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Abstract—The  widespread  application of the
proportional integral-derivative (PID) control in
industry, because of their simplicity, robustness it can
still be a challenge to find a general and effective PID
tuning method. In this paper, a simple PID controller
tuning method based on nonlinear optimization is
developed to satisfy both robustness and performance
and the objective is to achieve a fast response to set point
changes .In proposed method, constraint on overshoot
ratio the closed-loop bandwidth is maximized. for
specified gain and phase margins . The closed-loop
amplitude ratio is given from the frequency analysis of
PID controller in parallel form with for the first-order
plus time delay system. Simulation examples
demonstrated by the proposed design method gives the
better closed-loop system performances than existing
design methods.

Key terms - proportional integral-derivative (PID) Tuning,
Closed loop performance, Non linear optimization, Phase
and gain margin, process control, Peak overshoot (My).

I. INTRODUCTION

During the 1930s three mode controllers with
proportional, integral, and derivative (PID) actions became
commercially available and gained widespread industrial
acceptance. These types of controllers are still the most
widely used controllers in process industries. Large amount
of work has been done from 1942 with various tuning
Methods [1]. Control system design using pole-placement is
well-known technique. But it yields a unique solution for
the controller. However, a unique solution does not allow
any flexibility [2]. Robustness in process control design is
important as the process model used is often an
approximation of the system dynamics [3]-[5].
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Robust control design is an area of intensive
research. The common approach is to provide better
performance index. The popular
performance index is the integral square error (ISE) [6], [9],
[14]. The closed-loop control system with sufficient gain
and._phase margin provides robustness as well as better
closed-loop performance. One of the frequent practical uses
of controller design is to tune a controller of fixed structure
(e.g. a PID controller) in such a way that the step response
of the closed-loop system has a minimal settling time with a
small overshoot [7], [8], [10]. Numerical methods cannot
solve frequency domain equations because of five
unknowns from four equations [11]-[15] .But the IMC-PID
design is examined from the frequency domain point of
view. Equations for typical frequency domain specifications
such as gain and phase margins and bandwidth are derived
for the IMC-PID design. Equations for real-time monitoring
of the gain and phase margins of a PID control system are
also derived. But robustness criterion cannot be exactly met.

The main contribution of this work is to formulate
the PID tuning into a nonlinear optimization problem to
with constraints on both GPM and My and maximize the
band width. So that closed loop performance and criteria on
robustness are both satisfied simultaneously. The closed-
loop response as fast as possible (minimized settling time)
for given bound on the overshoot ratio and robustness
criteria.

This paper is organized as follows. In the next
section, the closed-loop amplitude ratio equation is derived
to calculate the bandwidth and the overshoot ratio from the
open-loop amplitude ratio and the phase equations for PID
in parallel and first order plus time-delay (FOPTD) model
form are explicitly given. Further more. In the following
section, the new tuning method to meet both performance
criteria and robustness is described and the resulting
optimization problem is formulated.
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Il. CALUCULATION OF GAIN AND PHASE MARGINS
Gain margin and phase margin are calculated from

open loop frequency analysis and closed loop amplitude
ratio is calculated from closed loop frequency analysis.

A. Open-Loop Frequency Analysis

The transfer function of the PID controller in parallel
form is given by

Gc(s) =Kc (1+TDS+é) (D)
and
The transfer function of a FOPTD process is given by
Gy9)= e @

Then the open-loop transfer function is given by
Ga(s) = Gc(s) Gpls)

— 1y Kp o5
- KC (1+TDS+TIS) Ts+1 € (3)
_ 1+tls+tltDs 2y _gg
=Ke Kp( tls(1+ts) ) € (4)

by using frequency analysis on each term in (4), i.e.
Replacing e7®5 = 1-0s and s= jo.

The amplitude ratio AR, and phase change ¢ , are given
by

1+tljo—tltDw "2

= Kc Kp( o (L4t )(1-65) (5)
_ (1-tltDw?2) 2+ (tlw)"2
AROI =Ke Kp\[( (wtD*2(1+(tw)?2) (6)
Dy ={Mw) — ®0 — tan—1(wt ) — 1/2
M) >0
{ANw) — b — tan—1(wt ) + /2 @)
L ifFMo) <0
Where
Ao) = tan—1(ot/1 — 0’1 1p) (8)

B. Closed loop frequency analysis

For open-loop system Gol , the closed-loop transfer
function is given by

_ Gol(s)
Gul®) = oo ©)
the amplitude ratio of closed-loop system can be calculated

by manipulating the above equation is given by
1
ARC| =

(10)

1 A in A
\](ARol +cos<1>ol) 24sin *2dol

Thus, the amplitude ratio of the closed-loop system AR
can be calculated directly from the open-loop amplitude
ratio AR, and phase change ¢ .
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The maximum closed-loop amplitude ratio My can
be obtained by calculating
M = max (ARgy(®)) VY w (11)

The bandwidth b is then can be calculated by
solving the equation

AR (o) = 0.707 12)
11l. OPTIMAL PID DESIGN BASED ON GPMS

Gain margin and phase margin are calculated by
the following equations

1

~ Tool Gwp)| (13)
@ =£Gol(jwg) + n (14)
Where
|Gol(jop)| =1 (15)
2Gol(jwg) = — = (16)
Substituting (6) and (7) into (13)—(16), we have
_ wptl 1+(twp)?
A= KcKp \[((1—‘cItDu)pZ)"2+(rI<up)"2) an
D ={Mog) — o5 — tan—1(wg ) + n/2
1FAwg) 20
{Mwg) — 0y — tan—1(wg ) + 31/2 (18)
,if Mog) <0
And

(1-tltDwg2) 2+(tlwg )2 _
KCKp\[( (wgtD)*2(1+(twg)?) =1 (19)
{Mwp) —op —tan—1(wp ) = - /2 , if Mwp) =0

{Awp) — 0p — tan—1(wp ) = - 31/2 , if Mwoy) <0 (20)

The above four equations (17)—(20), cannot solve
them directly. Because there are five unknowns g, op, Kc,
7, and tp in four equations For given gain margin A and
phase margin ¢. However, the extra degree-of-freedom can
be used to maximize the closed loop bandwidth. The
optimization problem with constraints on gain margin,
phase margin, and maximum closed-loop amplitude ratio
can be formulated as

max Oy (21)
wg,mp,Ke,ti , 1D
S.t
ARcl(wb) = 0.707 (22)
A>A * (23)
o=@ (24)
M7<M* (25)

where A* and @* are given GPM criterions, respectively,
M+*is the upper bound of the maximum amplitude ratio.
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C. Analysis

a) To get My we need to find the maximum of ARcl(w) in
the entire frequency range (0,0), but it is difficult because
of the nonlinearity of function ARcl(®).

b) So consider the corresponding frequency for My is
actually in the range (0,0b) in this problem. Since wy is
unknown, an extra parameter onmax iS adopted in solving the
optimization problem, and ARcl is actually evaluated in a
limited range (0,®max]-

c) The constrained nonlinear optimization problem for
proposed method is solved by fmincon function from
MATLAB optimization toolbox.

d) F zero function in MATLAB is used to evaluate the
constraint functions (21)—(24) in the optimization solver, the
gain margin A, phase margin ¢, and bandwidth wb are
calculated by solving (17)—(20) and (21) with f zero
function in MATLAB.

IV. SIMULATION EXAMPLE

Simulation example of FOPTD system is
illustrated in this section. The Closed-loop responses to step
change at time 0 in both set-point and load disturbance are
analyzed and compared with previous work. The Simulink
model to any process model for set point and load changes
are shown in Fig.1 and Fig. 2 respectively. Let us consider
the plant model given by

1 —
G ()= e 01 (26)

Different PID tuning methods are used for specified gain
margin of A* = 3 and phase margin ®* = 30° and ®,;,=100,
such as ISE-GPM-load and ISE-GPM set point method
(existed. In [15], Ho et al. use ISE as the objective function
in the optimization problem with constraints on GPM). The
proposed method gives results of optimization with and
without the constraint on My are both illustrated for set
point and disturbance changes are compared with ISE-GPM
method. Closed-loop responses to unit step change on set-
point for proposed method with different M+* values and
ISE-GPM-set point are shown in Fig.3. The corresponding
PID controller parameters and key simulation results, such
as ISE, settling time Ts, actual gain A, and phase margin o,
are compared in Table 1.
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Fig .2Simulink model for disturbance response
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TABLE | :SIMULATION RESULTS FOR SET-POINT-RESPONSES

Tme (secons)

(©)-With M* = 1.1
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Parameter Kc Ti td A [0) Ts ISE
Proposed w/o My* 6.1448 0.1902 0.0307 3 30 1.6800 0.2325
Proposed with M;*=1.2 5.2613 0.4770 0.0224 3 30.0735 1.4300 0.1759
Proposed with M*=1.1 5.2758 0.6553 0.0180 3  30.0035 1.5200 0.1680
Proposed with M*=1.0 5.3699 1.0323 0.0027 3  30.1735 0.6800 0.1638
ISE-GPM-set point 5.7474 0.2082 0.0382 3  30.000 1.7000 0.2219

TABLE Il :SIMULATION RESULTS FOR STEP LOAD DISTURBANCE RESPONSES
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Parameter Kc Ti Td A 0] ISE

Proposed w/o Mt* 6.1448 0.1902 0.0307 3 30 0.0043

Proposed with M;*=1.8 5.3522 0.4770 0.0224 3 30.005 0.1757

ISE-GPM-load 5.8789 0.2082 0.0382 3 30 0.0045
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Fig. 3 Step set -point responses for different M+* values (a) With out M*
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performance to ISE-GPM method for set-point change
response, and better performance for load disturbance
response. Moreover, a unique advantage of proposed
method is the flexibility brought by the constraint on

Time Seris Plt
005 T T T

0 maximum closed loop amplitude ratio M.
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simultaneously the PID tuning problem is formulated as a
nonlinear optimization problem. In this proposed method
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