International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 1 Issue 10, December- 2012

Properties Of Universally Prestarlike Functions
T.N. Shanmugam * and J.Lourthu Mary **

Abstract

Universally prestarlike functions of order o < 1 in the slit domain
A = C\ [1, 00) have been recently introduced by S. Ruscheweyh.This notion
generalizes the corresponding one for functions in the unit disk A(and other
circular domains in C). In this paper, we obtain properties of universally
prestarlike functions of order a.
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1. Introduction

Let H(Q2) denote the set of all analytic functions defined in a domain €.
For domain 2 containing the origin Hy(£2) stands for the set of all function
f e H(QQ) with f(0) = 1. We also use the notation
Hi(Q) ={zf: f € Hy(Q)} . In the special case when (2 is the open unit disk
A ={z€C(C:|z| <1}, we use the abbreviation H, Hy and H; respectively
for H(Y), Hy(2) and H1(Q2). A function f € H; is called starlike of order o
with (0 < a < 1) satisfying the inequality

%{Zﬁz)} >a  (z€A) (1.1)

and the set of all such functions is denoted by S,. The convolution or

Hadamard Product of two functions f(z) = Z apz" and ¢(z) = Z bp 2"
n=0

n=0
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is defined as

(f*xg)(z Zanbz

A function f € H; is called prestarlike of order « if

ﬁ « f(2) € Sa (1.2)
The set of all such functions is denoted by R,. The notion of prestarlike
functions has been extended from the unit disk to other disk and half planes
containing the origin by Ruscheweyh and Salinas(see [2]). Let §2 be one such
disk or half plane.Then there are two unique parameters v € C \ {0} and
p € [0, 1] such that

Qyp ={wyp(2): 2z € A} (1.3)
where,
vz
Wy,p(2) = 1—pz

Note that 1 ¢ Q. , iff |y + p| < 1.

DEFINITION 1.1. (see[1][2][3]) Let a < 1, and Q = Q. , for some admissible
pair (v,p). A function f € Hy(€,,) is called prestarlike of order a in Q, ,
if
1
fro(z) = ;f(w%p(z)) € Ra (1.4)

The set of all such functions f is denoted by R, (€2).

Let A be the slit domain C \ [1,00)(the slit being along the positive real
axis).

DEFINITION 1.2.(see[1][2][3]) Let o« < 1. A function f € H;(A) is called
universally prestarlike of order « if and only if f is prestarlike of order « in

all sets €, , with |y + p| < 1. The set of all such functions is denoted by
RY.

NOTE1L.1.(see[2]) LetF(z Z L) —/1tk’d (t)
.l.(see € aZ—Ol_tzWGI'eak—O 1% 5

w(t) is a probability measure on [0,1]. Let T denote the set of all such
functions F. They are analytic in the slit domain A.

LEMMA 1.3.(see [6]) Let w(u,v) be a complex valued function, that is

w:D—C (DccCxC)
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and let u = w1 + tus and v = vy + Vg
Suppose that the function w(u,v) satisfies the following conditions:

1. w(u,v) is continuous in D;
2. (1,0) € D and Re{w(1,0)} > 0;

3. Re{w(iug,v1)} <0 for all (iug,v1) € D and such that

(1 +u?)

< —
L= 2

Let
p(z) =1+ piz+p22+...

be regular in A such that
(p(2), 2p'(2)) € D

for all z € A. If
Re{w(p(2);2p'(2))} > 0

then
Re{p(z)} > 0.

Some Properties of Universally prestarlike functions are discussed in (see[4][5]).

2.Properties of Universally prestarlike functions of order «

THEOREM 2.1.If f € Hy(A) satisfies

DP2f(z)
8“*{Dﬁfm} -

(zeA,=2—-2a,0<a<1.) for some f; (%§,81<1),then

DA £(2)
%{ DFf(2) } -
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where,

_ 2042 -3+ VOHE+2) -3 +8(6+D)
T 4(B+1) '
Hence f € RY. The result is Sharp.

P roof Itis known that for 5> 0

2(DPf(2)) = (B+1)D*T f(2) - BD7 f(2) (2.1)
where (DA f)(z) = ﬁ * f, for B > 0.In particular, for 8 = n € N. we
have D"+ f = %(z”_lf)("). This implies

2Df(2)) _ D f(z)
D) (8+1) DPF ) B (2.2)
If we define the function p(z) by
DA+
) =+ (=) (2:)

with ~ defined as before (2.0), then
p(z) =1+pratp+...

is analytic in A.
Now, differentiating both sides of equation (3.3) logarithmically, we have

D (z) _ 2ADf(2)) (L= (2)
6+ 2)D5+1f(z) =6+D+ Df(z) v+ (1 —v)p(z) 24
Now, using (2.1) in (2.4) we get,
D) FIDME) L 1 (Geyw)

DIf(z) " B+2 DPf(z) | B+2  (B+2)(r+(1—7)p(2))
which readily yields

Therefore, if we define the function w(u,v) by

_ (1—)v(2)
w(u,v) = (ﬁ+1)7+([5‘+1)(1—fy)u(z)4r1—51(64r2)+7 o Gp———e (2.6)

then we see that
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1. w(u,v) is continuous in D = C \ [1, c0)
2. (1,0) € D and Re{w(1,0)} = (B+2)(1 - 1) >0
3. for all (iug,v1) € D and such that

(1 + u3
2

v < —

71 —7)u
SRR (T
(1 —7)(1 4 u3)
2(7% + (1 — v)u3)

Re{w(iug,v1)} = (B+1)y+1-05(B+2)+

< B+Dy+1-p(B+2)+

Now, by simple computation and using (2.0) we get
28+ 1)y —(261(B+2)—3)y—1=0

1
for §1 >~ and 8 > 3
Hence Re{w(iug,v1)} < 0. This implies that the function w(u,v) satisfies
the hypothesis of lemma 1.3. Thus we conclude that

DA f(2)
%{ DFf(z) }”

which completes the proof. |
COROLLARY 2.2. If =2—-2a>0and 0< 31 < 1,0 < a <1, then

Ri1(B1) CRE((B+1)(y—B))

where,y is defined as before in (2.0) and
B+D(v—=8)=h

Proof. Let f € Rf,  (B1). Then we have

2(DPHLf(2))
M EL T o
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By a simple computation, using (2.2) and (2.7), we obtain

D2 f(z) B+pi+1
e{Dﬁﬂf(z)} 512 (2.8)
Applying the theorem (2.1) we have
D1 f(2)

where v is defined as before in (2.0) Now, by a simple computation we get

ADSE) _ (B+ODME)
DA f(2) DAf(2)

This implies
2DV f(2))

Hence
feRE((B41)(y—B))

which completes the corollary.
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