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Abstract : We study the development of Burgers' equation by
using the function depending on the time (t), and we prove the
existence and uniqueness solution , also given some
applications .

l. INTRODUCTION

In [1] consider the problem of stabilization of the
inviscid Burgers partial differential equation (PDE) using
boundary actuation ,and a solution to the problem using a
Lyapunov approach and proved that the inviscid Burgers
equation is stabilizable around a constant uniform state
under an appropriate boundary control . In [2], In this paper
we study the generalized Burgers equation u;, +(u%/2), = f
(Yuy , where f (t)>0 for t > 0 . The existence and uniqueness
of classical solutions to the initial value problem of the
generalized Burgers equation with rough initial” data
belonging to L™ (R), as well it is obtained the decay rates of
u in LP norm are algebra order for pe [1,0]. Burgers’
equation with uncertain initial and boundary conditions is
approximated using a polynomial chaos expansion approach
where the solution is represented as a series of stochastic,
orthogonal polynomials, even though the analytical solution
is smooth, a number of discontinuities emerge in the
truncated system , in [3] . In [4] , a method for the solution
of Burgers' equation is described ,the marker method relies
on the definition of a convective field associated with the
underlying partial differential equation ; the information
about the approximate solution is associated with the
response of an ensemble of markers to this convective field .
An analysis of dispersive / dissipative features of the
difference schemes used for simulations of the non-linear
Burgers’ equation is developed based on the travelling wave
asymptotic solutions of its differential approximation , It is
showed that these particular solutions describe well
deviations in the shock profile even outside the formal
applicability of the asymptotic expansions, namely for
shocks of moderate amplitudes , in [5] .In [6] , concerned
with an interesting numerical anomaly associated with
steady state solutions for the viscous Burgers' equation , also
we considered Burgers' equation on the interval (0, 1) with
Neumann boundary conditions , they showed that even for
moderate values of the viscosity and for certain initial
conditions, numerical solutions approach non - constant
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shock type stationary solutions .In [7] , consider Burgers’
equation with a time delay , by using the Liapunov function
method , they showed that the delayed Burgers’ equation is
exponentially stable if the delay parameter is sufficiently
small , also give an explicit estimate of the delay parameter
in terms of the viscosity and initial conditions, which
indicates that the delay parameter tends to zero if the initial
states tend to infinity or the viscosity tends to zero . The 1D
Burgers equation is used as a toy model to mimick the
resulting behaviour of numerical schemes when replacing a
conservation law by a form which is equivalent for smooth
solutions, such as the total energy by the internal energy
balance in the Euler equations , if the initial Burgers
equation is replaced by a balance equation for one of its
entropies (the square of the unknown) and discredited by a
standard scheme , the numerical solution converges, as
expected, to a function which is not a weak solution to the
initial problem , in [8] . In [9] , they proved that the
temperature distribution in the limit one — dimensional rod
with time — averaged sources of heat is the uniform
asymptotic approximation of the temperature distribution in
the initial problem in an arbitrary sub domain of the plane
rod and in an arbitrary time interval , which are located at a
positive distance from the ends of the rod and the initial
time instance , respectively ; of course ,the temperature in
the one — dimensional rod , which is a function of the
longitudinal coordinate x and the time t , is identified with
the function of ( x , y ,t) , which is independent of the
transversal coordinate y of the plane rod .In [10] , they are
obtained an asymptotic expansion, containing regular
boundary corner functions in the small parameter, for the
solution of a second order partial differential equation, they
are constructed the asymptotic expansion u,(x, t, €) for the
modified problem and prove it is the unique solution, also
they have proved that the solution is valid uniformly in the
domain, and the asymptotic approximation is within O(e"**)
. In [11], they are studied the development wave equation
with some conditions and proving the existence and
uniqueness solution by using the reflection method .In [12],
they are studied an modification of an initial — boundary —
value problem in the critical case for the heat — conduction
equation in a thin domain , they are justify asymptotic
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expansions of the solution of the problems with respect to a uniform in the domain and, further , the asymptotic
small parameter €>0 , also proved that the solution is approximation is within. In this work , we proving the
uniform in the domain and the asymptotic approximation is existence and uniqueness of second - order partial
within O(e™™). In [13], constructed asymptotic first — order differential function by using arbitrary conditions .

solution of a partial differential equation with small
parameter , and have proven the solution is unique and

II.  STATEMENT OF THE PROBLEM :
Consider the second — order partial differential equation definitions of the following form :

ou (x,t)
ot

Au (x,t) a%u(x,t)
+g(t) 2D = (1.2)

x €ER ,t >0, ulx,00)= f(x) , x €ER
where g(t)and f(x) are continuous functions define in Q, Q={(x, t),
X € R,t > 0} also we suppose the following condition is valid , for given

x € R If thereexisttand & < &, suchthat

u(§) ==L =12 (2.2)
then uy (x, t)~uy (&), where t >1 and u, (x,t)~uy (&) ,
where t < T,a5¢= 0.
We can change the equation by use the new variables

ulot) = k2 vag:)) (3.2)
we have
u, (x,t) = —k? VV;XV;ZVW _ _h(t)kz Vix Var | h(t)kzvz
Uy (6, 8) = —kZWJF 2V 2 Vx;4_ V2 2v
= _kZVxV 2 a;;czvx_}_ZkZVxVV;x_Zkzg
= —k? V"%+ 3k? VV—ZV 2k? I‘Z
u (x, t) = —k? W: —k2 VV K2 Vlz/t

Compensate derivatives of x and t in the equation (1 2), we get :

v, v, V. V2
—k2 % Ll = |n(t)k? %—h(t)k2 ] [ k2 X Voaa +3k2 "I:Z" k2 <l
Ve V2 V2 V. V.
—k? 7— h(t)k2 x XX 4 h(t)k? Vi + 2k3 %— 3k3% +
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kz Vth + k3 Vxxx

=0
v? |4

v, v
[—h(t)kz SR ";2"] [h(t)kz 4 2Kk3 2 ]

k2=

[h(t)—Bk“/;] [h(t)+2k ] [vxt

[_kV - Vt]x +

If we suppose u =u(x, t), then we solving the equation (1.2), is :

V. (x,t) dv 1
fe) =~ 2V(xt) dx v

@— k21 dv—lfvdx

v T vdx ) Fe) T =R
2 -1 x
Inv; = %f F(s)ds > el = k7 Jo f(s)ds
- 0

Vi(x,0) = P(x) = Ce ™™ where F(x)= — [y f(s)ds,

and
1 =1 [0 F(s)ds— (x—6)2
Vint) = = Jp exrh 12 s,
_ 1 f e%%—M(x,t,ﬁ) a8
kint Jp
where
x— & 2 1)
M(xt,8) = %+ f £(s)ds |
0
and

(= 8) prhtd) s

u(x, t) = R 4 00O (4.2)
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which agrees with what was found by the first approach for solving the Development Burger’s equation. from (4.2)
we get

(e~ & - 8 uy(6)

Can rewrite the solution to be asymptotically
u =uy(6)
x=8+tuy(d) » d=x—-tyy - d=x—tu
Since u =uy(6) thenweget:
u=uy(x —tuw) (5.2)

The equation (5.2) is exactly the solution of the problem

ou (x,t) ou(x,t)
Zh g =0 (6.2)

x ER ,t >0, u(x,0) = f(x) , x €ER .
we found the equation (6.2) by the method of characteristics, the solution of equation (5.2) is smooth for t, if the
function ug (x) is smooth function and differentiate for x ,then we have
U = up(8)(1 - tu,)

BRI
o1+ uy (S’

where

1+uy(8)t #0

-1

If suppose u' (x) < 0 for every x , then uy =0, if t ==
ug (8)

is the first instant To when uy = oo, known as gradient

catastrophe, corresponds to a S, where u'g(x) has a minimum

-1 "
To =—/—— , Uyg(sg) =0

1. WE CAN STUDY SOME APPLICATION ABOUT EQUATION (1.2):

A. Find the instant of gradient catastrophe for the problem

ou(x,t) du(x,t)
FTECAC R P

x ER ,t >0, u(x,0)= x>4+1, x €R

Solution: The solution of the problem
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ulx,t) = (x> —ulx,)t) +1
For the function ug(x) = x% +1
u£,=1 nowat x=0
min uz) = max (1)
min uy(x) = (min1) = 1
Because x*+1=0+1=1
Note that

lin(l)(x2 +1)=1+H(x)
X

_ (0 x<0
H(x)_{l x>0

The graphs of the functions x% + 1

Figure (1.3)

Plot3D[1 + x2, {x, —3.4,5.2},{y, 3.5,4.2}

B. Solve the initial value problem foe u( x , t) at time t > Qin terms of t and a characteristic variable

du(x,t) + tau(x,t) — 1 with
at ax

u(x,0) =u(x)=1 — %tanhx , do characteristic cross for any t >0 and if so where and when ?

Solution:
61,t(x,t)_|_t6u(x,t)_1 dt _dx du du_1
at ox S T R
= Ak) +t d dx—t dx—t— Ak
u= an dt g st u AR
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dx =udt —Ak)dt - x=ut—Ak)t+k
hence in terme of t and k

u=Ak)+t with x=ut—Ak)t+k at t=0 -x=k

1
and u=AKx)=uy(x)=1 —Etanhx

1 1
so uzl—ztanhk+t with x=ut—t[1—§tanhk]+k

1
if 0=x =-1-3 t sech’k
. _ 2 _ _ 2—tanh k
that is when t = T forany k €R at x=k+ut sech?k
Figure (2.3)

tanhx
Plot3D[1 — — {tanhx, —8,8}, {x, 2.5,3.4}

IV. PROCEDURE OF SOLVING THE PROBLEM :
Consider the following problem :

du(x,t) du(x,t)
XER,t>0 ,u(x,0)= f(x)=up(x) , x€ER

Which is a limit case of Development Burgers' equationas ¢ — 0
Definition 1.4 :
Assume uy(x) € L1(R), A function u(x,t) € L>(R x [0, ])is a weak solution of (1.2) iff
Iy 2o (e + h(©ugdxdt + [ uo(x)e(x, 0)dx =0
for every test function @ € C} (R x[0,]).
Now we need the following Proposition:

Proposition 1.4 : [1]

ou (x,t) ou(x,t) _
e T T

Let u (X, t) be a smooth solution of the problem 0, xeER,t>0.
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u(x,0) = up(x) ,x € R . Thenu (x,t) is a weak solution of the problem.

Proof:
Obviously u(x,t) € L},. (R x [0,]) .Let p(x,t) € Ci(R % [0, o0])
and supp < [-T,T] x[0,T] Multiplying u; + au, = 0 by pintegrating in [-T,T] x[0,T] and using

p(£T,t) = p(x,T) = 0 we obtain :

T T
ou(x,t) ou(x, t))
0= < +a pdxdt
/]

ot ox
T T
- f f (up): + a(up), — u(p; + apy)dxdt
0 -T

u(p; + ap,)dxdt

L—

T T T
=f_fT(up)tdtdx—0J-

0

T T T
= —( [ ug(x)p(x,0)dx + u(p; + ap,)dxdt [ ]
J /]

Theorem 1.4
For a given functionu € ngél (Q) the regularizations J.u tend to u in w?t (k) for every compactk c Q)

, ie |[Ju—ul|W(k)->0 as e -0.[1]

For the theorem (1.4) and proposition (1.4) the following theorem is holes :
Theorem 2.4
Letu € C' (R x [0,0]) be a smooth solution of the equation u, + h(t)u, = 0 and a weak solution of the
problem (1.2). If uy(x) is continuous at a point X, , then u(xy , 0) = ug(X) .
Proof :

Let ¢(x,t) € C3 (R X [0,0]) . As in proposition (1.4) we are led to

f(u(x, 0) — ug(x))g(x,0)dx = 0

Suppose u(Xe,0) > ug(Xo) . By continuity there exist a neighborhood U such that

u(x,0) > up(x), x €U
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Take ¢(x,t) € C3(R x [0, 00]) such that
suppp(x,0) = [a,b] c U ,@(x) >0 ,x € (a,b),
pla)= ob)=0

Then

oo

f (u(x, 0) — ug (x)) o(x,0)dx

—00

= f(u(x, 0) — uo(x))p(x,0)dx >0

Which is a contradiction , similarly u(xo , 0) < ug(Xo) is impossible . then u(Xy, 0) = uy(Xo) [
Now let us consider the initial data

Uy x <0
U, x >0 (2.4)

up(0) = |
where u; and u, are constant.
The two cases u; > u, and u; < u, are quite different with respect to the solvability of problem(1.4) . It can be

proved that if u; > wu, then the weak solution is unique; while if u; < u, then there exist infinitely many solutions.

V. STUDYING THE FOLLOWING CASES FOR PROBLEM (1.4) :
Case |l : u; > u, then we have the following problem

u(x,t) + h(Hu, (x, t) = ku,, (x, t)
x ER ,t >0, u(x,0) = f(x) = up(x) , x €ER

If u;, > u, wearein asituation to apply the theorem (1.4) , Let x> 0 be fixed and

u +u;
2

m =

The instant t of the theorem (2.4)and by using the condition (2.2) is determined by the slope k of the straight line

through the points (x,0) and (0,m)

then

IJERTV31S030326 www.ijert.org 671
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and

uy x <mt
u(x, t)~ {ul

X >mt as ¢ -0
T

The unique solution of problem (1.4) is known as a shock wave , while m = (u; + u,)/2 is a shock speed the speed

at which the discontinuity of the solution travels .

Theorem 1.5 :
. uy x <mt
Let the funct ,t) = 15
et the function u(x,t) {ur x >mt (1.5)
Is a weak solution of the problem (1.4) with initial data (2.4) , where w; >u, , m= ”l;—”’
Proof :
Let @(x,t) € C}(R x[0,00]) . Denote for simplicity
A= J- f (up; + h(t)uep, )dxdt
0 —00
B=-— fu(x, 0) @(x,0)dx
We have
o mt o o
A= f f (peu; + ()@, u;)dxdt +f f((ptuf + h(t) @, u,)dxdt
0 —oo 0 mt
o mt
a= [ | o+ h@paudnde
0 —o
oo mt (o] mt
=ulf(f (ptdx)dt+ulf h(t)(f @, dx)dt
0 —o 0 —0o
by

mt

mt
d
fq)t(x,t)dx= T f o(x, t)dx —p(mt,t)m ,

f T @ (x, )dxdt = f(% .nft p(x, t)dx) — p(mt, t)m)dt,
- 0 —o0

0
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o0 mt e 0 0
d
I(E f p(x, t)dx)dt = f(p(x,OO)dx— f(p(x,O)dx = - f(p(x,O)dx,
0 —00 —00 —00 —00
then
co mt 0 oo
f f @ (x, t)dxdt = — f(p(x,O) dx—mf p(mt, t)dt .
0 —o —oo 0
And by
mt
[ px0ar = pmt0 - p-0.0 = pamee)
then
0 o) 0
Ay = —uy( f(p(x, 0)dx +mf p(mt, t)dt) +ulf h(t)p(mt, t)dt .
o 0 0
Similarly
AZ :f f((ptur + h(t)(pxu‘r)dxdt i
0 mt
=urf( (ptdx)dt+urf h(t)(f P dx)dt
0 mt 0 mt
= —uT(f o(x, O)dx—mj p(mt, t)dt) —uTJ h(t)p(mt,t)dt.
0 0 0
Because
[ee] d [ee]
Jgot(x,t)dx= I f o(x, t)dx + p(mt,t)m ,
mt mt
and
[ outdx = g0 - gm0 =~ pmee)
mt
then A=A +A,

0 oo oo
—uy( fqo(x, 0)dx +mf p(mt, t)dt) +ulf h(t)p(mt, t)dt —
— 0 0
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u (| o, 0)dx —m | (mt, t)dt) +u, | h(t)e(mt,t)dt
[ riwin=n] /

—u( f o(x, 0)dx +m f (mt, )dt) — 1. ( f o(x, 0)dx —
0 0 0

mf p(mt, t)dt +ulf h(t)p(mt, t)dt+u,f h(t)p(mt, t)dt
0 0 0

oo oo [ee)

—ulf o(x, O)dx—ulmf p(mt, t)dt—urf @(x,0)dx
0 0 0

+u,mf p(mt, t)dt +ulf h(t)p(mt, t)dt+u,f h(t)p(mt,t)dt
0 0 0

—ulf o(x, O)dx—u,f o(x,0)dx —ulmf p(mt, t)dt + u,mf p(mt, t)dt .
0 0 0 0

—f o(x,0)dx (u; +u,) = mf p(mt, t)dt (u; —u;)
0 0

+ f h(p(me, )dt (u; + 1),
0

oo [ee)

= - f (p(x: O)dx (ul + ur) - J fp(mt» t)dt [m(ul - ur) - h(t)(ul + u‘r)] =0
0 0

On the other hand

oo

B=- fu(x, 0) p(x,0)dx ,

—00

0 o)
= - [ut0) 9 0dx — [ w0 oG 0ax
—00 O
0 o
= —y f(p(x,O)dx— qu @(x,0)dx =0
—oo 0
Then we obtain
A=B n
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Case Il : If uj < u, then we have the following problem :

In this case there exist more than one weak solution, we show the following theorem is valid .

Theorem 2.5
u; x < upt
Let the function  u(x,t) = {x wyt<x <u;t
Uy x> u,t

is a weak solution of the problem (1.4)with initial data (2.4) .

Proof : Letp(x,t) € (R x [0, oo)) for simplicity we take u; = -1 and u, =1 and denote

Y = J- f(u(pt + h(t)ugp,)dxdt
0 —

0o 0 [s)

W= — fu(x, 0)(x,0)dx = fgo(x,O)dx— f(p(x,O)dx .

— —© 0
Where u=-1 and u,=1

du (x,t)

the function x satisfies the equation 0

+9(OX =0

we have
Y = —Of _[0 (o (x, ) + h(t) o, (x, t))dxdt
+ Jw f(x(pt(x, t) + h(t) x @ (x,t))dxdt
0t
+ f f((pt(x, t) + h(t)p,(x,t))dxdt = Y, +Y, + Y3
0t
where
n = —f f(wt(x, t) + h(t) g (x, ) dxdt
s
= f(% ( f(ﬂ(x. t)dx) — @(=t,t)(=1))dt,
0 —oo
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by
o0 d —t oo 0 0
J.(E f o(x, t)dx)dt = fqo(x,OO)dx— f(p(x, 0)dx = f(p(x, 0)dx
0 —o0 —0 —o0 —0
and
f f(h(t) @, (x, t)dxdt ) = fh(t) f @, dxdt ,
0 —o 0 —0o0
by
| ewordx = o=t - p(-00) = 960,
then
- [ e+ g, odxde),
0 —oo
0 oo oo
_ f o (x, 0)dx — f o (=t B)dt f h(O)p(=t, . t)dt .
—o0 0 0
Y, = J f(xq)t(x, )+ h(t) x @, (x,t))dxdt ,
0 -t
Y, has a singularity at 0
V= limYy,
where
Y, = f f(x @:(x, t) + h(t) x @, (x,t))dxdt ,
k =t
= | (| xp:(x,t)dx)dt + | (h(t) | x@,(x,t)dx)dt
Jd Joo]
we have
f(x @) dx = i f(x(p)dx + @t t) + (-t t)
—t t dt -t ’ ’ ,
and
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[@or. = oo+ ot |

SO

¢ t ¢ oo
f (h(D) f x0 (6, )dx)dt = h(t) f ot )dt + f hO (=t 0 dt |
k —t k k

we take the limitas k —» 0

k
]lcir% fxq)(x, kK)dx =0
“k

then
Y, = | ot t)dt+ | e(—t,t)dt+h(t) | ot t)dt+ | h(t)e(—tt)dt
[ J o]
Similarly
Y, = f f (00 04 RO oy (x, ) dxdt
0 ¢t
= —f o(x, O)dx—f (t, t)dt — f h(t)e(t,t) dt .
0 0 0
Finally
Y = Yl + Y2 + Y3
0 oo oo
= J(p(x, O)dx—f p(—t, t)dt—j h(t)p(—t, t)dt
—o0 0 0

(e ) oo

+ | ot t)dt+ | e(—t,t)dt+ | h()e(t, t)dt+ | h(t)e(—t,t)dt
[ reoacs focuois] /

0

[e9) [e9) [e9) 0 )
- Of (p(x,O)dx—Of @(t, t)dt — th(t)(p(t,t) dt = _[0 @(x,0)dx — ()f(p(x,O)zw

The proof is complete .
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VI.  WE HAVE SOME APPLICATIONS ABOUT THE CASE Il :

1.6 : we solve the initial value problem for u(x,t) , t >0 in terms of t and a characteristic variable

ou (x,t) ou(x,t) _ .
5T g = 0 with
-2, x< -1
u(x,0) = up(x) = {2x? , —1<x<1
2, x=>1
du ou ox du ou
E—h(t)a ,If at—m—T - S0 E—O —>u—B(L)
0x
and Fri h(t) then x= H(t)+L

hence intermsof tand L , u=B(L) with x= H(t)+L then att=0 - x=1L,

_ _ (2 for |x|=1 ,
and u—B(L)—uo(x)—{sz o el
o _{2 for |L| =1 ,
YISk for L1,
. _ 2 for |L|=1,
with x—L+H(t)x{|2L2| for |LI<1,
we have ,
0 L] >1 ,
0=x;, =4L+ H(t) X§ 4L o0<L<1 ,
—4L —-1<L<O0

Thatiswhen att=0 for —1<L<0 at x=L+H(t)=0

Figure (1.6)

Plot 3D[2x2,{x,20.5,2.5},{t, —5.4,12}]
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