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Abstract

In this paper, we establish some properties and
inequalities for the e- generalized functions which are € -
Gamma function, Beta function and Zeta function and has
given some identities which they satisfy. This inequality
leads to new inequalities involving the Beta, Gamma and
Zeta functions and a large family of functions. The gamma
and Beta functions belong to the category of the special
transcendental functions and we will see that some

mathematical constants are occurring in its study.

Keywords: e- generalized Gamma function , ¢ — Beta
function and € - Zeta function.
Introduction

The generalized € - Gamma function I', (x) as

nle™ (ne)x/e—l

(x)n,e
where (x),, . is the e- Pochammer symbol and is given by

I'.(x) =lim,,_ k>0xeC—eZ™ 1.0

(), e=X(x+ €)(X+2 €)...(x+(n-1) €),x€ C,e € Rne N*
(1.2
ItisobviousthatT.(x) = I'(x) for € -1, where T'(x) is

known as Gamma function. Also for Re (x) > 0, it holds

Te(x)= [ te e ar (1.3)
And it follows that
re(o)=e T (%). (1.4)

In this paper [1],[2],[3] introduced the e- Beta function
B.(x,y) as

Te(x)le(y)

B.(x,y) = T rty) ! Re(x)>0,Re (y) >0 (1.5)
And e-Zeta function as
e (x,8)=X %= Om, 5s>0,s>1 (1.6)
The function B, (x,y) satisfies the equality
B.Coy)=1 [l et (- o) ae L7
which follows
B. (x, y)-—B (E E) (1.8)

We mention that limB.(x,y) = B(x,y) and e- Zeta
n—oo
function is a generalization of Hurwitz Zeta function
I 1 L N
{(x,s) = Zﬁzo—(ﬁﬁe)s which is a generalization of the
Reimann Zeta function

{OEDF D

generalized e —Gamma and e- Beta functions is the fact

The motivation to study properties of

that (x), . appears in the combinatorics of creation and
annihilation operators[3]. Recently M. Mansour [4]
determined the e — generalized Gamma function by a
combination of some functional equations.

In this paper , we use the definitions of the above
generalized functions to prove a formula for I'.(2x)
which is a generalization of the Legendre duplication
formula for T'(x) and to prove inequalities for the
function B.(x,y), for x,y,e > 0 and x + y #+ € and the
product T'.(x) T.(1—x), for 0<Xx, € <1l.we also give
monotonicity properties for .(x) = d,¥(e,x) where

Y(e, x) =logl.(x) and (. (x,s) for se Nand s > 2.
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We mention that using (1.4) the following inequalities
hold:

I'.(ae)= €*I'(a),e>0,a€ R (1.9

I'.(ne)= e 1(n—1)!, e>0nE N (1.10)

(€)= 1,60, (1.11)
Te((2n+1)9)=e —anjlf ,e>0neN  (L12)

also , using (1.5) and (1.8) the following equalities hold:

B(x+ey)— B(xy)B(xy+e)
= EB (x,y) xy,e>0. (1.13)
B.(x,€) =—and B.(,y) = i Xy, e>0.  (114)
B.(a€,be) = ~B(a,b), a,b,€>0 (1.15)
B.(ne, ne) = lﬁn 1)1)', >0,neN (1.16)

2. The Function T.( x)
Theorem2.1: let x,e > 0 and ¥.(x) be the logarithmic

derivative of T.(x). Then the function . (x) is
completely monotonic.

Proof: From (1.4) , we get
Logl'.(x) = G — 1) loge +1logI'.(x/€e) or by setting
W(e, x) = Logl'. ( x), we obtain

Y(e x)= (—— 1) loge +logT.(x/€)

We get ,0, 9 (e, x)=(§) loge + Y (x/¢€)

2.1)
(2.2)
We remind that y(x/e) = a, (logFE (g)) from (2.2)
taking the derivative with respect to x, we have
0,7 = (3) Y @/e)
0, (e, ) = () e (x/€)
By induction, we obtain 9, 1y (e, x) = (ein) Y. (x/€)

(2.3)

Or if we call Y. (x) = 9,¥ (e, x), then the equation

P () = () v @/e) (24)
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holds. It is known [1] that . (x)
monotonic for x > 0, so from (2.4) it follows the desired

is completely

result.
Remark 2.1. (i) From (2.3) it follows that T'.(x) is
logarithmic convex on (0, «) which is proved in [2], (ii)
Theorem 2.1 is a generalization of the known [1] result
that the function . '(x) is completely monotonic.
Result 2.1. For x > 0 the function (e, x) =logT.(x)
satisfies the differential equation

—x2€0? (e, x) + 2?0, (e,x) + €30.(e,x) =
(2.5)

Proof: From (2.1) taking the first and second derivative of

—X — €

(e, x) with respect to €, we obtain

0. Y(e,x) = ;—:loge +:—2— é—él[}(x/e) (2.6)
02 P(e,x) = i—’;loge -+ ! +Ex—21/)(x/6) +
e (x/€) 2.7)

From (2.3), (2.6) and (2.7), we get (2.5)
Theorem2.2: The function T'. ( x) satisfies the equality

I.(2x) = \F 22T (0T (x + k/2) (2.8)
For x € C with Re(x) > 0.
Proof: From (1.7) it follows that
1,01 % x_
Be(x,%) = J te 1(1—t)e Ldt
Or by setting t = 12i B.(x, x)— f 1-r>)etar
or by setting 7% = u,
. _ 121 X
we obtain B.(x, x) ——Jow (1—w< du=
1 x x 1 €
ey (£3)= B (x' E) or
L () S
B.(x,x) = B L(Z) (2.9)

2%e-1 Te(x+3)
from (1.9) for a=1/2 , we get I, (%) = \/% since T ( %) =

Vm , from (2.9) and (1.5) , we get the equality (2.8).
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Remark 2.3. Theorem 2.2 is a generalization of the

legendre duplication formula of I'(x).

The Function {.(x,s)

Theorem3.1 (i) Let x,e > 0 and s > 1. Then the positive
function C (x,s) decreases with respect to x and also
decreases with respect to €. (ii) let x >0 and s > 1. Then
the positive function C _(x,s) decreases with respect to s
forx > 1 and € > 0, 9 = 0 and increases with respect to s
ford>0,0<e<l/leand0<x<1-Ye

Proof: From (1.6) we obtain

© 1
0y {c(x,8) = Zﬁ:om, €,x>0,s>1

Or

Oy {(x,8)=-5.(x,s+1) (3.1)
0, ¢ (697 Tio st = S Lbo graryr €% > 0,
(3.2)
Then (3.1) and (3.2) , prove the theorem 3.1(i)also the
definition(1.6) gives

s>1

_ wo  Inifx+oe)
Os ZE (x, s)=— Lij=o (x+9¢e)s

(3.3)

If x >1 then x > 1- V¢, for 9,€ >0 thus In(x +9¢ ) >0 so

from (3.3) it follows that the function {.(x,s) decreases
withs>1andif0 <e <1/9and 0 < x < 1-IJe then In(x
+9¢ ) < 0 from (3.3) it follows that the function {.(x,s)
increases with s > 1.

Result 3.1;: Let x >0, € > 0 and s > 1. Then the function

¢ (x, s)satisfies the identities:
0"y {c(x,5)=(=D)"()n1 S (x, s + 1) (34)
. (x,5)=(=1)" %i)"’n > 2 (3.5)
And {(x+€5)=0(x,s)—1/x° (3.6)

Proof: From (3.1) we obtain
0%, 0. (x,s) = —s 0, {.(x,s +1) = (=1)?s(s +
1) ¢.(x,s+2)
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Repeating the same , we get (3.4) ,
since s (st+1) ....... (stn-1) = (S)p 1.

In[2]it was proved that
1

0%:(6,%) = Ef-o e (3.7)
From (1.6) for s + 2 and (3.7), we get
0%, 9(6,x) = {(x,2) (3.8)

Differentiating (3.7) with respect to x and using (3.1)

for s = 2, we get

0% (e, x) = (-1)% 23 (x,3)

0* (e, x) = (=1)%3! {(x,4)

By induction, we obtain (3.5). The equation (3.6) follows

and

from the definition(1.6), since

1 < 1 1
<e<x's>=;+;m= o b Gl es)

4. Inequalities For B (x,y), T.(x)I.(1 — x)
Theorem 4.1: let x,y,e > 0 and x + y # €. Then the

function B.(x, y) satisfies the inequalitie

s 122"
Ty < B.(x,y) < v (4.1)
Lemma 4.1: The function B(xy) satisfies the
inequalities
22—(x+y) 1=22-(+y)
iyl < B(X, Y) < x+)’——1 y X,y > O, Xty # 1 (42)

Proof:  The function B(x,y) is defined [1] by the integral

B(xy)= [, t*"1(1—t)’\de

Which can be written as

1/2

B(xy)=[," "1 (1 - ) dt + f11/2 t*1(1—-t)rldt

4.3)
If 0 <t<¥thent<1-t, so that the following inequalities
1 1
hold fzt**~2dt < [2t*7 1 (1—-t)Ydt <

f1/2(1 — ¥ 2dt

5 (4.4)

www.ijert.org 3



and if 2 <t<1then1l -1t <t so thatthe following

inequalities hold
fll/z(l —t)* 24t < fll/z t* 11—ty ldt <

f11/2 tx+y_2 dt
From (4.3), using the inequalities (4.4) and (4.5) and

evaluating the integrals on the left and right side of the

(4.5)

above inequalities , we obtain the inequalities (4.2) .

Proof of theorem 4.1:By setting x / € and y/ €, instead of x
and y respectively in (4.2) and taking in account the
relation (1.8) we get the inequalities (4.1).

Corollary 4.1: Let x,y, € > 0. Then the function B.(x,y)

satisfies the inequalities:

1 12
—< B.(x,y) < — (4.6)
2 1217
Oor — < B(xy) < — . (4.7)

Proof: The above inequalities follow from (4.1) by setting
X +e(ory +¢) instead of x (or y) and taking in account
relations (1.13).

Corollary 4.2: Let 0 <x<1and 0 < e < 1. Then the
following inequalities for the product T'.(x)I'.(1—x)
holds

“1/e 1-1/e 1
@1 1/ ra/e) (g) r(1/e)(2e 1_1>
< ()Tl (1—x)<
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(4.8)
Proof: By settingy = € + 1 — x instead of y in (4.1) we
obtain
2171/ < B (x,e+1—x)<1-— 217V (4.9
Using (1.5) the inequalities (4.9) become

21-1/e < —F‘("F)r(f:)l_") < 1-— 2171/ (4.10)
From (1.4) we obtain

r(e+1—-x)=0-x)Ir.(1—x)

1
and T.(e+1)=T.(1) =€ T (1/e).
From (4.10) using the above equalities we obtain the

inequalities (4.8).
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