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Abstract

This paper deals with effect of the sine transform on
thermoelastic problem of hollow cylinder with internal
heat generation. This paper determines the temperature
distribution, Thermal displacements and stress
functions of hollow cylinder by sine transform and
finite Marchi-Zgrablich transform.
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1. Introduction
Wankhede P.C. and Deshmukh K.C. [5]

investigated an axisymmetric inverse steady-state
problem of thermoelastic deformation of finite length
hollow cylinder. Sierakowski and Sun [3] have studied
an exact solution to the elastic deformation of a finite
length hollow cylinder. This paper consist
determination of temperature distribution, Thermal
displacements and stress function of hollow cylinder
with internal heat generation occupying the
spaceD:a < r < b,0 < z < h. The finite Marchi-
Zgrablich transforms and Fourier sine transform
technique is used.

2. Statement of the problem
Consider a hollow cylinder of length h

occupying the spaceD:a <r < b,0<z < h. The
thermoelastic displacement function as in [4] is
governed by the Poisson’s equation

(1+v)

2h —
Vg = G2a,T 1)

Withg =0atr =aandr =b>
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Where V2= — +-—

a2 19 a2
or? rar 9z2

"v' And 'a,’ are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the
cylinder and T is the temperature of the cylinder
satisfying the differential equation

a%T 10T | 9%T [ g _ 10T

a2 "ror 922k aot )
Subject to initial condition
T[r,z,0] =0 3)

The boundary conditions are

[T +ky ‘;—T =AY 4)
I:T+k2?}_: b = Fz(Z, t) (5)
T[r, zt],—¢ = f(r,t) (Known) (6)
T[T' Z, t]z=0 = F3 (T' t) (7)

The interior condition is
Tlr,z tl,—, = n(r,t) (Unknown) (8)

Where « is thermal diffusivity of the material of the
cylinder.

The radial and axial displacements U and W satisfying
the uncoupled thermoelastic equations as in [3] are

2y Y —oy)12 = ) 0T

VU -G+ (-7 =20 )
2 —19e _ o (4w oT

VEW + (1+2v)7 - =205 (10)
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Where e = ‘;—Ir] + g + ‘Z—f is the volume dilation and

_o

pe (11)

_ 09
T oz

(12)
The stress functions are given by
T,,(a,z,t)=0, t,,(bzt)=0, 1,,0,20)=0
(13)
And
o.(a,z,t) =p;, o.(b,z,t) =—-py, 0,(r,0,t)=0
(14)

Where p; and p, are the surface pressures assumed
to be uniform over the boundaries of the cylinder. The
boundary conditions for the stress functions (13) and
(14) are expressed in terms of the displacements
components by the following relations.

=@+26) 5+ 22+ 22 (15)
o, —(/1+26)—+/’1[ 2] (16)
=+26) 2+ 2[5+ 27 (17)
1, =G [aa—W + 2 (18)

26v . .
Where A = j is the Lame’s constant, G is the shear

modulus and U and W are the displacement
components.

The equation (1) to (18) constitutes the mathematical
formulation of the problem.

3. Solution of the problem
The finite Marchi-Zgrablich integral transform
of order p is defined as

f,() = [ xf(0)S, (k1 Ky, myx)dx (19)
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And inverse Marchi-Zgrablich integral transform as
fp (VSp (ke kg unx)
fx) =Y> 1%

Where
Sp (kp kZ! an) = ]p(unx){Gp (k1, Hn a) +
Gp (kZ! unb)} - Gp(unx){]p (k1: una) +]p (kZI unb)}

(20)

Cp =

bZ

T{sz(kllkZ' unb) -

Sp—l (k1: k2, unb)'5p+1(k1: ky, unb)} -
{sz(k1:k2: una) -

Sp—1(k1, ko, 1 @). Sp 41 (ky, K, by a)}
An operational property is given by

b [22 9
f [ f l_f+—]5 (kl,kz,llnx)—

dx?

ESP (kl;kZJ Hnb) [f + kza x=b B

S ko ma) [f +k ]~ wifm) @)

a

Also

If f(x) satisfies Dirichelet’s conditions in interval
(0, a) and if for that range its Fourier sine transform is
defined to be

fi ) = [§ f@)sin" dz (22)

Then at each point (0, a) at which f(z) is continuous,

@ =250 f; () sin ™ (23)
The property of sine transform is

I\ a—f i dz = T [(~ 1) + £(0)] -

T Rm) (24)

By applying the finite Marchi-Zgrablich integral
transform stated in (19) to (21) to the equations (2), (3),
(6) and (7), using (4), (5) and then applying the Fourier
sine transform stated in (22) to (24), by using the
boundary conditions and again taking their inverses, it
gets

= ;Z%m:l {[(e_a(#rz"+%r_z>t f e (#’”+_22_2) F dt +

T1> sini?ﬁ?nz )] so(k1,k2,0m T)} (25)

Cm
Where
b *
PZI =a I:Esg(klikZI umb)FZ -

TIDf + ]+

;_15(% (kll kZl uma)Ff +
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2.2
And T, = [ [e (b ) dt]
t=0
Substitute the value from (25) in (8), it gets

2.2

zmn 1{[((3 "m+T) [e" o+ )e F,dt +

T.) mna(ﬂﬂh)] So(klrerUmr)} (26)

3 m

4. Determination of

Thermoelastic displacement
From (1) and (25), Thermoelastic
displacement is given by

0=
(1+ ) (H + 2 2) (H + 2 2)
V) At oo m m
(1—v)§2m,n=1 {rz [(e ) Je G Fydt +
sinfifhrz ) | so(k1,k2,um7)
ry s tatssen]| @)

From (27), equation (11) and (12) gets the radial and
axial displacements as

_ (a+v)a; 2 ’ "\ So(ky.kz,um™)
(1 1})zgz:mn 1{ [(FP+T1) Cm +

(F, +T, )M} n
2r [(F, +7y) 2tzinn)] sl

(28)
_ @ (1+v) a; nm cos nmz
W=~ v)Zfzm" T [(F+T1) ;T
' sin nwz | so(k1,k2,um7)
(F +T1) ; ] — (29)
_ 2 TLZTZZ 2 nznz
Where F, = e a<#m+_€2_>tfea(”m+_fz_)thdt

5. Determination of stress functions
From (27), Equation (15), (16), (17) and (18)
gives

1+v) ) "
= A+ 26) (BT T2 (R +

Tl )SO(klf:l #mT) + (Fp, n Tl) so(k1,fnzlr#mr) +
(F, +1y) 2 akztnD) 4 (g g gy olakadnn))
(5 o7y g )i

2r((E, +T,) 570("1'6’:"‘"1” +(F + T{)is(’(kl':‘”m”) +
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k1,ko.tm i
2(F;,+T1)SO( 1cri,u r)}sm;mz_i_

A{%Ei+Z;Z_§Z;§n 1 [rz ((F, + TI)W"'
(F, +T1)M)Jr
ZT(F +T )so(kl k2, #mr)] sin nn'z} 4

/1{(1+v)a:2mn T (Z(F +T1 nncosnnz_

(1-v) 2¢ :
(F, +1,) 20 sin nnz n?n? (F +T, )Sln;nz)so(klf;_ymr)}
(30)
= (1+26) {S?;;Z 2 (Z(F;,' +
T{)ECOS nnz _ (F n Tl) sin nnz n?zﬂ + (Fp” +
1 ot il 5

T1 )SO(kleJHmT) + (Fp’ + Tl)So(klfz MmT) +
so (k1 ko ttmr) ¢y SoknkamT)

(B +Ty) ===+ (F, + 1) o )+

' " So(k1,k2.um™) So(k1,k2.umT)
2r((F, + Tl)il e (B + ) ) +

so(k1k2.umT) ' ™ So(k1,k2.um™r)
2r ((F, + o) ==+ (B, + T ) 2 +
so(kl,kz,umr)} sin nmz

2(F, +Ty) === +

¢

10ma g 2 (F 4 1)) odukeinn)

A{r (1-v) zgyzm.n=1 [7' (B, +Ty) - +
Sok1katm™)
(Fp +T1) o )+
ZT(F + Tl) So(kljkz,umr)] sin nn’z} 31)
1 (1+v) - ,

% = (+260) L T [ 4(5 +
T{)S"(h’f—z’”"‘”+ (F, +T1)50("1f—24‘m”>+
ZT(Fp + Tl) so(hfzﬂmr)] Sin;mz} N

(1+v) a¢ v " 0 soCknkzbm™)
A (l—v)észﬂ:l {rz (B +1 )% +

/ N S (k1,kp,umr) Sn (e ke ttm™)
(% +T1)OT+ (B +T1)OT+
(Fy +Ty) 20082hnDy o o ((Fy 4 77) 2olrkzsmnd)
(E, +T1)M)+Zr((F +Tl)s(,)(kl”‘iz'/"nr)+

4 o

(F, +T, )50("1"—2”7”)) +

Z(F + Tl) soky, kz umr)} sin nmz +

¢
A{ETS‘Z‘QZM 172y + 1)) T
(F +T1)smnnz n27r +(F +T1 )Sm;ﬂz)SO(klf:l”umr)}
(1+v) a; (32)
T, = GGast S {2 (5 + ) +

Cos nmz

2r(F, +T1))"” +(r?(E, +T )+
in nmwz (k1,kpumr)
2r(Fy + T3 )y = ]s" Lok +[r2((F,,+

Cm
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nmw cos nmz ’ /N sin nmz |1 s (k1,k2.,umm)
T + (B + 1) ™ )| LD
[T ((Fp +Tl’)so(k1,i<:l.ﬂm7’)+ (F;, +T1)So(k1,:nzl‘#mr))+
S0 (kl,kz,umr)] nm cos nuz [ 2 "
2r(F, + T ) =2 F Tl ((E, +
" k1.ko.tm ' ' k1,k2,0m
T, )So( 1;2# r) + (Fp +T1)So( 162/1 r)>+

2r(F, +T)) S“’“'fi’“'"”] ;‘”} (33)

6. Special case
Set f =e't(r —a)(§ — b) (34)
And g =8(r —1y)d(t —ty) (35)

Applying Finite Marchi-Zegrablich transform then
Fourier sine transform to (35) it gets

g =4 (36)

Substitute the value from (34) and (36) in (25) to (33) it
gets

nznz
T= ?Z%,n=1 {[(e_a("%lJr_fz_)tfe (”m+_2_) F,dt +

T ) siniifnnz )] so(k1,k2,umr)
e

Cm

7]=T=

?Z?Eﬂml {[(e (# +%72Z_2)tfea(ﬂm+_zz_z) F, dt +

¢

m

7,) Silon h)] so(k1KzHm r)}

Q=

(14+v) at ©oo (#m"'_zz_z) (ﬂm“‘_zz_z)
oy 26 Zmn=1 r[(e fef Fydt +

7. ) Sintonz )] so (ki kztm™)
e

Cm

_ +m)at g0 2 ' " so(ky kg, umr)
= G T 2 | (R 4 1) ezt 4

(F,+T) W} N
2r [(Fp +Tp) SO(kl‘:'umr)]} Siniiﬁ;mz)

_ @ _ () as [ nm cos nmz
W= =02 L=t T (F,+T —+
’ N\ sin nmz | sg(k1,k2,um1)
(Fp + Tl) ¢ ] Cm

a+v) o "
0y = (A+26) (o5 5 Znaa T (B +

k1K, im N so (k1 kot
Tl)so( 1C"21# r)+(Fp+T1)SO( 151:# r)+
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so kkzbmr) | (g o SoCkerkzitmr)
(5 + 1) kst (5 ) tidases) ¢
2r((F, +T{)W+(Fp +Tl)50(k1ﬁ:,umr>)+
2r ((F, +T1)W+ () +T1’)50(k1':'21»ﬂmr))+

Z(P;, + Tl) SO(kl'f:l'/‘m T)} sin ;mz +

10+v) ar o 2 /(5 1y so(kykopimT)
A{r (1-v) 2¢ Zm,n=1 [T ((P;) + Tl) em — +

(F, + ;) olketnn)y |
ZT(F +T )50(k1.k2.#mr)] sin nr[z} +
p

(1+v) a; nm cos nnz
A{(l v)zéz:mn 1T (Z(F +T1 3 -

(F +T1)smmrzn 2 +(F +T1)Sm;m2)s()(klfj'ﬂmr)}

a+v) ap

(/1+26){

v) 2§
1 M7 cos nnz

T1) = - (F;ﬂ + Tl)
T1 ) sin nnz ) so(k1,k2,um T)}

Z‘;.ri n=1 T.Z (Z(F’ +
sin nmz n2n?

: +(E +
(1+v) ay

a- v)zsz””l {2 +
! )Wmﬁ; o1y ki)

2r((F, + T{)%+ (F, + Tl)%) +
2r((F, + 7y) 2k2imn) () orkrsn)
2(5) + Tl) So(kl.:"zl.umr)} sinnmz

¢
10 g 2 (7)) 0bikzinn)
A{r a-v) zgyzm.n=1 [7” ((F;, + Tl) - +
solkrkafmt)
(Fp + Tl) o )+
ZT(F + T1) So(kl’kz’”m'f)] sin nnz}
1 (1+v) at woo ,
= 1+ ZG){ = 2; Yo [rz ((Fp n
1 so(k1.ko fm) sy (ki ko tm™)
T0%+ (B, + ;) 2brkzsnn)y
ZT(F + Tl) SO(klijJMmT)] sin nr[z} n
P o :
(1+v) a¢ oo " 0N 50 (k1 k2ttm )
Ay 26 Bt {248+ )T
/ 1N soCk1,k2,imT) so (ko im)
(% +Tl)%+ (% +T1)%+
(B + 1) 2laketnDy 4 o (g 4 7y) 0laketnn) |
(F, + Tl)w) +2r((F, + TJW*
(F, +TI)M>+

Z(F + T )SO(kl kz#mr)}sm nmz n

¢
(+v) a nm cos nmz
/1{(1 V)Zfzm" 1’ (Z(F +T) = :
(F + Tl) sin nmz nn? (F + T1 )sm;mz)so(kl,f:l_#mr)}
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T, = 6oy, {[o?(5 + 1) +
ZT(FP + Tl))nn cos nuz + (TZ(F + Tl ) +
2r(E, + Tl))Sln:”Z]SO(kl.cknzl,umT) + [r (F, +

1)Ecos nnz + (F;Jf + T1,) sin;mz )] sg)(kl,fz,ymr) n

[ (5 +T')W—z#mr>+(p +T1)sb<k1.fz.umr))+
ZT(F 4T )so(k1 k2, [anr)] nw cos nnz n [TZ ((FT n

14

T{’)WJr (F, +ﬂ)%) +
ZT(Fp’ + T1,) so(kl,f"zl,ﬂmr)] sin;mz}

Where

b
F, = a[ES&(kpkz' Hmb)
@-bjeosiung) _ by

nw
_SO (klﬁ k2' Hm a)
a T ore_ +1,t

mT)+ ; [(=D)"*e t(r

@l +{]

tef(b—a+ky) ,sinifnmé )
¢ ( nig

te kl (sm (nn{) (¢ —b)cosifnmé ) _

nm

- a)(f —b) —te'b(r —

T1:
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um+ tet(b—a+k n
e ) [ 58 et ey ) S0 GURIE)

¢ —b)cosiunt) _ by

nm nm

S0 (klf kZ' Mm a)
b nwore_ +1 t

nn)+ ; [(—D)Hett(r

)] + %‘] dt}tzo

And

tet k1 sinfifhné)  (§—b)cosiifhné )
( nZgZ nm -

—a)(§ —b) —te'b(r —

2 e e
f ea(#m+—§2—)ta [ki Sg (kl, kz, i, b) tet (b—a+ky) (sm,gmzf) _
2 13 ném
G-b)costun) _ by

nm nm
telky ,sin? inmg)  (§—b)cosifnnd )
SO (kl,kz, uma) ! ( n2n2 nn -

ﬁ + % [(—1)"+1ett(r —a)(§ —b) —te'b(r —
)] +:i] dt

7. Numerical results
Take a=1.5m, b=2m, h=4m.¢ = 1m, k=0.041

n=T=

[} — 2 2 2 2
2%% {[(e aluhi+9.8507): [ ga(uh +98507) g 4
T, )sini€12.56n)] M}

Where

2 in (3.14n)
F=a [— 8 (K, Kz, )Lt (0.5 + k) (o 4+
cos (3.14n) _ %>

53.14n @ ) @ )

1. sin (3.14n cos (3.14n
_Sg(klikZJ umls)tetkl( 9.85n2 3.14n -
063) + 3. 14n[( D 2ett(r — 1.5) — teth(r —
L 5)] + 0.041
Conclusions

In this paper temperature distribution,

thermoelastic displacements, thermal stresses have
been determined for the hollow cylinder with internal
heat generation. The temperature distribution and
thermal stresses have been investigated by using finite
Marchi-Zgrablich and Fourier sine transform. The
results are obtained in the form of Bessel functions and
infinite series.
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