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1. INTRODUCTION

M.A.Ahmed and F.M.Zeyada [1] established the convergence of a sequence {x,},
ina dislocated - quasi metric space (X ,d)if amap T : X — X is quasi — nonexpansive
with respect to {x,,} . We observe that the role playe by the map T in proving the
convergence , is meagre . Consequently , we introduce the notion of a quasi —
nonexpansive sequence with respect to a non empty subset of a dislocated quasi metric
space and establish the convergence of such sequences under certain conditions .
These results extend the results of [1] .
We begin with various definitions

Definition 1.1:
Let X beanon-emptysetandletd: X x X — [0,0) be a function called a
distance function satisfying one or more of (1.1.1) — (1.1.5) .
(1.1.1): d(x,x) =0V x € X.
(1.1.2): dx,y)=d(y,x) =0 =2 x=yVx,y€X.
(1.1.3): d(x,y) =d(y,x)Vx,y €X.
(1.14): d(x,y) <d(x,z2)+d(z,y)Vx,y,z €X.
(1.1.5): d(x,y) < maxi{d(x,z),d(z,y)}V x,y,z €X.
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(1) If dsatisfies (1.1.2) and (1.1.4) then d is called a dislocated quasi metric

(or) dqg-metric and (X ,d )is called a dq - metric space.

(if) If dsatisfies (1.1.2), (1.1.3) and (1.1.4) then d is called a dislocated
metric and ( X ,d ) is called a dislocated metric space.

(i) If dsatisfies (1.1.1) , (1.1.2) and (1.1.4) then d is called a quasi metric (or) q— metric
and (X, d)iscalled a quasi metric space (or) g - metric space .

(iv) If dsatisfies (1.1.1), (1.1.2), (1.1.3) and (1.1.4) thend is called a metric
and (X, d)is called ametric space .

(v) If dsatisfies (1.1.1), (1.1.2), (1.1.3) and (1.1.5) then d is called an ultra metric
and (X,d)is called an ultra metric space .

We observe that every ultra metric is a metric.

Let D be a subset of a quasi metric space (X,d)and T :D — X be any mapping .
Assume that F(T) is the set of all fixed points of T . Foragivenx, € D,
the sequence of iterates {x, } is defined by

(1)1 x%,=T(x,_1)=T"(Xp) , where ne N and N is the set of all positive integers .
Definition 1.2 : ( F.M.Zeyada , G.H.Hassan-and M.A.Ahmed [11] )
A sequence {x,} in a dislocated quasi metric space ( X, d ) is called Cauchy,
if toeach e > 0, there exists ny € N , such that for all m,n > ny , d(x,, ,x,) < €.
Definition 1.3 :
A sequence {x, } in a dislocated quasi metric space ( X, d) is said to be
dislocated quasi - convergent (or) dq - convergent to x, if
limizl,, d( x,, x) = lim#L,, d(x,x,) = 0.
In this case x is called a dislocated quasi — limit (or) dq - limit of {x,,} and
we write x, — x . It can be shown that dg-limit of a sequence {x,} , if exists is unique .
Note : In a dislocated quasi metric space , when we talk of dq— convergence or dq— limit,
we conveniently drop the prefix “ dq”, in the absence of any ambiguity .
Definition 1.4 :
A dislocated quasi metric space ( X, d ) is complete , if every Cauchy sequence
in it is dq - convergent .
Definition 1.5 :
Let ( X, d) be a dislocated quasi metric space . Let ¢ #A S X.
Then d(x,A) = infyea{d(x, a),d(a,x)}.
Definition 1.6 : ( M.A.Ahmed and F.M.Zeyada [1], definition 2.1)
Let (X, d) bea quasi - metric space and ¢ #= D c X . The mapping
T :D — X issaid to be quasi - nonexpansive w.r.to a sequence {x,} of D,
if for all n e NuU{0} and for every p € F(T),

d(x,+1,p) < d (x,,p),where F(T) = the fixed point set of T
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(we assumethat F(T) = ¢ ) .
The following results are proved in ( F.M.Zeyada , G.H.Hassan and M.A.Ahmed [11] )

Lemmal7: ( F.M.Zeyada, G.H.Hassan and M.A.Ahmed [11] )
Let ( X, d) be a dislocated quasi metric space .
Then every dg — convergent sequence in X is Cauchy .
It may be noted that the converse of lemma 1.7 is not true .
Lemmal8: ( F.M.Zeyada, G.H.Hassan and M.A.Ahmed [11] )
Let ( X, d) be a dislocated quasi metric space . If {x,, } is a sequence in X
dqg - converging to x € X , then every subsequence of {x,} dg - convergesto x .
Lemmal9: ( F.M.Zeyada, G.H.Hassan and M.A.Ahmed [11] )
Dislocated quasi — limits in a dq — metric space are unique .
(M.A.Ahmed and F.M.Zeyada [1] ) proved the following results .
Theorem 1.10 : ( M.A.Ahmed and F.M.Zeyada [1] , Theorem 2.1 )
Let {x,,} be asequencein a subset D of aq— metric space (X, d) and
T:D— X be amapsuchthat F(T) # ¢ .Then
(@ lim, o, d(x,,F(T)) =0 if {x,} convergesto aunique pointin F(T);
(b) {x,} converges to a unique point in F (T) if lim, ,d(x,,F(T))=0,
F (T)isaclosedset, T isquasi- nonexpansive w.r.to {x,} and X is complete .
Theorem 1.11 : ( M.A.Ahmed and F.M.Zeyada [1] , Theorem 2.2)
Let {x,} be a sequencein a subset D of acomplete q— metric space (X, d)
and T:D — X be amapsuchthat F(T) # ¢ isaclosed set.Assume that
(1) T isquasi- nonexpansive w.rito {x,} ;
(i) limy, o d(x,, Xp41) =0
(i) if the sequence { y, } satisfies lim,_,co d( V,,, Yn41) = 0 , then
liminf, d(yn,F(T)) =0 Oor limsup, d(yn,F(T)) =0.
Then {x,} convergesto a unique pointin F(T) .
Note : The presence of conditions (ii) and (iii) guarantees that lim,,_,, d(x,,F(T)) =10 .
We show in Example 2.6 that condition(ii) alone may not guarantee that
lim,, o, d(x,,F(T))=0 .
2 . MAIN RESULTS
In this section , we introduce the notion of a quasi — nonexpansive sequence with respect
to a non - empty subset of a dislocated quasi — nonexpansive metric space and extend
the results in [1] to such spaces.
Definition 2.1 :
Let (X, d) be a dislocated quasi metric space, ¢ # F c X and {x,} € X
suchthat x, ¢ Fvn=123,..,
Then {x,} is said to be quasi - nonexpansive w.r.to F, if
d(Xn+1, p) < d(xnf p)
and
d(p,x,+1) <d(p,x,) Vp€EF and n=1,23, ...,
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Lemma2.2:
Let (X, d) be a dislocated quasi metric space, ¢ # F € X and {x,} c X,
X, & F ¥V n.Suppose that {x,,} is quasi - nonexpansive w.r.to F . Then
lim,, e, d(x, ,F) =0 = d(x, ,%,41) — 0 and d(x,41 x,) — 0.
Proof :
Let € > 0. Then there exists p € F and positive integer M such that

d(xy, p) < g and d(p,xy ) < % Vn=>M.
« {x, } Is quasi - nonexpansive w.r.to F,

d(xp41p) < d(x, p) < < d(xy, p) <§
and

€

Now
d(xn:xn+1) < d(xnp) + d(pﬂxn+1)
<€ 4+ €
2 2
= eVn=>2M.
and
d(xn+1:xn) < d(xn+1,p) + d(p 'xn)
€ €
- 4+ -
< 2 2
= € Vn=>M.
~d(xy,x41) — 0 and d(xn_H,xn) — 0.
Lemma 2.3 :

Suppose {x,} is quasi - nonexpansive w.r.to F. Then
lim, . d(x,,F) =0 = {x,} is a Cauchy sequence .
Proof :
Let € > 0. Then there exists a positive integer M such that
d(x, F) < 5 Vn =M.
Now
d(xy F) <§ = 3IpeF> d(xM,p)<§ and d(p,xy )<§
. d(x,,p) < d(xy,p) <§
and
dp,x,) < dp,xy) < % vn=>M.

Now suppose m,n = M. Then
d@m %) < d(xy,p)*+d(p,x,)

€ . €

- + -
<22
- €
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and
d( %y, % ) < d(Xm , )+ d(p, %)

< €46
2 2

= €
~ {x,} is a Cauchy sequence.
Lemma2.4:
Let ( X, d) be a dislocated quasi metric space and {x,, } be a sequence in X . Assume that
F Dbe anon—empty subset of X . If {x,} is quasi - nonexpansive w.r.to F,
then d(x, ,F) is a monotonically decreasing sequence in [0, ) .
Proof :
Since {x, } is quasi - nonexpansive w.r.to F,
d(x,41,p) < d(x,,p) » (2.4.1) ,foralln € Nu {0}and for every p € F .
From (2.4.1) , taking the infimum over p € F, we get that
d(x,4+1,F) < d(x,,F) foralln € N U {0}.
Hence {d(x, , F) } is a monotonically decreasing sequence in [0,x) .
Lemma2.5:
Let (X, d) be a dislocated quasi metric space and {x, } be a sequence in X .
Suppose {x,} is quasi - nonexpansive w.r.to F # ¢ satisfying lim,,_., d(x,,F) =0.
Then {x, } is a Cauchy sequence .
Proof :
Since {x,} is a quasi - nonexpansive w.r.to F # ¢ ,toeach ¢ >0,
there exists p € F and positive integer ‘M such that

d(x,,p) < g and d(p,x,) < g Vm,n=>M.

Suppose m,n > M . Then
d@n %, ) < d(xy,p)*tdP,x,)

€

€

<zt 3

= €

and
d( %y, %m ) < d@p ,p)+ d(P,Xp)

€ €
- 4+ =

< 2 2

=€

{x,} isa Cauchy sequence .
The following example shows that converse of Lemma 2.5 is not true .
Example 2.6 :

X={(-1,0), (1,0) and the segment [ (0,1) ,(0,2)] of the Y- axis }

d is the usual Euclidean distance in R? .

F={(1,0), 10}, % =(0,1+7) , n=123..

Then {x, } is dislocated quasi - nonexpansive w.r.to F

d(xn ,F) = d(xn+1 F )r
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d(x,,xp,41) —0 and x, —(0,1) ¢ F.
Now we state and prove our first main result , which is an extension of
Theorem 1.10 to quasi — nonexpansive sequences .
Theorem 2.7 :
Let {x,} be a sequence in a subset D of a dislocated quasi — metric space ( X, d)
and ¢ #FcD (x, € F¥Yn).Then
(@ lim, . d(x,,F) =0,if{x,} converges to a pointin F
(b) {x,,} converges to a unique pointin F ,if lim,_ . d(x,,F)=0,
Fisaclosed set, {x,} is quasi - nonexpansive w.r.to F and X is complete .
Proof of (a) :
Since {x,} converges to a pointin F , there exists a point p € F such that
lim, . d(x,,p) =0 and lim,_. d(p,x,) =0
~ Given e > 0, there exists a positive integer M such that
dix,,p) < < and d(p,x,)< = foreveryn=>M.

2 2
dlip,p) < d(p,x,)*+ d(x,,p)
€ €
< > + 2
= € Vvn=2M.
~ d(p,p) < € forevery e >0,

Now
d(x,,F) < d(x, ,p) <
lim, . d(x,,F) =0
(@) holds .
Proof of (b) :
Let ( X, d) be a complete dislocated quasi - metric space and {x,, } be a sequence in X
and ¢ # F c X . Assume that {x,} is quasi - nonexpansive w.r.to F, F is closed
and lim,,_, d(x,,F) = 0. Then {x,} is a Cauchy sequence by lemma 2.5,
hence there exists p such that {x,} convergestop .
Let e > 0. There exists a positive integer M such that

|
<
B
vV
<

d(x, , F) < % forevery n>M and
dx,,p) < g and d(p,x,) < g vn=M.

~ There exists qy; € F such that
dp,qu) < dp,xm)+ dCy,qu)

€ € _
< 7 + E - €

dp,qu) <e€

and similarly we have

d(xn+1rF) < d(xn+1'P) < d(xnﬂp)v p EF

N m
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=  d(gm,p) < d(qu,xy) + d(xy,p)
€ €
< 7 + E = €
d(qu,p) <e
~ pisalimit point of F
. p € F,since F isclosed
Since limits are unique (by lemma 1.9), {x,} converges to a unique point p € F .
Hence ( b) holds .
The following theorem which is an analogue of Theorem 1.11 establishes the
convergence of the sequence .

Theorem 2.8 :
Let ( X, d) be a complete dislocated - quasi metric space . Assume that {x,,} is

asequencein X and ¢ # F < X . Further assume that there is a
mapping ¢ : [0,) — [0,1) such that ¢ is monotonically increasing and
d(x,+1,F) < ¢ (d(x,,F))d(x,,F) for n=1,2,3... = (2.8.1)
Then {x,} is Cauchy and {x,, } converges to a point q . If further F is closed then g € F.
Proof :
By hypothesis
d(xn+1:F) = (p(d(xnﬂF)) d(xan) = d(xn:F) )
so that { d(x,, , F)} is decreasing and hence { ¢(d(x, ,F))} is decreasing
since ¢ is increasing .
d(xn+1JF) gp(d(xn fF))d(xn ,F) = QD(d(Xn,F)) qo(d(xn_l,F))d(xn_l,F)
@(d(xn, F))o(d(xn2q,F)) ... - (d(xy, F))d(xy, F)
e(d(x,F)e(d(x;,F)) ool ... @(d(xy,F))d(xq,F)
(p(d(x,F)) " d(x;,F) -0 as n—- .
(+ o(x,,F) <1)
Thus d(x,,F) »0as n— .
By lemma 2.5, {x,} is Cauchy sequence and hence converges to a point g
since X is complete . If Fisclosed by ( Theorem (2.7) (b)) follows that q € F.
The following Example shows that
Theorem 2.8 may not hold good if (2.8.1) is replaced by
d(x,+1,F) < d(x,,F)for n=123,... —> (2.8.2)
even if we assume that (even in a metric space )
lim, o d(x,,xp41) =0 — (2.8.3)
Example 2.9 :
Let X be the subset of R X R consisting of the points (-1,0) , (1,0) and the
segments of the Y — axis joining the two points (0,1) and (0,2) .
Hence X = {(—1,0),(1,0) and {(0,y)/1<y<2}}
Let d be the Euclidean metric in R? .
Take F = { (—1,0), (1,0)}and x, = {(0,1+ =)/n=12,.}
Then {x,} is quasi — nonexpansive w.r.to to F,
d(x,+1,F) < d(x,,F) for n=1,2,3,...

A

I VANV
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d(x, ,x,+1) — 0, F isclosed but {d(x,,F)} does not convergesto 0.
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