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Abstract

Accurate state estimation of a launch vehicle
is imperative at any launch base for range
safety and trajectory monitoring for
assessing the success of the mission. Linear
Kalman filter followed by extended Kalman
filter were the ubiquitous digital filters used
for optimal estimation of state for linear /
quasi-linear systems. Of late unscented
Kalman filter is proposed for state estimation
of any non-linear system. This methodology
consists in propagating the mean and the
variance through non-linear transformation
using statistically chosen sigma points. This
paper presents the application of the
unscented Kalman filter for estimating the
trajectory of a satellite launch vehicle from
noisy radar measurements, the ease of
convergence and the accuracy achieved.

1. Introduction

For over four decades linear or extended
Kalman filter has been the de facto standard in the
field of tracking and control applications [1,6]. The
ease these filters offer for their application to real
time scenario, their simplicity and robustness are some
of the most compelling factors for their ubiquitous
applications. Of late a new filter namely Unscented
Kalman filter [USKF] has outperformed linear
Kalman filter and extended Kalman filter in terms of
robustness, numerical stability and better accuracy
[2,7].

State estimation  consists of estimating the
probability density function for the state of the
process. Estimation of state involves predicting the
state based on current state and then correcting the
prediction using measurements. The most pertinent
problem in these filter problems is representation and
maintenance of uncertainty [3]. In the linear Kalman
filter, the first two moments of the probability
distribution namely, mean and variance  are
maintained. If these two moments of probability
distribution are available, Kalman filter yields the best
state estimate in the tracking and control applications
[7] based on the surmise that the distribution is
gaussian and application of a linear operator to
gaussian distribution is also gaussian.

Extended Kalman Filter [EKF] was proposed
for state estimation of non-linear systems. It simply
calls for linearization of non-linear systems wherever
applicable. Assuming that size of errors are small in
each time step, the state dynamical model is expanded
as a Taylor series about the estimate. The second and
higher order terms are neglected and the state
prediction propagates through non-linear equations
whereas the state errors propagate through linear
systems. So the deficiency in extended Kalman filter is
its inability to accurately predict the system state,
observations and associated covariance matrices when
the system and/or observations are non-linear.
Approximating  non-linear  transformations  with
linearized ones results in divergent state for realistic
observations and process models[4]. So an alternate
method without using the linearization techniques is
proposed by Simon Julier and Jeffrey Uhlmann to
calculate these statistics.
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2. Unscented transform and sigma points

In estimation arena, if X is an n dimensional
random variable with mean X and covariance P,, and
it is related to n dimensional random variable Y by a
non-linear transformation ¥ as

Y =¥(X) 1)
then finding its mean ¥ and the covariance Pyy is the
centrality of the problem. In this process, one comes
across two non-linear transformations i.e predicting
the state for the next time step and predicting the
observation. Simon Julier and Jeffrey Uhlmann [5,7]
intuitively surmised that with fixed number of
parameters , it should be easier to approximate a
gaussian distribution than it is to approximate an
arbitrary non-linear function or transformation.
That is, one has to find a set of parameters which can
capture the mean and variance information and at the
same time allow themselves to be propagated through
non-linear transformations. A discrete distribution of
points can be generated with same first and second
moments and can be approximately transformed. With
this backdrop Simon Julier and Jeffrey Uhlmann
proposed the method of unscented transform for state
estimation of non-linear systems. Using this transform
a gaussian variable of n dimensions is represented by
2n+1 sigma points. These sigma points are selected
based on the concepts of matrix square root and
covariance and they have the same first two moments
of the gaussian distribution. Simon Julier ~and
Uhlmann made use of this concept of unscented
transform in their filter formulation for state
estimation.

2.1. Accuracy of Sigma point approach

Let X be an m dimensional random variable
with mean X and variance P, . It can be
approximated by a set of 2m+1 number of sigma
points x; . They are
%o = X WO = K/(m + k) 2)

X, =X +(,/(m+k)Pxx)i W,=1/2(m+k)
YLi+m =X —(,/(m+k) Pxx )i W ism = 1/2(m+k)

where /(m + k) P,, )i is the i" row or column of the
square root of matrix (m+k) P,, k € R and W;s
are the weights associated with each sigma point.

The computed value of mean and covariance of
transformed sigma points are accurate up to second
order because the mean and covariance of X s
accurate up to second order. That is how the accuracy
is maintained. Its performance is equal to the truncated
second order gaussian filter without the derivation of
either jacobians or hessians. Performance of the
unscented Kalman filter is equivalent to that of linear
Kalman filter for linear systems but fits elegantly for
non-linear systems without the linearization steps.
Also it achieves better accuracy compared to the
extended Kalman filter even with systems of high non-
linearity. The ease of implementation and more
accurate state estimation make this filter preferred
compared to linear Kalman filter and extended
Kalman filter.

3. Implementation of unscented Kalman
filter

Let us look at a non-linear system represented by
the following discrete time equations
Xk = (X1, Wi, U 1) (6)
Vi =h(Xq Ui) +ox (7)
Where x € R™ is the system state, w € R™ is the
process noise, v € R™ is the observation noise. Here
u is the input, y are the noisy observations. The
non-linear functions f and h can be continuous or
discrete. k is the discrete time.

3.1. The augmented state

Simon Julier introduced the concept of

augmenting the state with noise sources[7]. This
technique enables us to treat noise in a non-linear
fashion thereby taking care of non-gaussian and non-
additive noises. Sigma points are computed using the
augmented state. In this process the non-linear effects
of noise are also captured with the same amount of
accuracy as that of the original state.
The state vector is augmented to L where L is the sum
total of the dimension of the original state, process
noise and observation noise. The covariance matrices
are also similarly augmented to a L* matrix. Now the
augmented state and covariance matrix are
represented as

Xy_

Each sigma point is propagated through the non-linear a k-1
function to arrive at the transformed sigma points Xk1 =] Oy [ and

& =f(u) 3) 0,

and the mean and covariance of the transformed sigma
points are computed as
yo= Xt Wig ; 4)
Py=26" Wil &7 ] [&7] 5

Prir = E {Xx1t- X\Kﬁ) (Xk1?- X )T}

www.ijert.org

656



International Journal of Engineering Research & Technology (IJERT)
ISSN: 2278-0181
Vol. 2 Issue 9, September - 2013

1JERTV 21590249

Pr_4 0 0 measurement cross correlation matrices which in turn
where Py = 0 Qg O are used to giftermlrge Kalmangam Kk .
0 0 Ry Pr = Zico Wi [Zixwr- 2] [Zikwa- 2x] (12)

Creation of 2L+1 number of sigma points is
carried out in a way to accurately capture the mean
and the covariance of the augmented state. The sigma
points are represented by the y* matrix whose
columns are populated as
Kok = Xg_y fori=0 )
Xai‘ K1 = XI%—l + (ﬂ (L + A)PK_]_ i for i= 1,2 ...... L
Pike = Xgo- G+ DPe_p)ic

fori=L+1 ....2L

Here subscript i stands for the i" column of
the square root of the covariance matrix [8] .

Parameter /(L +A) stands for the spread of the
sigma points and it should be defined in the interval [
0-1]. To avoid any non local effects , the authors
defined it as a low value [9].

The sigma point matrix y%x1 can be viewed as
composing state yix.1 sampled process noise ¥"ix1
and sampled measurement noise x'ik.;. Each sigma
point is also weighted. These weights are obtained
from the comparison of the moments of the sigma

Pe = X2 Wlic[ ik - Xg 1 [Zigwa 2517
KK = P Xz P Y24 ’
Once the Kalman gain K is computed, filtered state
and its covariance are computed as
XK/K: X]z +KK (ZK"ZAE)
Pk =Pkik1 -Kk Pz KKT
Here zk is the new measurement.

3.2. Unscented Kalman filter with additive
noise

Authors of this paper have assumed that the
process noise and measurements noise are zero mean
gaussian and additive for the tracking problem[1]. For
this case the state of the system need not be
augmented with state pertaining to noise processes. A
set of 2N+1 number of sigma points are defined for a
state of dimension N.

The sigma points at time k are given by
Yookt = Xka for i=0
13)

Tkt = Xt (V(N+)Pc_y); for i= 12

points with a Taylor series expansion of the model. -~ ...... N
The weights for the mean and the covariance estimates Ykt = Xer (VONFOP_)in  for i=N+1
ae o AR 2N

W™ = A/(L+ 1) fori=0 10)
Wo® =A/(L+A) +1-a?+ p fori=0
w;™ =wW," =1/2(L+21) fori=12,....2L

Here m and ¢ denote the weights associated
with the mean and the covariance of the state.
a and § are the scaling parameters. The choice of
a and B determines the accuracy of the higher order
moments of distribution. « is defined as very low in
the interval 0 < a < 1 signifying sigma-point spread. 8
is used to incorporate prior knowledge of the
distribution in the state prediction and update.

These Sigma points are propagated to arrive
at the predicted state through the state and
measurement models and to carry out their weighted
averages.

The weights of the mean and covariance are calculated
as before

W™ = /(N + 1) for i=0 14)
Wo¢ = A/(N+A) +1-a’?+ B fori=0

W™ =W," =1/2(N + 1) fori=1,2,.....2N
The sigma points are propagated through the non-
linear transformation f(x) to arrive at the new sigma
points % k/k-1.

Xikk1 = 06 kaUk) 15)
Weighted average of the sigma points gives the
predicted state and its covariance as

X =22 Wi ket

P =22 Wit [imer Xi 1L ior X1+ Q kot
Q k+1 stands for the covariance matrix of process
noise.

ikt = 00 ket Uk, 7'kt 11) To account for the process noise, the sigma points are
Xe = 2 WMk refreshed as follows

P = Z%:io Wi \)I(Xi,K/K-l' Xe] [ ik Xg]' Eowkr = Xg for i=0 16)
Zigir =hOCi kX i k1) oo = .

ZAI; - 212:]_,0 Wi m Zi,K/K-l éi, KIK-1 = Ag + ( (N + )\) PK )i for i= 1,2 ...... N

Here X and Z; are the weighted averages
representing  predicted state and  predicted
measurements respectively. These predictions are
used to compute measurement covariances and state-

Gikka = Xg-( /(N +A)?f )i

for i=N+I....... 2N
The new sigma points undergo the non-linear
measurement function h(x), yielding another set of
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sigma points y; . Then their mean and covariance are
used to compute predicted measurement Zg,
measurement covariance P,, and state-measurement
cross correlation Py,

Nominal track data is generated at a sampling
rate of 10 Hz. Random noise is assumed to be zero
mean white Gaussian noise and is added to the
nominal tracking data with the following

Yikkts = h ki) 17) specifications to arrive at simulated track data. The 1
% = X WM ks sigma noise in slant range, azimuth and elevation are
P =32 WEyikka 2c] [Vi ks - 217 + R c,=10m o, = 0.2 milrad and 6 =0.2 mil rad.
P, = Y2 WE [& . - Xl [V i - 21" Simulated track data is generated with 1 sigma noise

Here Rk stands for the covariance of measurement
noise.

Now the arrival of new measurement Z is considered.
Kalman gain and updates of the state are computed as
follows.

Kk = P)g,K Pox ™ 18)
Xk = Xg +Kg (zx -2%)

Puk = B¢ - KiPr K’

These filter equations are implemented to process the
noisy radar data. Results are compared with the
nominal data to assess the efficacy of the
methodology.

4.0 Estimation of Trajectory of a typical
Launch Vehicle

Even though Kalman filter is an attractive
tool in the estimation theory, the design of filter for
optimal estimate needs a difficult tuning of initial

for a duration of 500 s catering to the visibility of
Sriharikota Range. The simulated data was used to
generate the initial conditions of the state. Process
noise for the state is obtained using the model
uncertainty estimation technique by processing the
ideal state, a methodology proposed by S.K. Pillai,
S.S. Balakrishnan, V.Seshagiri Rao and N.Narasaiah
[11]. The ideal state is generated using rigid body
dynamics of the rocket as described by three
dimensional six degree of freedom (6 DOF) equations
of motion. This concept is successfully used for the
state estimation of the target using linear Kalman filter
since 1980s at Sriharikota range. The authors have
generated the model compensation values in the
cartesian frame and scaled them to take care of the
dynamics of the vehicle around stage separations.
These scale factors are arrived at after a number of
simulation runs for different levels of dynamics of the
vehicle.

System model used for time update of the sigma

state, measurement noise and process noise points is
covariances [10]. A simple and elegant state space Xgs1 = Ok Xy 19)
model is used to estimate the state of trajectory of a
Polar Satellite Launch WVehicle [PSLV]  using A 0 0
unscented Kalman filter. Performance of the unscented Where ®k = |0 A 0
Kalman filter for a typical trajectory is shown in the 0 0 A
following Figure.2 to Figure.14.
In the estimation model the state space Here A is defined as
consists of nine variables namely relative position, [ 7 T? /5
velocity and acceleration of the target with respect to A =lo 1 T 20)
the radar. It is expressed in the topocentric rotating 00 1
coordinate systemas [X, X, X\Y,Y,V,Z,%Z, 7] )
The Topocentric rotating coordinate system is 0 0 0
defined as the radar as the origin and east, north and 0 =lo o Ol
vertical unit vectors forming the triad [Figure.1]. 0 0 0

The target measurements are slant range,
azimuth and elevation of the target from the radar.

A=Azimuth - —
h = Elevation - -

¥+ (North) Y- (South}

—
eeeee

S X-(west) -

Figure.1 Topoceﬁtfiaboordinate system

Where T is the sampling period. The authors of
this paper used the Cholesky decomposition to arrive
at the square root of the covariance matrix.

5.0 Results and Discussion

The relative position and velocity of the
target with respect to the radar are estimated using the
system model and measurement model as provided in
Section 3.0. Authors have assumed that the process
noise and measurements noise are zero mean
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Gaussian and additive for the tracking problem.

USKF PERFORMANCE

Unscented scented Kalman filter with additive noise as P O i et eared s it
described from Equation 13 to Equation 20 are :

exercised to obtain the filtered estimate. The estimated

state is used to arrive at the filtered measurements. F

Figures 2 to 4 provide the first differences of the raw g .

measurements and the filtered measurements. The
mean of their first differences provide the rate of the
measurements and the excursions denote the noise in

&

the measurements. It is candidly clear that the noise PrarmEEmEmE LT IR E e EeER
existent in the angles of raw measurements is around e T———

0.2 mil rad. It is shown in red color. The blue curve is
the first difference of the filtered measurements. The
excursions are very small since the noise is almost
filtered out. The filtered state is compared with the
nominal state and the position and velocity errors are
computed. These errors in the state are compared
against their + 1 o theoretical bounds to establish the
consistency of the performance of the filter.

Figure 4. First differences in Elevation (Raw vs
filtered)

USKF Performance
Detta X vs Theoretical Bounds

A
0025 — s
Consistent performance of the unscented o ok WTWT_Q MWXM LS WWE ]
Kalman filter can be observed in the Figures 5 to 10. a0 — e
The errors in the position and velocity components i.e -
Xand X, Yand Y, Zand Z are plotted against their 1
o sigma bounds obtained from the filter’s estimated P
Covariance matrlces. I—De\ux(km] — +P11 — Pt I
Figure 5. Error in X against its 1 sigma bounds
USKF PERFORMANCE
First Difference in Range :: Measured vs Filterd
USKF Performance
! ‘ Delta VX vs Theoretical Bounds |
B 04
. " | r_a///.__-——— 04075 i
-T:' F'/_._—---" 0.08
E | 0025 N o k‘fﬁ,_——l N
"0 0 O T
a5 . r ﬁ‘@ ' iﬁ“;&%ﬂ ;\M—" r_
[ 205 ‘]
4]‘ H?ﬁ‘ ‘:'HHHTSH:((H :25‘”:5]‘ H{.’E:”Eﬂll””i’zﬁl I?{E““ZTS””:{]?‘ HE!E‘HEEHHI}'!SH l‘[(‘”‘ﬂ:i‘”;ﬂﬁ‘ ‘95””5]] 0018 !
THEES) Y RSTEEUTTRERTNT UURE INUNE IVUUE SYTNE FNNE ANUVEAUUTEEN | (ENSTE INUTRITUUEETREs PURE FNTTE PNNTE ANUL AAUT
0 2% 5 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500
TIME(S)
Figure 2. First differences in slant range (Raw vs oo e —m |
filtered) : : — :
Figure 6. Error in VX against its 1 sigma bounds
USKF PERFORMANCE
First Difference in Azinuth :: Measured vs Filterd USKF Performance
Delta Y vs Theoretical Bounds
044 5 04
r 0075 } i
el i 005 1&""*—)
'? B 0.025 J \\‘J/M MM ).
£ o -l N = ﬁ J
i S
a0t 005 / "hu -7{\ W
UL s e e
i i e
M s rmmenanzssassnosewo s m oMoz mom s R T s 0 s @
THES) TIME($)
I—De\ta‘((km] — P — Py I
Figure 3. First differences in Azimuth (Raw vs - - — .
filtered) Figure 7. Error in Y against its 1 sigma bounds
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TSR Perfommancs It is observed that with the extended Kalman
Dol V1 o T olcs B filter the position error is less than 10 m and the
0.4 . -
s velocity error less than 10 m/s except at instants of
s sudden change in the dynamics such as stage burn out
o . and separation events. Later both filters are exercised
N e —— . . . o
w‘; Wi  — with tracking data of 3 o noise and position and
a5 velocity errors are provided in the Figures. 13 &14 for
aurs comparison. The position and velocity errors are 10 m
s N e B e m N m I m s w s and around 5 m/s for unscented Kalman filter and 25
e m and 20 m/s for extended Kalman filter respectively.
FDE\NW(RM/S] — P55 — PS5 |
Figure 8. Error in VY against its 1 sigma bounds s
ime vs Position felocity Erors
USKF Performance | 0075 n‘m
Delta Z vs Theoretical Bounds o8 s
02 g (173 4 s E
5 £ i ] f M
i N [T
ots |- i Lo I H i
g AR Y -
o | AT T - -
04 L /Jl- 0 % S 75 10 125 19 75 W0 25 /0 U5 MM 3B W0 W5 M0 45 40 4TS SW.
L V\h TINE(S)
045
_MTWm.mummummumuum-mumuuuuu%wm-muumum Evumunfmrekm —VMR{Ermlkm‘s&
e Figure 11. Position and velocity errors from
bowti o | Unscented Kalman Filter
Figure 9. Error in Z against its 1 sigma bounds
EKF PERFORMANCE
Time vs Position & Velocity Errors
| Delta L\JliK:si::nur[e’t‘\]cﬂar\mEsnunds | o o
o 0.015 0.075
T 0.05 0w F
0075 H Y 1 5
o | Pl ‘,U\ 0025 .
0025 H ?"\* A’" PN W il imegmrlon LI
. _ﬂﬂﬂf i W' 0 g o ! ‘ 25 g
=N e A £ s s f
0.025
| i o1 2475
" | Y 24
0075 0 %5 50 75 100 125 150 175 200 125 250 215 300 335 350 35 400 425 450 475 500
R PR U FOVR FPOUL VR VOVOE YUY OO VOUOE DYUU FYUUR FUUTE FYOVLFUVOE JUVL IUOTLFOTIR JOUOL IOV OV TINE(S)
0 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500
TIME(S) I—Pnsiu‘nnElrnl[km) — Velocity Emror (kmis) |
forons —m  —m ] Figure 12. Position and velocity errors from
. . — . Extended Kalman Filter
Figure 10. Error in VZ against its 1 sigma bounds
The fact that the errors run with their theoretical USKE PERFORMANCE ‘
. . . . Time vs Position & Velocity Errors
bounds confirm the consistent behavior of the filter.
The seeming divergence observed in Y from T+325 s -
to T+365 s and divergence in Z from T+350 s to L -
T+380 s is well captured by the filter and the errors N A Mf* , ‘ “ A
Dy . . . O i FE i L e T.n_rt he _‘;\;\..'n E
are within their theoretical limits afterwards. L TP Y Ak N
. . .- . i hiH e
Figure 11. provides the position and velocity P ' s ?
errors in the estimated state and they are within 5 m
and 5 m/s respectively throughout the flight time i
except at stage burn out or stage separation events. )
Authors have exercised the extended Kalman filter A
with the same simulated track data and the accuracy of Figure 13. Position and velocity errors for USKF
estimated state is provided in terms of position and with measurements of 3 ¢ noise

velocity errors [Figure.12].
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EXTENDED KALMAN FILTER PERFORMANCE
Time vs Position & Velocity Errors

Figure 14. Position and velocity errors for EKF
with measurements of 3 ¢ noise

Errors in velocity for extended Kalman filter
are significantly large whereas they are benign in the
case of unscented Kalman filter for trajectory

and constructive suggestions. Authors acknowledge
the contributions of Real time data Processing group
and Flight Safety group of Range operations at SDSC
SHAR
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