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l. INTRODUCTION

Semigraph is a generalization of the concept of graph
[3,5]. In a semigraph the edges are assumed to have many
parts, and vertices are classified according to their positions
[1,2]. In this paper, the basic characteristics of all types of
vertices have been discussed in detail. In particular, four types
of degrees have been defined for each vertex and relationship
among them have been studied in detail. It has also been
discussed four types of associated graphs and size of each of
them corresponding to the given semigraph.

Il. SEMIGRAPH

A. Definition
A semigraph S is a pair (V,X)where Vis a

nonempty set whose elements are called vertices of S and
X is a set of ordered n-tuples N> 2 , called edges of S
satisfying the following conditions [4]:
i. The components of an edge E in X are distinct
vertices from V .
ii. Any two edges have at most one vertex in common.

iii. Two edges E, =(u,,u,,.....u,,) and
E, =(v,,V,,...v,) are said to be equal iff
M=N and
b. Either u, =v, or U; =V, for

1<i<n.

The vertices in a semigraph are divided into three
types namely end vertices, middle vertices and middle-end
vertices, depending upon their positions in an edge. The end
vertices are represented by thick dots, middle vertices are
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represented by small circles, a small tangent is drawn at the
small circles to represent middle-end vertices.

B. Example

Wi

Vs
Vs
* Ve
Fig.1 A Semigraph
In the semigraph S, given in fig.1

V ={v,,V,,...\j, V;;,Vy, }and
X :{(Vlivs)’(V1’V2’V3)a (Va’V4’V5’Ve)a (V61V7’V8)’

(VG ! VlO’V1)1 (VG ! V9 ! VZ)! (VG’Vll’VIZ)’ (VS’Vll)' (V37V10 ! V8)}'

The vertices V,,V,;,Vg,Vg and V;, are end vertices,

V,,V,Vg,V,, are middle vertices and V,,Vg,V,,; are middle-
end vertices.
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The order and size of a semigraph S is respectively IV. VARIOUS DEGREES OF VERTICES
denoted by the numbers |V| and|E|. The number of A Definition

components in an edge E is denoted by |E| we also write For a vertex V inasemigraph S = (V, X), the

various types of degrees are defined as follows:
i. Degree of avertex V , is the number of edges having

V as an end vertex. Itis denoted as deg(V) .

V=V,uV,uV;, where V,,V,and V, respectively

represent the set of end vertices, middle vertices and middle-
end vertices.

ii. Edge degree ofavertex d,(V), is the number of

1. ADJACENT VERTICES edges containing V.
There are four types of adjacency is defined between iii. Adjacent degree of a vertex da (V) , is the number of
any two vertices in a semigraph S . vertices adjacent to V .
A. Definition iv.  Consecutive adjacent degree of a vertex d_, (V) is
Two vertices U and V inasemigraph S are said to be the number of vertices consecutively adjacent to V.
i. adjacent if they belong to the same edge.
ii.  consecutively adjacent if they are adjacent and The following table gives the degree, edge degree,
consecutive in order as well. adjacent degree and consecutively adjacent degree of all the
iii. e-adjacent if they are end vertices of an edge. vertices of the semigraph given in fig.1
iv. le-adjacent if both the vertices Uand V belong to TABLE |
the same edge and atleast one of them is an end
vertex of that edge. End
g Vertices Vl V3 V6 V8 V12
As an example, consider the semigraph S given in deg(v) 3 3 5 3 1
fig 1. The vertices V;, V,,V; are  adjacent, V,,V, are ) 3 3 5 3 I
consecutively adjacent, V,,V; are e-adjacent, and V,,V, ¢ : 7 11 5 5
. d, (v)
are le-adjacent. - - 3 - -
_ d, (V)
Also from the above example, the following can be
observed:
. Middle
B. Observations Vertices v, vy Vo Vio

i The number of adjacent vertices to a vertex

0 0 0 0
V inanedge E is |E|—1. deg(v)

ii. The adjacency of two vertices does not de (V) 1 1 1 2
imply the consecutive adjacent, but the 3 5 5 7
converse is always true. d,(v)

iii. The number of e-adjacent vertices to an end dCa (v) 2 2 2 4

vertex V ina semigraph is equal to the
number of edges for which Vv acts as an end

Middle-End

vertex. Vertices v, Vs Vip
iv. The number of e-adjacent vertices to a
middle vertex is always zero. deg(v) 1 1 1
V. Let V be an end vertex, then the number of > - -
vertices le-adjacentto V is d.(v)
n
4 4 3
Z‘Ei‘ — 2N \where V is an end vertex d.(v)
i=1
3 3 3
to the edges E,, E,,...E,. de. (V)
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The following theorems give the properties of various D. Theorem
degrees of vertices and relationship between one another. If S = (V, X) is a semigraph, and v €V, , then

B. Theorem. . deg (V) =0

For any semigraph S =(V, X ), and veV i. d (V) >1
i Zdeg(v)=2|X|_ iii. da (V)=|E|—1,provided veE , an edge in X
i 30,0 = oo X=X S ) on i x|

Proof: V. dca (V) = 2de (V)
i. Itissimple observation that if V €V2 , then Proof:

deg(v)=0. Suppose if veV,, and deg(v)=m, then
g( ) PP g( ) The proof of (i) is obvious, because deg (V) is

defined as the number of edges containing V as end vertex.

Since V EVZ , No such edge exists. Hence deg (V) =0.

It is also easy to see that middle vertices in a
semigraph S belong to atleast one edge in X . Hence
This proves (i).

ii. Note that each edge is counted twice while de (V) 21, This proves ).
calculating edge degree of end vertex, and middle-end vertex let VeE= (ul, U,,....,V,..U, ) . Then the
of that edge. Further each edge is again counted once for each
middle vertex and middle-end vertex. In particular, if V isa  yertices U;,Uy,...U, are all adjacent vertices to v

there are M edges in X , such that V is an end vertex for all
such M edges. Each edge also contains another end vertex
other than V. Hence each edge counted twice respectively for

each end vertex. The same is true for every vertex V €V3 .

middle-end vertex, such that it is a middle vertex for E,, and corresponding to the edge E. Therefore
an end vertex for E,, both E, and E, are counted once each (V) =n= ‘E‘ —1. This proves (iii).

corresponding to the vertex V. The count of E, is included in LetV Evz Then

the sum |V3| where as the count of E, is included inthe V€E =(Ul,Uz,----,Ui_l,V,Ui,---Un) for some E in

sum Zdeg (v)= 2|X|.This proves (ii). X . Note that U;_; and U; are consecutively adjacent to V.
Since V e€V,, existence of two vertices such as U, ; and
C. Theorem
If S=(V,X)is a semigraph, and VeV, , then U; aremustto v. Therefore do, (V)=2,corresponding
to the edge E containing v. Moreover, if there are
deg(v) = d, (v) = dgy (). o ol = © J _
Broof N middle vertices in S, then the sum of consecutively
roof:

adjacent degree of all N vertices is 2N . This proves (iv).

Since, the number of edges for which a vertex V €V, acts If VEV,,and E contains v, then v has two

as an end vertex is same as the number of edges containing it. consecutively adjacent vertices in E . This is true for every

Hence deg(v) =d,(v). Also if V is an end vertex for n edge containing V. In particular, if there are N edges
V).
containing V, then dca(v)=2n, and de (v):n_

Hence O, (V) =2d, (V) . This proves (v).
Hence the theorem.

edges E11 Ez, ----- En, then there is exactly one vertex Vi

in each Ei consecutively adjacent to V. Hence the number of

vertices consecutively adjacent to V is same as the number of
edges for which Vv acts as an end vertex. Hence E. Theorem

deg(v) =d,(v) =d (V). If S =(V, X) be a semigraph, and V € V3 | then

d, (v)>deg(v)
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V.  ASSOCIATED GRAPHS
il. dca(V):Zn(EI)‘Fn(EJ),Where
Let S = (V, X ) be a semigraph. We define four new

n(Ei) denotes number of edges in S at which v graphs associated to the given semigraph each having same

vertex set.
is a middle vertex, and n(Ej) denotes the number of
edgesin S at which Vv isanend vertexin S . A. Definition
Proof:
The proof (i) follows from the fact that deg (V) is i. End Vertex Graph S, : Two vertices in S, are
calculated by considering only the edges for which V is an adjacent if they are the end vertices of an edge in
q S.
end vertex, where as the Ug (V) is calculated by considering ) ) )
ii. Adjacency Graph Sa: Two vertices in Sa are
all the edges containing v . Therefore d, (V) > deg (V) : adjacent if they are adjacentin S .

iii. Consecutive adjacency Graph SCa : Two vertices in

Let  VEV,. Then there are  edges
3 g Scaare adjacent if they are the consecutively

E.i=12,...,n and Ej, J=12,.....,M such that Vv is adjacentin S .

a middle vertex for all Ei , and end vertex for all EJ- .For v One end vertex Graph S, : Two vertices in S, are
every Ei ’ dca (V) =2 and  for  every adjacent if atleas.t .one of them is gn end vertex in S
of an edge containing the two vertices.
Ej , dca (V) =1 Therefore if n(Ei ) =N, and
B. Example
n ( EJ— ) =M, then dca (V) =2n ( Ei )+ n ( Ej ) . The above four types of associated graphs for the
Hence the theorem semigraph given fig.1 are shown
' below.
F. Theorem
IfS=(V, X) is a semigraph, and VeV , then | e .
> d. (V)= [E(E[-2).
veV E;
Proof:

2~ *7

Let S :(V, X) is a semigraph, and VeV . Also

9 L]
let V€ E; forsome E;in X .1 |Ei| =N, then for every
veE da(V)=n—1. Hence for all VeE, 3 6
Z d, (V) =N (n —1) . On generalizing the above fact, we 4 5 \.
veE;
can write Zda(v):Z|Ei|(|Ei|_1). .
veV E;

This proves the theorem.

Fig 2. S

e
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C. Theorem

End vertex graph associated with a given semigraph
is connected if the semigraph has no middle and middle-end
vertices.
Proof:

In an end vertex graph, only the end vertices of an
edge are adjacent. Also, if there are two middle-end vertices
joined by an edge, then they produce a component in the end
vertex graph. Moreover, the middle vertex is not adjacent to
any other vertex in the end vertex graph. This leads to fact that
the middle vertices in the semigraph are isolated vertices in
the end vertex graph. Hence the end vertex graph of the
corresponding semigraph is connected if it has no middle
vertices and middle-end vertices.

D. Note

i. Every graph can be considered as a semigraph
with no middle and middle end vertices. In this case the end
vertex graph is the same graph.
1 ii. Let S be a semigraph containing end vertices, and
middle-end vertices but not middle vertices. Then the end

vertex graph G associated with S has pendent vertices,

2. 1 7 . .
components but not isolated vertices.
3e b ! *3 Y E. Theorem
The size of Sa is Z|Ei|C2 ,where E; isan edge in
11 i
S,
Proof:
12 In a semigraph S, two vertices are adjacent if they
belong to same edge. Therefore all vertices belonging to an
Fig.4 Sca edge in S, become adjacent to each other in Sa .i.e., the

vertices of each edge Ei in S form a clique in Sa
consisting |Ei | Cg edges. Hence the total number of edges in
| 0 7 S, isY |E|C,.
i

As in the proof of above theorem we can also prove

2 6 12 the following theorem.

F. Theorem

9 11

The size of S, is Z(|Ei|—1),where Ei isan
i
3 ©3 edgein S.

G. Theorem

4

The size of Se is same as the size of S .
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H. Theorem

The size of S, is Z(|Ei|C2 —|Fi|C2), where E;

isanedgein S, and Fi is a set consisting the middle, and

middle-end vertices in

VI. CONCLUSION

The concept of adjacency between vertices in a
semigraph plays a vital role in the domination theory. There
are four types of adjacency have been discussed as far as a
semigraph is concerned. Hence, it may be interesting to study
the variations of domination properties based on the adjacency
under consideration.
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