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Abstract — A Radio d-distance labeling of a
connected graph G is an injective map f from the vertex set
V(G)to N such that for two distinct vertices uandv of
G, d(u,v) + |[f(w) — f(W)| = 1 + diam?(G), where d?(u,v)
denotes the d-distance between u and v and diam?(G) denotes
the d-diameter of G. The Radio d-distance number of f, rn(f)
is the maximum label assigned to any vertex of G. The Radio d-
distance number of G, rn4(G) is the minimum value f of G. In
this paper we find the radio d-distance number of some basic
graphs.

Keywords-d-distance, Radio d-distance, Radio d-
distance number.

I INTRODUCTION

By a graph G = (V(G), E(G)) we mean a finite
undirected graph without loops or multiple edges. Let (G) and
(G) denotes the vertex set and edge set of G. The order and
size of G are denoted by p and q respectively.T. Jackuline,
J. Golden Ebenezer Jebamani and D. Premalatha introduced
the concept of dd-distance by considering the degrees of
various vertices presented in the path, in addition to the length
of the path.

Let u, v be two vertices of a connected graph G.
Then the d-length of a wu-v path defined as
d%u,v) = d(u, v) + deg(u) + deg(v) + deg(u) deg(v), where
d(u, v) is the shortest distance between the vertices u and v

In this paper, we introduced the concept of radio
d-distance labeling of a graph G. Radio d-distance labeling
is a function f from V(G) to N satisfying the condition
d4(w,v) + |f(w) — f(v)| = 1 + diam?(G), where
diam®(G) is the d-distance diameter of G. A
d-distance radio labeling number of G is the maximum label
assigned to any vertex of G. It is denoted by rn¢?(G). Let G
be a connected graph of diameter d and let k an integer such
that 1 < k < d. A radio k-coloring of G is an assignment f
of colors (positive integers) to the vertices of G such that
dw,v) +|f(w)— f(w)l =1+ k for every two distinct
vertices u, v of G. The radio k-coloring number rc, (f) of a
radio k-coloring f of G is the maximum color assigned to any
vertex of G. The radio k-chromatic number rc,(G) s
min{rc, (f) } over all radio k-colorings f of G. A radio
k-coloring f of G is a minimal radio Kk-coloring if
rc (f) = rei, (G. When k = Diam(G), the resulting radio
k-coloring is called radio coloring of G. The radio number of
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G is defined as the minimum span of a radio coloring of G
and is denoted as rn(G).

Radio labeling can be regarded as an extension of
distance-two labeling which is motivated by the channel
assignment problem introduced by W. K. Hale [6]. G.
Chartrand et al.[2] introduced the concept of radio labeling of
graph. Also G. Chartrand et al.[3] gave the upper bound for
the radio number of path. The exact value for the radio
number of path and cycle was given by Liu and Zhu [10].
However G. Chartrand et al.[2] obtained different values for
them. They found the lower and upper bound for the radio
number of cycle. Liu [9] gave the lower bound for the radio
number of Tree. The exact value for the radio number of
Hypercube was given by R. Khennoufa and O. Togni [8]. In
[4] C. Fernandez et al. found the radio number for complete
graph, Star graph, Complete Bipartite graph, Wheel graph
and Gear graph. In this paper, we fined the radio d-distance
labeling of some basic graphs.

Il. MAIN RESULTS
Theorem 2.1

The radio d-distance number of the complete
graph, m®(K,) =nvn

Proof

Let, V(K,) = {v1,v, ..., v} be the vertex set
then,d%(v;,v;) =n? for 1<i,j<n

It is obvious that the diam®(K,,) = n?

The radio d-distance condition is
d*(u,v) + |f(w) — f(v)| = 1+ diam?(G) =n? + 1

Now, fix f(v,) =1
d%(vy, v ) + If (1) = fW)l 20 + |1 = f(v,)]

>n?+1

|1 — f(v,)| = 1, which implies f(v,) = 2
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~fw) =i 1<i<n
Hence, ™m%(K,) = n,Vn

Theorem 2.2

The radio d-distance number of a path
m4(P)<n?’—4n+10, n >4
Proof.

Let V(B,) = {vy, vy, ...,v,} be the vertex set and
E(P,) = {vivi31;1 < i < n— 1} be the edge set

Then,d%(vy, v, ) = d4(vy v, ) =+ 2,
d*(vy,v;) = d%(vn-1, ¥ ) = 6, A%(v;, Vis1 ) = 9;
2<i<n-2,d%(vyv,1)=n+5

It is clear that diam?®(P,) =n + 5
Without loss of generality f(v,) < f(v,) <+ < f(v,)

We shall check the radio d-distance condition
d*(u,v) + |f(w) — f()| = 1+ diam®(G) =n+6

FlX f(vl) = lfOI' (171, vz)
d*(wy,v) +If(v) = fW)l 26+ 11— f(v) 2n+6
|1 — f(vy)| = n, which implies f(v,) =n+1

For (v,,vs3)
A4y, v3) +If () — f(w3)| =29+ In+1—f(v3)l=n+6
In+1— f(v3)| = n— 3, which implies f(v3) = 2n — 2

cfw)=ni-1)-3i+7 2<i<n-1

Hence, m?%(P)<n? —4n+10, n > 4

Note. rn¢(P,)=nifn = 2,3
n

Theorem 2.3

The radio d-distance number of a star graph,
™m%(Ky,) =2n%*—4n+3, n>3
Proof.

Let V(K; ) = {vo, v, vy, ..., v, } be the vertex set,
where v, be the central vertex and

E(K1,) = {vov;; 1 < i < n} be the edge set

Then, d%(vo,v;) =2n+2;1 < i < n,d%(v, vj) =5;
1<ij<mi#j

So, diam® (K, ,) = 2n + 2
Without loss of generality,
f) <f(wo) < f(vy) <+ < f(w)

We shall check the radio Gd-distance condition
d*(u,v) + |f(w) — f(v)| = 1+ diam®(G) = 2n + 3

Fix f(vy) = 1, for (vy, vy)
d(vy,vo) + If (1) — fF(w)| = 2n+ 2 + |1 = f(vp)]
=>2n+3
[1 = f(vo)| = 1, which implies f(vy) = 2
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For (vy,v,)
d*(vy,v2) + If(v) = f(W) 25+ 1= f(v,)| = 2n + 3
[1— f(vy)| = 2n — 2, which implies f(v,) =2n -1

For (v,,v3)

d(vy,v3) + |f (v2) = f(v)| 2 5+ [2n — 1 = f(vs)]
>2n+3
[2n — 1 — f(v3)| = 2n — 2, which implies f(v;) = 4n — 3

~fw)=QRi—-2n—-2i+3,1<i<n

Hence,rn%(K,,) = 2n? —4n+3, n >3

Theore. 2.4

The radio d-distance number of bistar graph,
™m4(Bp,) =2n°+8n? —4n+2, n>2
Proof.

Let V(B,,) = {UL Vgyeees Uy Xq, Xp Ug Up, ...,unl}
be the vertex set
and E(Bp) = {x1v;, %u; x1%,; 1 < i < n} be the edge set

Then, d%(x, v ) = d%(xpu) =2n+4; 1<i<n,
d¥(xyx,) = (m+2)%,d%u,v) =6;1<i,j<n
i ;tj,dd(vi‘vj) = dd(ui,uj) =5 1<ij<n

Itis clear that diam®(B,,,) = (n + 2)? = n? + 4n + 4

Without loss of generality, f(u;) < -+ < f(u,) <
flx2) < flx) <f(wy) < .. <f(wn)

We shall check the radio d-distance condition
d*(u,v) + |f(w) — f()| = 1+ diam*(G) =n® +4n+5
le, f(ul) = 1, FOI’ (ul’uz)

d(us,uz) + 1f (ur) = fu)| 25+ 1 = f(uy)]
>n’+4n+5
[1 = f(uy)| =n? + 4n, which implies
fluy) =n?+4n+1

For (uz_u3)

dd(uz‘u3) + 1f (uz) — f(us)l
=5+ |n?+4n+1— f(uy)l
>n?+4n+5
[n? + 4n + 1 — f(u3)| = n? + 4n which implies

flus) =2n?+8n+1
afw)=n*(i-D+n@i—-4)+1, 1<i<n
Therefore, f(u,) =n®+3n2 —4n+1

For (uy, x5)

d?(unxz) + If (un) = £ (x2)

>2n+4+|n>+3n2—4n+1—f(x,)|
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>n?+4n+5

[n®+3n?2 —4n+1— f(x,)| = n? + 2n + 1, which
implies f(x,) =n3+4n? —2n + 2

For (x5, x,)

d?(xy %) + 1 (o) = f ()]

>n?+4n+4+|nd+4n% —2n+2 — f(x,)|
>n®+4n+5

| n®+4n? —2n+ 2 — f(x;)| = 1, which implies
flx))=n3+4n?-2n+1

For (x;, v1)

d%(ox,v1) + 1f (x1) = F (w2
>2n+4+|n*+4n?-2n+1—f(v)|=n*+4n+5
|n®+4n® —2n+ 1 — f(vy)| = n® + 2n + 1, which
implies f(v,) =n®+5n?+2

For (vq,v;)

d?(vy, 1) + |f (v1) = f(0,)]
>5+[n3+5n%+2—f(v,)|=n*+4n+5
[n® 4+ 5n% + 2 — f(v,)| = n? + 4n, which implies
f(vy) =n3 +6n%+4n + 2

For (v,,v3)

d?(v,,v3) + |f (v2) — f(v3)]
>5+[nd+6n*+4n+2—f(v3)|=n*+4n+5
[n3 + 6n% + 4n + 2 — f(v,)| = n? + 4n, which implies
f(wy) =n®+7n?+8n+2

cfw)=nd+(@(+4n*+@i—-4dHn+2, 1<i<n
Hence, rn*(B,,) = 2n® + 8n* —4n+2, n > 2

Theorem 2.5

The radio d-distance number of a subdivision of a
star, T?S(Ky,) = 6n? —12n+6, n >3
Proof

Let V(S(Kin)) = {vg,vly Vg,y ey Vpy Ug Uy, ...,un‘}
be the vertex set, where v, is the central vertex and
E(S(K14)) = {vou;, viu; 1 < i < nj be the edge set

Then, d%@(vpu;) =3n+3;1<i<n,
d% (v, v;) =7,d%(u; uj)) =10;1<i,j<n
dé(v;u;)=6;1<i<n

It is clear that diam®(S(Ky,)) = 3n + 3

Without loss of generality f(u,) < f(vy) < f(uy) < <
f(un) < f(vl) << f(vn)

We shall check the radio d-distance condition
d*(u,v) + |f(w) — f(v)| = 1+ diam®(G) = 3n + 4

Fix f(uy) =1, for(u; up) 1<i<n
d*(uy,vo) + |f (ug) — fF(o)| = 3n 43 + |1 = f(vp)]
>3n+4

|1 — f(vo)| = 1 which implies f(v,) = 2
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For (uj,ui4q), 1<i<n-—-1
d%(uy, uz) + 1f () = f ()] 2 10+ |1 = f(up)
>3n+4
[2 — f(u,)| = 3n — 6, which implies f(u,) =3n—75

For (ujyu;), 1<i<n
d®(up, us) + 1f (uz) — f(us)l 2 10 + 13n = 5 = f(us)|
>3n+4
[3n — 5 — f(u3)| = 3n — 6, which implies
fluz) =6n—11

“fu)=n@Bi—-3)—6i+7, 1<i<n
Therefore, f(u,) =3n2—9n+7

For (up,vy), 1<i<n

d?(uy, v1) + |f (un) = f (1)
>8+4+13n2-9n+7-f(v))|=3n+4

[3n? —9n + 7 — f(vy)| = 3n — 4 which implies
f(v)) =3n%2—-6n+3

For (v, vi41), 1<i<n-—1

d*(vy,v3) + If (1) = f (W)
>7+4+|3n?—6n+3—f(v,)|=3n+4
[3n? — 6n + 3 — f(v,)| = 3n — 3, which implies
f(vy) =3n%—-3n

For (v,,v3)
d*(vy,v3) + |f (v2) = f(v3)l 2 7 + [3n® = 3n — f(v3)]
=>3n+4
|3n2 — 3n — f(v3)| = 3n — 3, which implies
f(vs) =3n® -3

afw)=3n*+nBi—-9)—-3i+6 1<i<n

Hence, rn?S(K,,) < 6n* —12n+ 6, n > 3
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