. we take the Weibull deterioration rate with trapezoidal type demand rate .

Demand rate
A

Z

0 , >
Y1 Y1 T time

Fig. 1 A trapezoidal type function of the demand

The inventory level reduces due to demand and deterioration. At the time t; the inventory level achieves zero.
Then shortages is occurs during the time interval (t;,T). The shortages is completely backlogged .The total
numbers of items is replaced by the next replenishment. By the above inventory system at any time can be
described by the following differential equations:
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di(t)
dt

+of(®)" 1 (1) = - R(t) 0<t<t

and

di(t) _

i R(t) t<t<T

With boundary condition I(t;) =0
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In follow, let us consider three possible cases based on the values of t;, y;and y,.The all cases are

given as follows (see fig 2, fig 3, fig 4).
Casel:0<t; <y

Inventorv level
A

Y1

T time

Casel.0<t; <y;.fig2

Due to the trapezoidal type demand rate and

\1\[\

v

Weibull deterioration rate The

inventory level decrease in the period [O, t;].and at last reduces to zero at t;.

Then from the equation (1), we have

SO ()= - bi) 0<t<t, ®3)
S0 =b () t<t<y @)
d
%t):' 0 Y1 <t<y; )
and
=0) = by(t) y <t<T (6)
Solving the differential equation (3), (4), (5) and (6) with I(t;) =0 we have
1 4
1(®) = by (o t) [5 (¢ = ¢7) +on @O - ()] o<ty )
()= 28 - ) t<t<y ®)
T(t) = Zo(t1 — O Y1ty )
()= 2 -t) Vo< t<T (10)
The initial Inventory level will be
S=1(0) from Eq.(7), we have,
—p [ e B+
$=bi|; +55h (11)

The total deterioration cost per unit time in the interval [0, t;] , let D.c.
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D.c=C, [ - f;* R(t)dt]

_ tf @ (B+2) t
D.c.=C; {b, [ + ot | = Jy but dt}

— a  (B+2)
D= G { Tt } (12)
The holding cost per unit time of the inventory in the interval [0, t;], let H.c.

He.=C [ I(t)dt

H.c. :le bl (1—x tB) [ (t? — t?) +ia - (B+2) t(ﬁ+2))] dt

N LIU 1 11 _ b1 B+
H.c.=6 {2 t (tl 2) +biaty [2(ﬁ+2) 6o (B+2)(ﬁ+3)] e
by o(zt(213+2) }
(B+2) [(B+1) - (2[3+2)] (13)
The Total shortage cost per unit time during the interval [t;, T] let S.c.
T
S.c.=—C3 ftll(t)dt
— y1 b Y Thb
=—C {f P2 (2 - tH)dt + fylz Zo(ty — t) dt + fn?z(t2 —t2 )dt}
b P2t by [1
.S.c= —C3{71[t12]/1— : 1]+Zo [tl(]/z Vl)—‘(]/z ]+ 72[5(T3— V%)"‘tf()’z—'r)]}
(14)
Then, the total cost per unit time under the condition t; <y; can be define
Pi(t,) = 2 {Ao + D.c + H.c.+S.c.} (15)
Our main aim to minimize the total cost per unit time P,(t;) .The necessary condition for minimize the
total cost is L1 —
dP1(ty) _ 1 3, .2 _ b1 (B+1) | b1 (B+2) (362+115+10 b 2(8+1)
dt; _T{Cl [Zbltl > tl a’tl + > atl ((,3+1)(,3+2))+ (B+1)a tl ]+
1
C; [b1at1ﬁ+ )] Cs [21 (2t1)’1 —2tf + Zo(y2 —v1) +  boti(y2 — T))]}
(16)
1 3, 42 b1, b1 (B+D) qt B+ (32411410 bi_ ,2,2(8+1) B+1)
T{Cl [2 biti =5 ti —5at + t ((B+1)(/?+2) + B+ att ]+ C2 [b aty ]
b
Cs [71 (2tiv1 =288 + Zo(z —vD) +  bats(y2 — T))]} = 17)

The minimum total average cost per unit time is obtain for those value of t; for which

d?P1(ty)

a2 > 0.

d? Pl(t1)

By Eq.(17) the optimal value of t; satisfies >0,

1

It means the total cost P,(t;) per unit time will be minimum.
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0 Y1

Case ll: y; <t; <y, fig.3

In this case t[y1,v2] , The differential equation can be derived as below.

SO+ o1 (1) = - by(t) 0<t<y
SO 4 B 1 () = 2o Vn<t<t
diy) _
T =- Zo t1 <t< Y2
and
Z0) = byt Y, <t<T

Solving the differential equation (18), (19), (20) and (21) with I(t;) =0 we have

1O =by () [5 (7 - ) + s PP — 0 +2)] O<stsn
1) = Zo (o ) [(6 = ) + 55 (60D = ¢+ 1<t<t
I(t)= Zo(t; — ) Lty
1= 2@ ~) ySt<T

The beginning inventory level can be computed as

S=1(0) from Eq.(22), we have,
_ [t @ (B+2)
S=b 5 +_(ﬁ+2)t1

The total deterioration cost per unit time in the interval [0, t;] , let D.c.

Dc=C, [5 - fO“R(t)dt]

— ﬁ @ . (B+2)]_m 1
D.c.= C, {bl > Tamh ] Jo byt dt fn Zy dt}
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b b
D.c.= 62{71(1:12— VD + st “””—%(q—n)} (27)

The holding cost per unit time of the inventory in the interval [0, t;], let H.c.
He. =G [, I(tdt

( (ﬁ+2)_t(ﬁ+2))] dt}+
(tl(ﬁ+1) _ t(ﬁ+1))] dt}

H.c.= Cl{f by (1~ “tﬁ)[ (tf - t)+ﬁ+2
cl{f‘lzo (1-x tB)[(tl -0+

B+1
Hc=P +P (28)
Where
P=C {blt%yl bray{* [ﬁ _ O‘tgﬁm] bavi + [t(8+2)y1 _ ly(ﬁ+z) R av?“”]}
2 @+ [2 B+ N (R 21 (B+3) (2B+3)

— Zo 2 4 Zoa (l3+2) (B+2) Zoa? (B+1) [ (B+1) B+D) Zoa (ﬁ+2)
R=G { 2 (tf +vD) + (B+2)( ERe! ) t et B+1)2 b (Y1 4 ) + (B+1)(B+2)( +
ZO(XZYZ(BH)}

B+2) B
Y1 ) — Zotiv: + )Yltl(Y1 t) + 2(B+1)2

(B+1
The Total shortage cost per unit time during the interval [t;, T] let S.c.
S.c.==C; [[*1(®)dt + [ 1(t)d]
t1 V2
Tb
S.c.=—C; [ftylz Zo(t; — t)dt + fyz 2 (¢ =tf )dt]
Z b
S.c. =G5 {70 (V3 + 1) — Zotyy, + ?Z(Yz T%) 22 t1 (T - Vz)} (29)

Then, the total cost per unit time under the condition y; < t; <y, can be define

Pa(t,) = 2 {4y + D.c + H.c.+S.c.} (30)
Our main aim to minimize the total cost per unit time P,(t;) .The necessary condition for minimize the
total cost is M
P2 _ o fp g g e [tr = at?* V] + bray e + Zoty + Zgat TV +
dty 1191aV1 G+ L1 T 44 1aY1l ol 0

Zoa® [,B. (B+1) @p+1)] _ aZo (B+1) _ Zoayi B
S [efyE 0 — 2e20+0] sty Zoyi + 22 [y + (B + D] ]} +

G, {b1t1 + atl(ﬁﬂ) - Zo} + C3{Zo[t; —v2] + bty [T —y1 1}

B+1)
biayy” 7 B+1) B+1) B+1) | Zoa B, (B+1) _
C1 {bltﬂ’l + —— G+ [tl a’tl ] + b ayltl + ZOtl + Zoatl + (ﬁO+1) [tl ]/
2p+1) _aZy (ﬁ+1) Zoavi B B+1)
Ztl ] B+ 1 Zo]/l + — B+D []/1 + (ﬁ + 1)t1 ]} + CZ {bltl + a’t Zo} +
C3{Zolty —v2] + bty [T — 1]} =0 (31)

The minimum total average cost per unit time is obtained for optimal value of t; for which
d%P3(t1)

2 > 0.As similar case first,
1
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By Eq.(17) the optimal value of t, satisfies e

>0,
f

It means the total cost P,(t;) per unit time will be minimum.

Caselll: vy, <t; <T

Inventory level

SA

t4 T

Y1 Vo

Case lll: y, <t; <T, fig. 4

In this case t;[y,, T] ,The differential equation can be derived as below.

SO+ o1 (1) = - by(t) 0<t<y
2O+ o1 () = 2o Y <t<y
a “) +oBOF (1) = by(t) v, <t <t
and
d (t)) = by(t) t,<t<T

Solving the differential equation (32), (33), (34) and (35) with I(t;) =0 we have

L) = by (Lo ) [5 (6 = O 455 (P = 0] o<e<y,
1) = Zo (o) [(6 = ) + 55 (60D = ¢+ y<t<y,
I()=by (1-oct?) [ ¢ — t2) S GARE: 104D va<t<t,
()= 2 -t) Y, St<T

The beginning inventory level can be computed as

=1(0) from Eq.(36), we have,

_ ﬁ @ (B+2)
S= b 2 (,8+2)t ]

The total deterioration cost per unit time in the interval [0, t;] , let D.c.

D.c=C,[s - [, R(t)dt]
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_ i _a (ﬁ+2) " (2
D.c.= G {b; [ + ot | = 1 byt at [*2Zydt+ ][] bztdt}

b b b
D.c= C{ 2 —vD) + gt P + 2 —vD) ~ 22 1)} (4

The holding cost per unit time of the inventory in the interval [0, t;], let H.c.
He.=C [ I(t)dt
He= ¢ {f“ b, (1—o tB)[ (2 - o) +ﬁ+2 ( (5”)—15(/””))] dt}+

C {fyz Zo (1 _ atﬁ) [(tl — D+ ﬁ+1 ( (ﬁ+1) _ t(ﬁ+1))] dt} +
G {f b2 (1o ) [0 — 0+ 575 (17 —209) ]

Let H CcC= 01 + 02 + 03 (42)
Where
0. =C bithys | by VTG P b1v1+ bia (B+2) 1) v ay 2P
1 1l 2 G+D |2 B+ 4 B+2) Y173V B+3) (2B+3)

0, =( {Zo(Yz Y1) [tl - —(Yz +v)+ (Bil) (BH)] + (BZOTO(D(YgBH) - Y%BH)) [ (Ygsﬂ) + Y(BH))

t(1+ tf)] (BZTOZ)(YEBH) (B+1)) (o — )}

a ((B+1) (B+1))+bz_a(t(ﬁ+2) _ ygﬁ+2))_

b b b
03 =Cy {TZ (tf =) —Stilty —v) — = Y2 2642)
_boaa (B+2) _ bya? (B+2) (B+1) _ B+ baa B+3) _ [ (B+3)
Grot (17 Y2) B+ ¢ (d V) + (B+2)(B+3)( V) +
bya? (2B+3)_ _ (2B+3)
B+2)2p+3) (t Y2 )}
The Total shortage cost per unit time during the interval [t;, T] let S.c.
T
Sc.==Cs | N 1(t)at|
- Thba 2 12
S.c.=—C; [ftl = (% —tf )dt]
1
S.0.2C; {(T - t,) = 2(1° - D)} (43)

Then, the total cost per unit time under the condition y, <t; < T can be define

Pa(t,) = 2 {4y + D.c + H.c.+S.c.}

Our main aim to minimize the total cost per unit time Ps(t;) .The necessary condition for minimize the
dP3(t1)
1

total cost is

B+1)
dP3(t1) biayy 1 1 Z 1
—;t V= ¢, {bltlyl 1&“) [tl —at?* )] + biay tPV 4 Zo(v, —y)att — —(;;T; (yz(“ )
WA+ B+ D) + 26 - 2Bt —2ty,) - Za+Zat TV -

bya (B+2) (B+1) 2(3'*'1) B+1) _
et (G R R o Bt ((/;+1)t + (¢

B+1) B+1) _baa £ B+2) bpa? PRACREY B+
Y2 ) (.8+2)t ) B+2) 1 +(ﬁ+2) }+C2 {b1t1+b1at1 +

byty } + C3{b,t, (T — 1)}
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(B+1)
bray, (4D (B+1) _ B Zoa [ (B+1)
&} {b1 tnt—gm [tl aty ] + biayity +Zo(v2 —viaty B0 (Vz +

b b b
)+ B+ Dty + 2t — 2Bt - 2ty,) — 2a ((/3 + 3P - 2t1y§’”“) +

22 gt D _ bz—“((ﬁ +3)cP (B + z)tl(ﬁ“)h) _ b2 o2 ((ﬂ F DR 4 (6D

2 B+2) (B+2)
B+1) B+1) bra  (B+2) | bz2a® 2(B+1) (B+1)
)/2 ) (ﬁ+2)t1 )+mt1 +mt1 }+C2 {bltl +b1at1 +b2t1}+
C3{b,t;(T—1)}=0 (44)
2
The minimum total average cost per unit time is obtained for those value of t, for which % >
1

0. As similar case first,

Using the software mathematica-5.1,we can calculate the optimal value t; from equation (44) and t;
2
satisfies dLgtl) > 0,
dt?

It means the total cost Ps(t;) per unit time will be minimum.

5. Conclusion

In this paper, we have developed a inventory lot size model for Weibull deterioration items with such as fruits,
vegetables and food stuffs from depletion by direct spoilage while kept in store. The demand rate is assumed of
time dependent. The shortages are allowed and shortages are completely backlogged. The deterioration cost,
inventory holding cost and, shortage cost are considered in different three cases in this model. The model is
solved analytically by minimizing the total inventory cost in‘different three cases in this model. In the analytical
condition we found the minimum value of total inventory cost. For the more study this paper can be extended in
several ways for example we may add exponential deterioration rate , stock dependent demand rate and price
dependent demand rate.
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