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Abstract

In this paper we study oscillatory behaviour of the
solution of the third order nonlinear neutral delay
difference equation of the form

A (@,A(x, + X))+ f (no(n)) =0.neN(n, )
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1. Introduction

We are concerned with the oscillatory behaviour
of the solution of the third order nonlinear neutral
delay difference equations of the form

A (@,A(x, + X))+ f (no(n)) =0.neN (n)
(L1)

Where the following conditions are assumed to
hold.

(H1) {an} is a positive sequence of real numbers

> N
for neN(no) such that Z — =
n=ny n
(H2) {pn} is a real sequence such that

0< p, < p < 1 for all neN(no)

(H3) k is a non negative integer and {a(n)} is a

sequence of positive integer with lim o(n)=o
—o©

(H4) f:N(ny) X R — R is continuous and f(n,u) is

nondecreasing in u with u f(n,u)> 0 for all u# 0

and all nEN(no) and f(n,u)# 0 eventually.

By a solution of equation (1.1) we mean real
sequence {Xn } satisfying (1.1)

N={Ng,Ng+1,Ng+2s- -+ - } a solution {Xn} is said to be

oscillatory if it is neither eventually positive nor
eventually negative. Otherwise it is called non

oscillatory. The forward difference operator
AXn:Xn+l'Xn

2. Main Result

In this section we state and prove some lemmas
which are useful in establish main result for the
sake of convenience we will use of following
notations.

n-1 s-1 t
RM=3 3~
s=ny t=n,
and
n-1 s-1 t—=1
R(NN)=> > —
ssNs-N &

o0 -
Let {x,} be a real sequences we will also
n n=n,

associated sequences {Zn}
Z,=X,+ P neN(n) @1

Where { pn} and k have been defined above
First we give some relation between the sequence

{Xn}and {Zn}

Let {Xn}n=n0
sequence by (1.2)
(1) limx, =oo then limz, =

X—0 X—0

be positive  sequence, {Zn}be

(i) If {Zn}converges to zer then so does
%}

Proof: The proof can be found in [9]

Lemma 2.2

Let {X, }::no

equation (1.1) then there only the following two
cases for n large enough

is an eventually positive solution of

(i) X, >0,z, >0,Az, >0,a,Az, >0,A(a,Az,) >0

(i) x,>0,z,>0Az, >0,8,Az7, <0,A(a,Az,)>0
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Lemma 2.3
. R(n,N
If N>n, then |ImM:1
X—>00 R(n)
Lemma 2.4

Let {X,} s an eventually positive solution of
—'0
equation (1.1) then there exists an integer

NeN(n,) and a constant k, >0 such that

%A(anAzn)R(n) <z, <k (R(n)),n>N
Lemma 2.5
Let {Xn}::
equation (1.1)  then there exist an integer

n eN (no)such that for any integer N >n, we
n-1

have z, > > R(s,N) f(s,o(n)),neN
s=N

The proof of lemmas can be found [7] and [8]

. is an eventually positive solution of
0

Lemma 2.6
If {Xn}:_n is an eventually positive solution of
o

equation (1.1)  then there exist an integer
n e N(n,)such that

Az, Z%A(anAzn)ARo(n) for N> N also if
o(n) <n, then

1
AZ, 2 EA(anAzn)ARa(n) for N2 N (5
Proof: From Lemma 2.2 we have for
n>neN(n,)
z,>0 Az,>0 and A*(a,Az,)<0

n-1

Az, > niAzs = ZiazAzS

s=n S=n az
n-1 S

;iA(a[Azt)

s=n, Y5 t=n
n-1
> A(a,Az,))
s=n

> A(a,Az,)AR(n,n,) (2.3)
From lemma 2.3 we conclude that there exist an

2

s—n,
a

S

integer N> N such that AR(n,n,) > %AR(n)

for n>N
since A?(a,Az,)<0 and o(n)<n
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We have  AZ_ ., > 1 A(a,Az,)AR for
2

o(n)
n>N

The proof is complete

Lemma 2.7

If {Xn}:=n0 is an eventually positive solution of

equation (1.1) then there exist an integer
n e N(n,)such that (1-p,)z, <x, <z, for
n=N

Proof: If {Xn}n=n0 is an eventually positive

solution of equation (1.1) for N> N . Then from
the definition of z, we have z 6 > X for

n>N fromlemma2.2 we have zZ, >0 and

Az, >0 for n>N
Z, =X+ an—k X, =14, — ann—k
X, 2 Z, - pn VAN

>(1-p,)z, for n>N

This completes the proof.

Theorem 2.8
Assume that there exists real sequences {qn} such

f(n,u)
u

that >Mq, >0 forall u=0,n=n,

(2.4)
and o(n) =n—1 where | isasequence {p, }
such that

_ . (Ap,)’
I 1_ _ S =
Xmsupg%ps[( P,1)d oM AR(s—I)pz] ”

S

(2.5)
Then all solutions of equation (1.1) are oscillatory.

Proof: Let {Xn} be a nonoscillatory solutions of
(1.1) and assume without loss of generality the
{Xn} is eventually positive. From Lemmas 2.2 and
2.7we have Z, >0,z , >0,Az, >0 and

A(a,Az,)>0 for n>N and
Xnoi 2 (1_ pn)zn—l
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complete.
For the linear equation

A (X, + PoX, )+ 0%, , =0 (2.6)

Where 7 and o are nonnegative integers less
than n we obtain from Theorem 2.8 the following
corollary

Corollary 2.7
Suppose (, =0 forall N >n, and there exists

positive sequences { pn} such that

_ ! (Ap,)?
| 1- - :
xI—EESUps:Zn;pS[( P10 2MAR(s - 1) p?

then all solutions of equation 2.5 are oscillatory.
The proof is complete

Example : Consider the difference equations

1 1
Az[n(n+1)A(x + X, ||+nx3, =0;n>3
n m n-1 n-1

(2.7
it is easy to see all solutions of the equations(2.7)
are oscillatory

1=00
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